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PREFACE.

TreE first part of the following volume originated from a
series of University lectures which I once promised to deliver.
This part can, to a certain extent, be considered as an intro-
duction to my work on “Theory and Calculation of Alternating
Current Phenomena,” leading up very gradually from the
ordinary sine wave representation of the alternating current to
the graphical representation by polar codrdinates, from there to
rectangular components of polar vectors, and ultimately to the
symbolic representation by the complex quantity. The present
work is, however, broader in its scope, in so far as it comprises
the fundamental principles not only of alternating, but also of
direct currents.

The second part is a series of monographs of the more impor-
tant electrical apparatus, alternating as well as direct current.
It is, in a certain respect, supplementary to ‘ Alternating Current
Phenomena.” While in the latter work I have presented the
general principles of alternating current phenomena, in the
present volume I intended to give a specific discussion of
the particular features of individual apparatus. In consequence
thereof, this part of the book is somewhat less theoretical, and
more descriptive, my intention being to present the most impor-
tant electrical apparatus in all their characteristic features as
regard to external and internal structure, action under normal
and abnormal conditions, individually and in connection with
other apparatus, ete.

I have restricted the work to those apparatus which experi-
ence has shown as of practical importance, and give only those
theories and methods which an extended experience in the
design and operation has shown as of practical utility. I con-

sider this the more desirable as, especially of late years, electri-
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cal literature has been haunted by so many theories (for instance
of the induction machine) which are incorrect, or too compli-
cated for use, or valueless in practical application. In the class
last mentioned are most of the graphical methods, which, while
they may give an approximate insight in the inter-relation of
phenomena, fail entirely in engineering practice owing to the
great difference in the magnitudes of the vectors in the same
diagram, and to the synthetic method of graphical representa-
tion, which generally require one to start with the quantity
which the diagram is intended to determine.

T originally intended to add a chapter on Rectifying Apparatus,
as arc light machines and alternating current rectifiers, but had
to postpone this, due to the incomplete state of the theory of
these apparatus.

The same notation has been used as in the Third Edition of
‘“Alternating Current Phenomena,” that is, vector quantities
denoted by dotted capitals. The same classification and nomen-
clature have been used as given by the report of the Standardiz-
ing Committee of the American Institute of Electrical Engineers.



PREFACE TO THE THIRD EDITION.

NEARLY eight years have elapsed since the appearance of the
second edition, during which time the book has been reprinted
without change, and a revision, therefore, became greatly desired.

It was gratifying, however, to find that none of the contents
of the former edition had to be dropped as superseded or anti-
quated. However, very much new material had to be added.
During these eight years the electrical industry has progressed
at least as rapidly as in any previous period, and apparatus and
phenomena which at the time of the second edition were of
theoretical interest only, or of no interest at all, have now
assumed great industrial importance, as for instance the single-
phase commutator motor, the control of commutation by
commutating poles, ete.

Besides rewriting and enlarging numerous paragraphs through-
out the text, a number of new sections and chapters have been
added, on alternating-current railway motors, on the control
of commutation by commutating poles (“interpoles’), on
converter heating and output, on converters with variable ratio
of conversion (“split-pole converters”), on three-wire generators
and converters, short-circuit currents of alternators, stability
and regulation of induction motors, induction generators, ete.

In conformity with the arrangement used in my other books,
the paragraphs of the text have been numbered for easier
reference and convenience.

When reading the book, or using it as text-book, it is recom-
mended :

After reading the first or general part of the present volume,
to read through the first 17 chapters of **Theory and Calculation
of Alternating Current Phenomena,” omitting, however, the

mathematical investigations as far as not absolutely required
v
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for the understanding of the text, and then to take up the study
of the second part of the present volume, which deals with
special apparatus. When reading this second part, it is recom-
mended to parallel its study with the reading of the chapter of
“ Alternating Current Phenomena’ which deals with the same
subject in a different manner. In this way a clear insight into
the nature and behavior of apparatus will be imparted.

Where time is limited, a large part of the mathematical dis-
cussion may be skipped and in that way a general review of the
material gained.

Great thanks are due to the technical staff of the McGraw-
Hill Book Company, which has spared no effort to produce the
third edition in as perfect and systematic a manner as possible,
and to the numerous engineers who have greatly assisted me
by pointing out typographical and other errors in the previous
edition.

CeARLES PROTEUS STEINMETZ.

ScHENECTADY, September, 1909.
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PART L
GENERAL THEORY.

1. MAGNETISM AND ELECTRIC CURRENT.

1. A magnet pole attracting (or repelling) another magnet
pole of equal strength at unit distance with unit force* is called
a unit magnet pole.

The space surrounding a magnet pole is called a magnetic
field of force, or magnetic field.

The magnetic field at unit distance from a unit magnet pole
is called a unit magnetic field, and is represented by one line of
magnetic force (or shortly “one line”’) per sq. em., and from a
unit magnet pole thus issue a total of 4 = lines of magnetic force.

The total number of lines of force issuing from a magnet
pole is called its magnetic fluzx.

The magnetic flux ® of a magnet pole of strength m is,

d =4 zm.

At the distance I, from a magnet pole of strength m, and
therefore of flux & =4 =m, assuming a uniform distribution in
all directions, the magnetic field has the intensity,

d m

4 rrl,-2=l_,._2’

since the ® lines issuing from the pole distribute over the area
of a sphere of radius /,, that is the area 4 =%

A magnetic field of intensity 3¢ exerts upon a magnet pole
of strength m the force, mic.

3 =

Thus two magnet poles of strengths m, and m,, and distance
I from each other, exert upon each other the force,

7)’1,]7722 .

B

* That is, at one centimeter distance with such force as to give to the mass
of one gram the acceleration of one centimeter per second.
1



2 ELEMENTS OF ELECTRICAL ENGINEERING.

2. BElectric currents produce magnetic fields also; that is,
the space surrounding the conductor carrying an electric
current is a magnetic field, which appears and disappears
and varies with the current producing it, and is indeed
an essential part of the phenomenon called an electric
current.

Thus an electric current represents a magnetomotive force
(m.m.f.).

The magnetic field of a straight conductor, whose return
conductor is so far distant as not to affect the field, consists of
lines of force surrounding the conductor in concentric circles.
The intensity of this magnetic field is directly proportional
to the current strength and inversely proportional to the dis-
tance from the conductor.

Since the lines of force of the magnetic field produced
by an electric current return into themselves, the magnetic
field is a magnetic circuit. Since an electric current, at least
a steady current, can exist only in a closed circuit, electri-
city flows in an electric circuit. The magnetic circuit produced
by an electric current surrounds the electric eircuit through
which the electricity flows, and inversely. That is, the elec-
tric cirecuit and the magnetic circuit are interlinked with each
other. _

Unit current in an electric circuit is the current which produces
in & magnetic circuit of unit length the field intensity 4 =, that
is, produces as many lines of force per square centimeter as
issue from a unit magnet pole.

In unit distance from an electric conductor carrying unit
current, that is in a magnetic circuit of length 2z, the field
4z
27
is unity; that is, unit current is the current which, in a straight
conductor, whose return conductor is so far distant as not to
affect its magnetic field, produces unit field intensity in distance
2 from the conductor.

One tenth of unit current is the practical unit, called one
ampere.

3. One ampere in an electric circuit or turn, that is, one
ampere-turn, thus produces in a magnetic circuit of unit length
the field intensity, 0.4z, and in a magnetic circuit of length

intensity is 2, and in the distance 2 the field intensity
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04=

I the field intensity , and § ampere-turns produce in a

{
magnetic circuit of length [ the field intensity:
i = 0'4;:5 lines of foree per sq. em.

regardless whether the & ampere-turns are due to § amperes

. . . F .

in a single turn, or one ampcre in § turns, or — amperes in 7 turns.
n

&, that is, the product of amperes and turns, is called magneto-
motive force (m.m.f.).
The m.m.f. per unit length of magnetic circuit, or ratio:

_ m.m.f.
length of magnetic circuit

is called the magnetizing force.

Hence, m.m.f. is expressed in ampere-turns; magnetizing
force in ampere-turns per centtmeter (or in practice frequently
ampere-turns per inch), field intensity in lines of magnetic force
per square centimeter.

At the distance I, from the conductor of a loop or circuit of
§ ampere-turns, whose return conductor is so far distant as not
to affect the field, assuming the m.m.f. = &, since the length of
the magnetic circuit = 2 zl,, we obtain as the magnetizing force,

H=
2 77-'lr
and as the field intensity,
:fc=0.47r6}€=0'?§-

4. The magnetic field of an electric circuit consisting of two
parallel conductors (or any number of conductors, in a poly-
phase system), as the two wires of a transmission line, can be
considered as the superposition of the separate fields of the
conductors (consisting of concentric cireles). Thus, if there are
I amperes in a circuit consisting of two parallel conductors
(conductor and return conductor), at the distance I, from the
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first and [, from the second conductor, the respective field

intensities are, 021
= bt ’

1 Z]_

and 2
%, — 021 ’

2 Zz

and the resultant field intensity, if ¢ = angle between the direc-
ions of the two fields,

=~} + 3,2 + 23,3¢, cos T,
021
Ll

In the plane of the conductors, where the two fields are in
the same, or opposite direction, the resultant field intensity is,

VIZ+ 17+ 211, cost.

cho.zl(ll:t lz)’
Il
where the plus sign applies to the space between, the minus
sign the space outside of the conductors.

The resultant field of a circuit of parallel conductors con-
sists of excentric circles, interlinked with the conductors, and
crowded together in the space between the conductors.

The magnetic fleld in the interior of a spiral (solenoid,
helix, coil) carrying an electric current, consists of straight
lines.

5. If a conductor is coiled in a spiral of ! centimenter axial

length of spiral, and N turns, thus n =§ turns per centimeter

length of spiral, and I = current, in amperes, in the conductor,

the m.m.f. of the spiral is

g =IN,
and the magnetizing force in the middle of the spiral, assuming
the latter of very great length,

8{3=n[=1¥],

thus the field intensity in the middle of the spiral or solenoid,
I =047zH
= 0.4 nnl.
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Strictly this is true only in the middle part of a spiral of
such length that the m.m.f. consumed by the external or
magnetic return circuit of the spiral is negligible compared
with the m.m.f. consumed by the magnetic circuit in the interior
of the spiral, or in an endless spiral, that is a spiral whose axis
curves back into itself, as a spiral whose axis is curved in a
circle.

Magnetomotive forece & applies to the total magnetic circuit,
or part of the magnetic circuit. It is measured in ampere-
turns.

Magnetizing force  is the m.m.f. per unit length of mag-
netic circuit. It is measured in ampere-turns per centi-
meter.

Field intensity 3¢ is the number of lines of force per square
centimeter.

If 1 =length of the magnetic circuit or a part of the
magnetic circuit,

F = lé]f, J{=§l7
3
= 04: wdt H= 07—71."
=1.257 & ¥ =0.796 3C.

6. The preceding applies only to magnetic fields in air or
other unmagnetic materials.

If the medium in which the magnetic field is established is a
“magnetic material,” the number of lines of force per square
centimeter is different and usually many times greater. (Slightly
less in diamagnetic materials.)

The ratio of the number of lines of force in a medium, to the
number of lines of forece which the same magnetizing force would
produce in air (or rather in a vacuum), is called the permeabrlity
or magnetic conductivity # of the medium.

The number of lines of foree per square centimeter in a mag-
netic medium is called the magnetic induction ®. The number
of lines of force produced by the same magnetizing force in air
is called the field intensity 3C.
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In air, magnetic induction ® and field intensity 3¢ are
equal.

As a rule, the magnetizing force in a magnetic circuit is
changed by the introduction of a magnetic material, due to the
change of distribution of the magnetic flux.

The permeability of air = 1 and is constant.

The permeability of iron and other magnetic materials varies
with the magnetizing force between a little above 1 and values
as high as 6000 in soft iron.

The magnetizing force # in a medium of permecability 4
produces the field intensity 3= 0.4 zdf and the magnetic
induction ® = 0.4 = uK.

EXAMPLES.

7. (1.) A pull of 2 grams at 4 em. radius is required to hold a
horizontal bar magnet 12 ecm. in length, pivoted at its center,
in a position at right angles to the magnetic meridian. What
is the intensity of the poles of the magnet, and the number of
lines of magnetic force issuing from each pole, if the horizontal
intensity of the terrestrial magnetic field 3¢ = 0.2, and the
acceleration of gravity = 9807

The distance between the poles of the bar magnet may be
assumed as five-sixths of its length.

Let m = intensity of magnet pole. I.=5 is the radius on
which the terrestrial magnetism acts.

Thus 2 m3dtl, = 2 m = torque exerted by the terrestrial mag-
netism.

2 grams weight =2 X 980 = 1960 units of force. Thesc at
4 cm. radius give the torque 4 X 1960 = 7840 ¢ — cm.

Hence 2 m = 7840.

m = 3920 is the strength of each magnet pole and

® = 4 7m = 49,000, the number of lines of force issuing from
each pole.

8. (2.) A conductor carrying 100 amperes runs in the dirce-
tion of the magnetic meridian. What position will a compass
needle assume, when held below the conductor at a distance of
50 cm., if the intensity of the terrestrial magnetic field is 0.2?

The intensity of the magnetic field of 100 amperes 50 em.

0.27 100

from the conductor, is 3¢ = —Z——=0.2 X 0 0.4, the direc-
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tion is at right angles to the conductor, that is at right angles to
the terrestrial magnetic field.

If == angle between compass needle and the north pole of
the magnetic meridian, /= length of needle, m = intensity of
its magnet pole, the torque of the terrestrial magnetism is 3eml
sin == 0.2 ml sin 7, the torque of the current is

2 ST
Jeml cos T =0‘—I#—90°— = 0.4 ml cos =.
T

In equilibrium, 0.2 ml sin z=0.4mlcos r, or tant=2, t=
63.4°.

0. (3.) What is the total magnetic flux per I = 1000 m. length,
passing between the conductors of a long distance transmission

Fig. 1. Diagram of Transmission Line for Inductance Calculation.

line carrying I amperes of current, if /;=0.82 cm. is the
diameter of the conductors No. 0 B. & S.), s =45 cm. the
spacing or distance between them?

At distance [, from the center of one of the conductors (Fig. 1),
the length of the magnetic circuit surrounding this conductor
is 2 zl,, the m.m.f., I ampere turns; thus the magnetizing force

%=L , and the field intensity 3¢ = 0.4 73 = 0271

2 7l I
flux in the zone di- is d® = (%——Hdl’, and the total flux from the

surface of the conductor to the next conductor is,

ls
oo [F020d_
3 lr
. 21
0.2 Il[loge A ] - 021110z, 22
A—;

, and the




8 ELEMENTS OF ELECTRICAL ENGINEERING.

The same flux is produced by the return conductor in the
same direction, thus the total flux passing between the trans-
mission wires is,

21
29=0.41llog. =
la
or per 1000 m. = 10° cm. length,
2® =0.4 % 10° 1 log, 0%)3 =04 X 10° X 470 T = 0.188 X 10° ,

or 0.188 I megalines or millions of lines per line of 1000 m.
of which 0.094 I megalines surround each of the two con-
ductors.

10. (4.) In an alternator each pole has to carry 6.4 millions
of lines, or 6.4 megalines magnetic flux. How many ampere-
turns per pole are required to produce this flux, if the magnetic
circuit in the armature of laminated iron has the cross section
of 930 sq. cm. and the length of 15 em., the air-gap between
stationary field poles and revolving armature is 0.95 cm. in
length and 1200 sq. ¢cm. in section, the field-pole is 26.3 cm.
in length and 1075 sq. em. in section, and is of laminated iron,
and the outside return circuit or yoke has a length per pole of
20 cm. and 2250 sq. em. section, and is of cast iron?

The magnetic densities are; ®, = 6880 in the armature, ®,=
5340 in the air-gap, ®,= 5950 in the field-pole, and ®, = 2850
in the yoke. The permeability of sheet iron is x, = 2550 at
®, = 6880, py=2380 at ®,=5950. The permeability of cast
iron is x4, =280 at ®,=2850. Thus the field intensity

( - %) is, 3¢, = 2.7, 3¢, = 5340, 3¢, = 2.5, 3¢, = 10.2.

The magnetizing force (E}C = 0—%;) is, #,=2.15, ¥,= 4250,

#H,=1.99, ¥, = 813 ampere-turns per ecm. Thus the m.m.f.
@ =H) is, F, = 32, F,= 4040, F,= 52, F,= 163, or the total
m.m.f. per pole is

F=7,+7,+ F,+ F,= 4290 ampere-turns.

The permeability 4 of magnetic materials varies with the
density &, thus tables or curves have to be used for these quan-
tities. Such curves are usually made out for density ® and
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magnetizing force df, so that the magnetizing force 3 correspond-
ing to the density ® can be derived directly from the curve.
Such a set of curves is given in Fig. 2.

50 100 130 200 230 300 350 400 450 500 530 600 630 500 <TH0 800

i I q a1
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5 10 15 2 2 30 35 40 456 50 55 60 65 70 75 80

Fig. 2. Magnetization Curves of Various Irous.

2. MAGNETISM AND E.M.F.

11. In an electric conductor moving relatively to a magnetic
field, an e.m.f. is generated proportional to the rate of cutting
of the lines of magnetic force by the conductor.

Unit e.m.f. is the e.m.f. generated in a conductor cutting one
line of magnetic force per second.

10® times unit e.m.f. is the practical unit, called the volt.
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Coiling the conductor n fold increases the e.m.f. n fold, by
cutting each line of magnetic force n times.

In a closed electric cireuit the e.m.f. produces an eleciric
current.

The ratio of e.m.f.to electric current produced thereby is called
the resistance of the electric circuit.

Unit resistance is the resistance of a circuit in which unit
e.m.f. produces unit current.

10° times unit resistance is the practical unit, called the
ohm.

The ohm is the resistance of a cireuit, in which one volt pro-
duces one ampere.

The resistance per unit length and unit section of a conductor
is called its resistivity, p.

The resistivity o is a constant of the material, varying with
the temperature.

The resistance r of a conductor of length I, area of section 4,
and resistivity pisr= -Zj) .

12. If the current in the electric circuit changes, starts, or
stops, the corresponding change of the magnetic field of the
current generates an e.m.f. in the conductor carrying the current,
which is called the e.m.f. of self-induction.

If the e.mn.f. in an electric circuit moving relatively to
a magnetic field produces a current in the circuit, the mag-
netic field produced by this current is called its magnetic
reaction.

The fundamental law of self-induction and magnetic reaction
is, that these effects take place in such a direction as to oppose
their cause (Lentz’s law).

Thus the e.m.f. of self-induction during an increase of current,
is in the opposite direction, during a decrease of current in the
same direction as the e.m.f. producing the current.

The magnetic reaction of the current produced in a circuit
moving out of a magnetic field is in the same direction, in a cir-
cuit moving into a magnetic field in opposite direction to the
magnetic field.

Essentially, this law is nothing but a conclusion from the law
of conservation of energy.
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EXAMPLES.

13. (1.) An electromagnet is placed so that one pole sur-
rounds the other pole cylindrically as shown in section in Fig. 3,
and a copper cylinder revolves between these poles at 3000 rev.
per min. What is the e.m.f. generated between the ends of this
cylinder, if the magnetic flux of the electromagnet is ® = 25
megalines?

During each revolution the copper cylinder cuts 25 megalines.
It makes 50 rev. per sec. Thus it cuts 50 X 25 X 10°=12.5 X 10®

Fig. 3. Unipolar Generator.

lines of magnetic flux per second. Hence the generated e.m.f.
is £ =12.5 volts.

Such a machine is called a “unipolar,” or more properly a
“nonpolar” or an “acyclic’’ generator.

14. (2.) The field spools of the 20-pole alternator in Section 1,
Example 4, are wound each with 616 turns of wire No. 7 (B. &
S.), 0.106 sq. em. in cross section and 160 cm. mean length of
turn. The 20 spools are connected in series. How many
amperes and how many volts are required for the excitation of
this alternator field, if the resistivity of copper is 1.8 X 10~°
ohms per cm.*

Since 616 turns on each field spool are used, and 4280 ampere-

4280

turns required, the current is ?13 6.95 amperes.

* Cm.? refers to a cube whose side is one centimeter, and should not be
confused with cu. em.
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The resistance of 20 spools of 616 turns of 160 cm. length,
0.106 sq. em. section, and 1.8 X 107° resistivity is,
20 X 616 X 160 x 1.8 X 10~*
X X 0. 1%? = 33.2 ohms,
and the e.m.f. required 6.95 X 33.2 = 230 volts.

3. GENERATION OF E.M.F.

15. A closed conductor, convolution or turn, revolving in a
magnetic field, passes during each revolution through two
positions of maximum inclosure of lines of magnetic force
A in Fig. 4, and two postions of zero inclosure of lines of mag-
netic force B in Fig. 4.

A B

‘—L\

=

:E[:::——-

Fig. 4. Generation of e.m.f.

Thus it cuts during each revolution four times the lines of
force inclosed in the position of maximum inclosure.

If ® = the maximum number of lines of flux inclosed by
the conductor, f= the frequency in revolutions per second or
cycles, and n= number of convolutions or turns of the con-
ductor, the lines of force cut per second by the conductor, and
thus the average generated e.m.f. is,

E = 4 fn® absolute units,
=4 fn® 107 volts.

If fis given in hundreds of cycles, ® in megalines,
E =4 fn® volts.
If a coil revolves with uniform velocity through a uniform

magnetic field, the magnetism inclosed by the coil at any instant

is,
dcost
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where @ = the maximum magnetism inclosed by the coil and
7= angle between coil and its position of maximum inclosure
of magnetism.

The e.m.f. generated in the coil, —
which varies with the rate of cut-
ting or change of ® cos 7, is thus, e

e=E sinr, b eosh

where E, is the maximum value =
of em.f., which takes place for
7=90% or at the position of zero  Fig. 5. Generation of e.m.f.
inclosure of magnetic flux, since by Rotation.

in this position the rate of cutting is greatest.

¢

2 .
Since avg. (sin 7) = = the average generated e.m.f. is,
2
E==E,.
ks

Since, however, we found above that,
E = 4 fn® is the average generated e.m.f,,

it follows that

E,= 2= fn® is the mazimum, and
e = 2« fnd sin ¢ the instantaneous generated e.m.f.

The interval between like poles forms 360 electrical-space
degrees, and in the two-pole model these are identical with the
mechanical-space degrees. With uniform rotation, the space
angle, 7, is proportional to time. Time angles are designated by
6, and with uniform rotation 6= r, = being measured in elec-
trical-space degrees.

"The period of a complete cycle is 360 time degrees, or 2« or

jl,seconds. In the two-pole model the period of a cycle is that of

one complete revolution, and in a 2 ny-pole machine, nl of that
P

of one revolution.

Thus, 0=2nft
e=2rfn®d sin 2 zft.
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If the time is not counted from the moment of maximum
inclosure of magnetic flux, but ¢, = the time at this moment,

we have e=27fndsin2zf( — 1))
or, e=2xfndPsin (0 — 6).

Where 0, = 2 =ft, is the angle at which the position of max-
imum inclosure of magnetic flux takes place, and is called its
phase.

These e.m.fs. are alternating.

If at the moment of reversal of the e.m.f. the connections
between the coil and the external circuit are reversed, the e.m.f.
in the external circuit is pulsating between zero and E, but
has the same average value E.

If a number of coﬂs connected in series follow each other
successively in their rotation through the magnetic field, as the
armature coils of a direct-current machlne and the connections
of each coil with the external circuit are reversed at the moment
of reversal of its e.m.f., their pulsating e.m.fs. superimposed in
the external circuit make a more or less steady or continuous
external e.m.f.

The average value of this e.m.f. is the sum of the average values
of the e.m.fs. of the individual coils.

Thus in a direct-current machine, if & = maximum flux in-
closed per turn, n = total number of turns in series from commu-
tator brush to brush, and f = frequency of rotation through the
magnetic field.

E =4 fn® = generated e.m.f. (P in megalines, fin
hundreds of cycles per second).

This is the formula of the direct-current generator.

EXAMPLES.

17. (1.) A circular wire coil of 200 turns and 40 e¢m. mean
diameter is revolved around a vertical axis. What is the
horizontal intensity of the magnetic field of the earth, if at a
speed of 900 revolutions per minute the average e.m.f. generated
in the coil is 0.028 volts?

The mean area of the coil is 4%— 1255 sq. cm., thus the
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terrestrial flux inclosed is 1255 3¢, and at 900 revolutions per
minute or 15 revolutions per second, this flux is cut 4X 15= 60
times per second by each turn, or 200 X 60 = 12,000 times by
the coil. Thus the total number of lines of magnetic force cut
by the conductor per second is 12,000 X 1255 3¢ = 0.151 X 10®
3¢, and the average generated e.m.f. is 0.151 3¢ volts. Since
this is = 0.028 volts, 3¢ = 0.186.

18. (2.) In a 550-volt direct-current machine of 8 poles and
drum armature, running at 500 rev. per min., the average volt-
age per commutator segment shall not exceed 11, each armature
coil shall contain one turn only, and the number of commutator
segments per pole shall be divisible by 3, so as to use the machine
as three-phase converter. What is the magnetic flux per field-
pole? .

550 volts at 11 volts per commutator segment gives. 50, or
as next integer divisible by 3, n =351 segments or turns per
pole.

8 poles give 4 cycles per revolution, 500 revs. per min. gives
500/60 = 8.33 revs. per sec. Thus the frequencyis, f=4 X 8.33
= 33.3 cycles per sec.

The generated em.f. is E = 550 volts, thus by the formula of
direct-current generator,

E=4fnd,
or, 550 =4 X 0.333 X 51 &,
& = 8.1 megalines per pole.

19. (3.) What is the e.m.f. generated in a single turn of a 20-
pole alternator running at 200 rev. per min., through a mag-
netic field of 6.4 megalines per pole?

20 X 200

The frequency is f= % 60 33.3 cyeles.
e=E sin T,
E,=2zfnd,
® =64,
n=1,
f=10.333.

Thus, E,=2r X 0.333 X 6.4=13.4 volts maximum, or
e=13.4 sin 6.
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4. POWER AND EFFECTIVE VALUES.

20. The power of the continuous e.m.f., E producing con-
tinuous current / is P = EI.

The e.m.f. consumed by resistance r is E,=Ir, thus the
power consumed by resistance r is P = I’r.

Either E,=E, then the total power in the circuit is con-
sumed by the resistance, or E,< E, then only a part of the
power is consumed by the resistance, the remainder by some
counter em.f., B — E.

If an alternating current 7= I, sin 6 passes through a resist-
ance 7, the power consumed by the resistance is,

Ir
2 — N2 H =20 Q
vr=17rsin’*6 = 5 (1 — cos 26),

<

thus varies with twice the frequency of the current, between
zero and I’r.
The average power consumed by resistance r is,
oy =Wt (Y
avg. ('r) = 5 —(\/j)r
since avg. (cos) = 0.
Thus the alternating current © = I, sin 6 consumes in a resist-
ance r the same effect as a continuous current of intensity

I
I=-o.
V2

The value I =—-\§9§ is called the effective value of the alter-

nating current 7= I sin 6; since it gives the same effect.

Analogously E = —EJ’_- is the effective value of the alternating
em.f., e=E sin 0.
Since E,= 2xfn®, it follows that
E=~"2zfnd
=444 fnd®,
is the effective alternating e.m.f., generated in a coil of n turns
rotating at a frequency of f (in hundreds of cycles per second)

through a magnetic field of ® megalines of force.
This is the formula of the alternating-current generator.
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21. The formula of the direct-current generator,
E=4fnd,

holds even if the e.m.fs. generated in the individual turns are
not sine waves, since it is the average generated e.m.f.
The formula of the alternating current generator,

E=~2zfn®,

does not hold if the waves are not sine waves, since the ratios of
average to maximum and of maximum to effective e.m.f. are
changed.

If the variation of magnetic flux is not sinusoidal, the effective
generated alternating e.m.f. is,

E =92 zfnd.

v is called the form factor of the wave, and depends upon
its shape, that is the distribution of the magnetic flux in the mag-
netic field.

Frequently form factor is defined as the ratio of the effec-
tive to the average value. This definition is undesirable since it
gives for the sine wave, which is always considered the standard
wave, a value differing from one.

EXAMPLES.

22. (1.) In a star connected 20-pole three-phase machine,
revolving at 33.3 cycles or 200 rev. per min., the magnetic flux
per pole is 6.4 megalines. The armature contains one slot per
pole and phase, and each slot contains 36 conductors. All these
conductors are connected in series. What is the effective e.m.f.
per circuit, and what the effective e.m.f. between the terminals
of the machine?

Twenty slots of 36 conductors give 720 conductors, or 360
turns in series. Thus the effective e.m.f. is,

E = g zfnd
=444 X 0.333 X 360 X 6.4
= 3400 volts per circuit.

The e.m.f. between the terminals of a star connected three-
phase machine is the resultant of the e.m.fs. of the two phases,
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which differ by 60° degrees, and is thus 2 sin 60° = /. 3 times
that of one phase, thus,

E=E,V3
= 5900 volts effective.

23. (2.) The conductor of the machine has a section of
0 22 sq. em. and a mean length of 240 em. per turn. At a resis-
tivity (resistance per unit section and unit length) of copper
of p=1.8 X 107°% what is the e.m.f. consumed in the machine
by the resistance, and what the power consumed at 450 kw.
output?

450 kw. output is 150,000 watts per phase or circuit, thus
150,000
3400
The resistance of 360 turns of 240 c¢m. length, 0.22 sq. em.

section and 1.8 X 107° resistivity, is

360 X 240 X 1.8 X 10~
= 0.22

44.2 amp. X 0.71 ohms gives 31.5 volts per circuit and (44.2)*
X 0.71=1400 watts per circuit, or a total of 3 X 1400= 4200
watts loss.

24. (3.) What is the self-inductance per wire of a three-
phase line of 14 miles length consisting of three wires No. 0
(la= 0.82 cm.), 45 cm. apart, transmitting the output of this
450 kw. 5900-volt three-phase machine?

450 kw. at 5900 volts gives 44.2 amp. per line. 44.2 amp.
effective gives 44.2 v/2 = 62.5 amp. maximum.

14 miles =22,400 m. The magnetic flux produced by I
amperes in 1000 m. of a transmission line of 2 wires 45 cm.
apart and 0.82 em. diameter was found in paragraph 1, example
3,as2P=0.188 X 10° I, or ® =0.094 X 10° I for each wire.

Thus at 22,300 m. and 62.5 amp. maximum, the flux per
wire is

the current I = = 44.2 amperes effective.

= (.71 ohms per cireuit.

® =22.3 X 62.5 X 0.094 X 10° = 131 megalines.
Hence the generated e.m.f., effective value, at 33.3 cycles is,
E=~2zfd
=444 X 0.333 x 131 °
= 193 volts per line;
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the maximum value is,
E,=E X v2=273 volts per line;

and the instantaneous value,

e=FE sin (0 —0,)=273sin (¢ —0,);
or, since 0=2=ft =210t we have,

e=273sin 210 (¢ - ¢,).

25. (4.) What is the form
factor (a) of the e.m.f. gene-
rated in a single conductor of
a direct-current machine hav-
ing 80 per cent pole arc and
negligible spread of the mag-
netic flux at the pole corners,
and (b) what is the form fac-
tor of the voltage between two
collector rings connected to
diametrical points of the arm-
ature of such a machine?

(a.) In a conductor during
the motion from position 4,
shown in Fig. 6, to position
B, no em.f. is generated;
from position B to C a constant c.m.f. e is generated, from
C to E again no em.f., from E to F a constant e.m.f. —e,

Fig. 6. Diagram of Bipolar Generator.

-_— —m—m-— P

1
————0;3—-——-—-»0.1!&-
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Fig. 7. E.m.f. of a Single Conductor, Direct-Current Machine
80 per cent Pole Are.

and from F to A again zero em.f. The em.f. wave thus is
as shown in Fig. 7.
The average e.m.f. is
e, = 08e;
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hence, with this average e.m.f., if it were a sine wave, the maxi-
mum e.m.f. would be

e, = e, = Odre,
and the effective e.m.f. would be
¢, = _ﬁz: _ 0.4 i:e )
V2 V2

The actual square of the e.m.f. is ¢* for 80 per cent and zero for
20 per cent of the period, and the average or mean square thus is
0.8 &,
and therefore the actual effective value,
e, = eV0.8.
The form factor 7, or the ratio of the actual effective value

e, to the effective value e, of a sine wave of the same mean
value and thus the same'magnetic flux, then is

__e _N10
I e, T
= 1.006;

that is, practically unity.

(b.) While the collector leads a, b move from the position F,
C, as shown in Fig. 6, to B, E, constant voltage E exists between
them, the conductors which leave the field at C being replaced
by the conductors entering ‘the field at B. During the motion
of the leads @, b from B, E to C, F, the voltage steadily decreases,

(|
/it
;0
IIL
/o ke0i2

S,
=
-~
-

,/

7

/

/

I>

—1

T

Fig. 8. E.m.f. between two Collector Rings connected to Diametrical Points
of the Armature of a Bipolar Machine having 80 per cent Pole Arc.

reverses, and rises again, to — E, as the conductors entering the
field at E have an e.m.f. opposite to that of the conductors
leaving at C. Thus the voltage wave is, as shown by Fig. 8,
triangular, with the top cut off for 20 per cent of the half wave.



SELF-INDUCTANCE AND MUTUAL INDUCTANCE. 21

Then the average e.m.f. is

e, =028 +2x2E _o5p

The maximum value of a sine wave of this average value is
e, =75e, = 03zE,
-

and the effective value corresponding thereto is
e, _03zE
V2 V3

The actual voltage square is E* for 20 per cent of the time, and
rising on a parabolic curve from 0 to E* during 40 per cent of the
time, as shown in dotted lines in Fig. 8.

The area of a parabolic curve is width times one-third of
height, or 04 B

3 )
hence, the mean square of voltage is

02 B> +2 X O——-'43E2 = 1—~——'43E2

e, =

B

and the actual effective voltage is

14
84 =K ?,
hence, the form factor is

_e _1,/280 _
==V -1,

or, 2.5 per cent higher than with a sine wave.

5. SELF-INDUCTANCE AND MUTUAL INDUCTANCE.

26. The number of interlinkages of an electric circuit with
the lines of magnetic force of the flux produced by unit current
in the circuit is called the ¢nductance of the circuit.

The number of interlinkages of an electric circuit with the
lines of magnetic force of the flux produced by unit current in
a second electric circuit is called the mutual inductance of the
second upon the first circuit. It is equal to the mutual induc-
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tance of the first upon the sccond circuit, as will be seen,
and thus is called the mutual inductance between the two
cireuits.

The number of interlinkages of an electric circuit with the
lines of magnetic flux produced by unit current in this circuit
and not 1nte1hnked with a second circuit is called the self-
inductance of the circuit.

If § = current in a circuit of » turns, ® = flux produced
thereby and interlinked with the circuit, nd is the total number

of interlinkages, and L = %I—) the inductance of the circuit.

If ® is proportional to the current 7 and the number of
turns n,

d = %, and L = %the inductance.

® is called the reluctance and ni the m.m.f. of the magnetic
circuit.

In magnetic circuits the reluctance & has a position s1m1lar
to that of resistance r in electric circuits.

The reluctance ®, and therefore the inductance, is not
constant in circuits containing magnetic materials, such as
iron, etc.

If ®, is the reluctance of a magnetic circuit interlinked with
two electrlc circuits of n, and 7, turns respectively, the flux
produced by unit current in the first, circuit and interlinked with

the second circuit is % and the mutual inductance of the first
1

upon the second circuit is M = (R , that is, equal to the

mutual inductance of the second clrcuit upon the first circuit,
as stated above.

If no flux leaks between the two circuits, that is, if all flux is
interlinked with both circuits, and L, = inductance of the first,
L, = inductance of the sccond circuit, and M = mutual indue-
tance, then

M* = L,L,.

If flux leaks between the two circuits, then M* < L,L,.

In this case the total flux produced by the first circuit con-
sists of a part interlinked with the second circuit also, the mu-
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tual inductance, and a part passing between the two circuits,
that is, interlinked with the first circuit only, its self-inductance.
27. Thus, if L, and L, are the inductances of the two circuits,

7LTl and f:—ﬁis the total flux produced by unit current in the first
1 2
and second circuit respectively.

Of the flux 7%—‘- a part %—‘ is interlinked with the first circuit
1 1

<

only, Ls, being its leakage inductance, and a part ;I

interlinked

with the second circuit also, M being the mutual inductance
L L M

and 2t — 2 4 22
nl nl n2

Thus, if

L, and L, = inductance,
L;, and L,, = self-inductance,
M = mutual inductance of two circuits of n and
7, turns respectively, we have

i

L _ L. M L, Ly M
1 n, Ty N, My Ny
or L, =L, +-2aM L, =L, + 22 M,
nz n].
or M?* = (L, — Ly) (L, — Ls,)-

The practical unit of inductance is 10° times the absolute
unit or 10® times the number of interlinkages per ampere (since
1 amp. = 0.1 unit current), and is called the henry (h); 0.001
of it is called the milhenry (mh.).

The number of interlinkages of ¢ amperes in a circuit of
L henry inductance is ¢L 10° lines of force turns, and thus
the e.m.f. generated by a change of current dz in time dt is

dv

e = ~ L 10° absolute units

di
= ——= lts.
7 L volts

A change of current of one ampere per second in the circuit
of one henry inductance generates one volt.
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EXAMPLES.

28. (1.) What is the inductance of the field of a 20-pole
alternator, if the 20 field spools are connected in series, each
spool contains 616 turns, and 6.95 amperes produces 6.4 mega-
lines per pole?

The total number of turns of all 20 spoolsis 20 X 616 = 12,320.
Each is interlinked with 6.4 X 10° lines, thus the total number
of interlinkages at 6.95 amperes is 12,320 X 6.4 X 10° = 78 X 10°.

6.95 amperes = 0.695 absolute units, hence the number of
interlinkages per unit current, or the inductance, is

78 X 10°
0.695

29. (2.) What is the mutual inductance between an alter-
nating transmission line and a telephone wire carried for 10 miles
below and 1.20 m. distant from the one, 1.50 m. distant from
the other conductor of the alternating line? and what is the
e.m.f. gencrated in the telephone wire, if the alternating cir-
cuit carries 100 amperes at 60 cycles?

The mutual inductance between the telephone wire and the
electric circuit is the magnetic flux produced by unit current
in the telephone wire and interlinked with the alternating cir-
cuit, that is, that part of the magnetic flux produced by unit
current in the telephone wire, which passes between the dis-
tances of 1.20 and 1.50 m.

At the distance I, from the telephone wire the length of mag-

= 112 X 10° = 112 henrys.

netic circuit is 2 zl,. The magnetizing force & = 5 ; if I=
& Ty
current in telephone wire in amperes, and the field intensity
9
¥ = 04z = Q%L, and the flux in the zone dl; is
ae =22 La,
{ = 10 miles = 1610 X 10° cm.
150
thus, o — f 0210,
. 120 lr
= 322 X 10° Ilog€1—5~0—= 72110%

120



CONTINUOUS-CURRENT CIRCUITS. 25

or, 72 ] 10° interlinkages, hence, for I = 10, or one absolute
unit,

thus, M =72 X 10* absolute units, = 72 X 10~ henrys =
0.72 mh.

100 amperes effective or 141.4 amperes maximum or 14.14
absolute units of current in the transmission line produces a
maximum flux interlinked with the telephone line of 14.14 X
0.72 X 107® X 10° = 10.2 megalines. Thus the e.m.f. generated
at 60 cycles is

E =444 X 0.6 X 10.2 = 27.3 volts effective.

6. SELF-INDUCTANCE OF CONTINUOUS-CURRENT
CIRCUITS.

30. Self-inductance makes itself felt in continuous-current
circuits only in starting and stopping or in general when the
current changes in value.

Starting of Current. If r = resistance, L = inductance of
circuit, £ = continuous e.m.f. impressed upon circuit, 7 =
current in circuit at time ¢ after impressing e.m.f. £, and dt the
increase of current during time moment df, then the increase of
magnetic interlinkages during time di is

Lds,
and the e.m.f. generated thereby is
e, =—1L @
! dt

By Lentz’s law it is negative, since it is opposite to the impressed
e.m.f., its cause.
Thus the e.m.f. acting in this moment upon the circuit is

dv
E -+ e, = E—-L E’
and the current is i
' E-L%
. _E+e, d .
1 = = ’
7 r
or, transposing,
’ rdt i
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the integral of which is
i

. E
-7 = log. (7, - T>— log, ¢,

where — log.c = integration constant.

This reduces to
E

. -
1 =—+¢ L
r

att = 0,7 = 0, and thus

= C.

E
r

Substituting this value, the current is

i
’I: = E(l-—e—z>1
r

and the e.m.f. of inductance is

.
e,=1r —E=—Fe¢ L
At t = o,
. E
1y = 7 ) €, = 0.
Substituting these values,
rt
'i = io (1 - E—z
and
_n
e, =—rTle L.

r

The expression u = 7

is called the “fvme constant of the cir-
cutt.”’ *

* The name t¥me constant dates back to the early days of telegraphy, where
it was applied to the ratio: %, that is, the reciprocal of what is above denoted

as time constant. This quantity which had gradually come into disuse, again

became of importance when investigating transient electric phenomena, and

in this work it was found more convenient to denote the value -;—a,s time con-
4

stant, since this value appears as one term of the more general time constant

of the electric circuit: ( T+g ) (Theory and Calculation of Transient Elec-

L'¢c
tric Phenomena and Oscillations, Section IV).
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Substituted in the foregoing equation this gives

1= E—(l - s_ut)
-

e, =— B4,

e, = ——= —0.36S E.

~ |

31. Stopping of Current. In a circuit of inductance L and
resistance r, let a current 1, = %be produced by the impressed

ean.f. E, and this e.m.f. £ be withdrawn and the circuit closed
through a resistance r,.

Let the current be 7 at the time ¢ after withdrawal of the
em.f. E and the change of current during time moment dt be dv.
dv is negative, that is, the current decreases.

The decrease of magnetic interlinkages during moment df is

Lds.
Thus the e.m.f. generated thereby is
di
e, =—1L 7

It is negative since di is negative, and e, must be positive, that
is, in the same direction as E, to maintain the current or oppose
the decrease of current, its cause.

Then the current is

’i = el = — L @’
T+, r+r,dt’
or, transposing,
_rErn g @
L d 7’
the integral of which is
——uL—T‘t = log. 7 — log.c,

where — logc = integration constant.
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_r+nt
This reduces to 1=ce L >
. E
for t =0, Ty =—=2~C
r
Substituting this value, the current is
_(f +r) ¢
1 =—c¢ L,

and the generated e.m.f. is
_( +r1) ¢

e,=i(r+r1)=E7lrrLe L -

Substituting ¢, =€J—, the current is

r+nr
. . —~7r t
T=1%¢ L5

and the generated e.m.f. is
T+n
e, =1, (r+r)e L

At t =0,

that is, the generated e.m.f. is increased over the previously
impressed e.m.f. in the same ratio as the resistance is increased.

When r, = 0, that is, when in withdrawing the impressed
eam.f. E the circuit is short-circuited,

T ¢
t="Te L= 1,6 L the current, and

i 7t
e, =FE ¢ I =q¢yre T the generated e.m.f.

In this case, at ¢t = 0, e, = E, that is, the e.m.f. does not rise.

In the case r; = co, that is, if in withdrawing the e.m.f. E,
the circuit is broken, we have ¢t = 0 and ¢, = «, that is, the
e.m.f. rises infinitely.

The greater 7, the higher is the generated e.m.f. ¢, the faster,
however, do e, and 7 decrease.

If r, = r, we have at ¢ = 0,

e, =2E, T =1,
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and e, — iy =E;

that is, if the external resistance r, equals the internal resistance
r, at the moment of withdrawal of the e.m.f. £ the terminal
voltage is E.

The effect of the e.m.f. of inductance in stopping the current

at the time ¢ is
s rtn
e, =1 (r+r)s = L

t
K

thus the total energy of the generated e.m.f.

W =f te,dt
0

. —orEr, 1 L 1oL
—-/1/2<7'+r)[£ 2 L t] <._.___..__)__0_‘.._-
0 ! W\ 20 +r1) 2’

]

that is, the energy stored as magnetism in a circuit of current 1,
and inductance L is
1.2L

2 b
which is independent both of the resistance r of the circuit and
the resistance r, inserted in breaking the circuit. This energy
has to be expended in stopping the current.

W =

EXAMPLES.

32. (1.) In the alternator field in Section 1, Example 4, Sec-
tion 2, Example 2, and Section 5, Example 1, how long a time
after impressing the required e.m.f. E = 230 volts will it take for
the field to reach (a) % strength, (b) % strength?

(2.) If 500 volts are impressed upon the field of this alternator,
and a nen-inductive resistance inserted in series so as to give
the required exciting current of 6.95 amperes, how long after
impressing the e.m.f. E = 500 volts will it take for the field to
reach (a) % strength, (b) ¥5 strength, (¢) and what is the resist-
ance required in the rheostat?

(3.) If 500 volts are impressed upon the field of this alter-
nator without insertion of resistance, how long will it take for
the field to reach full strength?

(4.) With full field strength what is the energy stored as
magnetism?
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(1.) The resistance of the alternator field is 33.2 ohms (Section
2, Example 2), the inductance 112 h. (Section 5, Example 1),
the impressed ean.f. is £ = 230, the final value of current ¢, =

g = 6.95 amperes. Thus the current at time ¢, is

rl
1 =17, (1 —-e—f>
= 6.95 (1 — e=%0t),

(a.) & strength i = % hence (1 — «—%%%¢) = (.5,

—log 0.5

gm0 0.5, - O.296tloge = log 0.5, t = m

2.34 seconds.

(b.) ¥5 strength: ¢ = 0.9 ¢, hence (1 — ¢**%) = 0.9, and
t = 7.8 seconds

,and t=

(2.) To get 2, = 6.95 amperes, with E = 500 volts, a resist-

ance r = 65%05 = 72 ohms, and thus a rheostat having a resist-

ance of 72 — 33.2 = 38.8 ohms is required.
We then have
_t
1 =1, (1 —¢ L)
= 6.95 (1 — ~083%),
(@) 2 = ;4’, after ¢ = 1.08 seconds.
(.) © = 0.9, after t = 3.6 seconds.
(3.) Impressing E = 500 volts upon a circuit of r = 33.2,
L = 112, gives
rt
1 = -E—(l — e_f)

"
=151 (1 — e=028%),

1 = 6.95, or full field strength, gives

6.95 = 15.1 (1 — &%),
1 — 70288 — (.46
and ¢t = 2.08 seconds.
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(4.) The stored energy is
1oL 6.95° X 112

4?2— = 5 = 2720 watt-seconds or joules
= 2000 foot-pounds.
(1 joule = 0.736 foot-pounds.)

Thus in case (3), where the field reaches full strength in 2.08
2000
2.08

seconds, the average power input is = 960 foot-pounds

per second, = 1.75 hp.

In breaking the field circuit of this alternator, 2000 foot-
pounds of energy have to be dissipated in the spark, ete.

33. (5.) A coil of resistance r = 0.002 ohm and inductance
L = 0.005 milhenry, carrying current I=90 amperes, is short-
circuited.

(a.) What is the equation of the current after short cir-
cuit?

(b.) In what time has the current decreased to 0.1, its initial

value?
Tt

(@)1=1cT
= 90 ¢—4¢,
(.) 12 =011, e = 0.1, after ¢ = 0.00576 second.

(6.) When short-circuiting the coil in Example 5, an e.m.f.
E = 1 volt is inserted in the circuit of this coil, in opposite di-
rection to the current.

(a.) What is equation of the current?

(b.) After what time does the current become zero?

(c.) After what time does the current reverse to its initial
value in opposite direction?

(d.) What impressed e.m.f. is required to make the current
die out in 355 second?

(e.) What impressed e.m.f. E is required to reverse the current
in TUI'GU second?

(a.) If em.f. — E is inserted, and at time ¢ the current is
denoted by 7, we have

=— Ld—z , the generated e.m..f.;

% di
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Thus, —E+e=—FE~— Ld——z—, the total e.m.f.;
and .
j—fte B Ld—l, the current;
r roord

Transposing,

T dr

——dt = :
LR
"

and integrating,

—% = log, <§ + 'i) — log. ¢,

where — log. ¢ = integration constant.
Att=0,71=1, thusc=I+§;

Substituting,

rt
7 = (1 _]_E)E‘L_E,
r T

7 = 590 ¢*°¢ — 500.
() 1 =0, e = 0.85, after ¢ = 0.000405 second.
() 1 =—1=—90, e = 0.694, after t = 0.00091 second
() If i = 0 att = 0.0005, then
0 = (90 + 500 E) e~ — 500 E,

B =25~ 081 volt.

1
() If i =—1 = —90at¢ = 0.001, then
—00 = (90 + 500 E) «=+ — 500 E,
—0.4
g=180 D 91 volt,

1 — 04

7. INDUCTANCE IN ALTERNATING-CURRENT CIRCUITS

34. An alternating current ¢ = I sin 2zft or 7 = I, sin
can be represented graphically in rectangular coordinates by
curved line as shown in Fig. 9, with the instantaneous value
7 as ordinates and the time ¢, or the arc of the angle corresponc
ing to the time€, 0 = 2 =ft, as abscissas, counting the time from th
zero value of the rising wave as zero point.
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If the zero value of current is not chosen as zero point of time,
the wave is represented by
1=1Isin2=ft =1),
or t=1I,sin (0 -0,

= Yy 0, 1

Fig. 9. Alternating Sine Wave.

where ¢’ and ¢ are respectively the time and the corresponding
angle at which the current reaches its zero value in the ascen-
dant.

If such a sine wave of alternating current ¢ = I sin 2 =ft or
t = I, sin 0 passes through a circuit of resistance r and induc-
tance L, the magnetic flux produced by the current and thus its
interlinkages with the current, L = I L sin 0, vary in a wave
line similar also to that of the current, as shown in Fig. 10 as ®.

e
‘\__/ *\-.,_
Fig. 10. Self-Induction Effects produced by an Alternating Sine
Wave of Current.

The e.m.f. generated hereby is proportional to the change of
1L, and is thus a maximum where 7L changes most rapidly, or at
its zero point, and zero where ¢L is a maximum, and according
to Lentz’s law it is positive during falling and negative during
rising current. Thus this generated e.m.f. is a wave following

the wave of current by the time ¢ = %’, where ¢, is time of one

complete period, = =, or by the time angle 8 = 90°.

1
f}
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This e.m.f. is called the counter e.m.f. of tinductance. 1t is

dy
62/= et Lgt

= — 2 =fLI cos 2 =ft.

It is shown in dotted line in Fig. 10 as e,’.

The quantity 2 =fL is called the tnductive reactance of the
circuit, and denoted by z. It is of the nature of a resistance,
and expressed in ohms. If L is given in 10° absolute units or
henrys, z appears in ohms.

The counter e.m.f. of inductance of the current, 7 = I, sin
2 zft = I sin 0, of effective value

I =~\7]%2;,is
e, =—uxl cos 2nft = — 2l cos 6,

having a maximum value of zI and an effective value of
74

E,==2% = zl;

V2

that is, the effective value of the counter e.m.f. of inductance
equals the reactance, z, times the effective value of the current,
I, and lags 90 time degrees, or a quarter period, behind the
current.

35. By the counter e.m.f. of inductance,

e/ =—al cos 6,

which is generated by the change in flux due to the passage of
the current © = I, sin 6 through the circuit of reactance z, an
equal but opposite e.m.f.

e, =zl cos 0

is consumed, and thus has to be impressed upon the circuit.
This em.f. is called the em.f. consumed by inductance. Tt is
90 time degrees, or a quarter period, ahead of the current, and
shown in Fig. 10 as a drawn line e,.

Thus we have to distinguish between counter e.m.f. of induc-
tance 90 time degrees lagging, and e.m.f. consumed by inductance
90 time degrees leading.
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These e.m.fs. stand in the same relation as action and reaetion
in mechanics. They are shown in Fig. 10 as e, and as e,.

The e.m.f. consumed by the resistance r of the cireuit is pro-
portional to the current,

e, =1 =rl sinb,

and in phase therewith, that is, reaches its maximum and its
zero value at the same time as the current ¢, as shown by drawn
line e, in Fig. 10.

Its effective value is E, = rl.

The resistance can also be represented by a (fictitious) counter
em.f.,

;L .
e/ =—rl sin 0,

opposite in phase to the current, shown as ¢’ in dotted line in
Fig. 10.

The counter e.m.f. of resistance and the e.m.f. consumed by
resistance have the same relation to each other as the counter
e.m.f. of inductance and the e.m.f. consumed by inductance or
inductive reactance.

36. If an alternating current 7 = I sin 6 of effective value

I = —\I/% exists in a circuit of resistance r and inductance L, that

is, of reactance r = 2zfL, we have to distinguish:

E.m.f. consumed by resistance, e, = rI sin 6, of effective
value E, = rI, and in phase with the current.

Counter em.f. of resistance, e’ = — I, sin 8, of effective
value E, = rl, and in opposition or 180 time degrees displaced
from the current.

E.m.f. consumed by reactance, e, = xl, cos 0, of effective
value E, = 2I, and leading the current by 90 time degrees or a
quarter period.

Counter e.m.f. of reactance, e, = — 2l cos 8, of effective
value B,/ = zI, and lagging 90 time degrees or a quarter period
behind the current.

The e.m.fs. consumed by resistance and by reactance are the
e.m.fs. which have to be impressed upon the circuit to overcome
the counter e.m.fs. of resistance and of reactance.

Thus, the total counter e.m.f. of the circuit is

¢ =e/ +e’ =—1I,(rsinb + xcosb),
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and the total impressed e.m.f., or e.m.f. consumed by the circuit,

is
e =¢e +e =1, (rsind + zcos 0).

Substituting
Z — tan 6, and
r
NP+ 2 =g,
it follows that
r =zsin 6, r = zcos 0,

and we have as the total impressed e.m.f.
e =zl sin (0 + 0,),
shown by heavy drawn line e in Fig. 10, and total counter e.m.f.

¢ = —zl sin (6 + 6),
shown by heavy dotted line ¢ in Fig. 10, both of effective value
e =zl
For 6 = — 6, e = 0, that is, the zero value of e is ahead of

the zero value of current by the time angle 6, or the current lags
behind the impressed e.m.f. by the angle 6,
0,1s called the angle of time lag of the current, and z = V7* + 2
the vmpedance of the circuit. e is called the e.m.f. consumed by
impedance, ¢’ the counter e.m.f. of impedance.
Since E, = rl is the e.m.f. consumed by resistance,
E, = zl is the e.m.f. consumed by reactance,

and E =2l =~r + 2* [ is the e.m.f. consumed by impe-

dance,
we have

E =+VE? + E?, the total e.m.f.
and E, = Ecos 0,
E, = E sin 6, its components.
The tangent of the angle of lag is
tang =% 27L,
T r
and the time constant of the circuit is

% = 27f cot 6,
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The total e.m.f., ¢, impressed upon the circuit consists of two
components, one, e,, in phase with the current, the other one, e,,
in quadrature with the current.

Their effective values are

E, E cos §,, Esin 0,

EXAMPLES.
37. (1) What is the reactance per wire of a transmission
line of length 7, if {; = diameter of the wire, /, = spacing of the
wires, and f = frequency?

R

A

Fig. 11. Diagram for Calculation of Inductance between two
Parallel Conductors,

If I = current, in absolute units, in one wire of the trans-
mission line, the m.m.f. is I; thus the magnetizing force in a

zone dl, at distance /, from center of wire (Fig. 11) is of = 27er
and the field intensity in this zoneis 3¢ = 4z H= 2l£ - Thus
the magnetic flux in this zone is

o = seldl, = 2 7‘”'* ,-

hence, the total magnetic flux between the wire and the return
wire is
h " dl
b= [db=2I| —==21log

ls b bz
2 2

neglecting the flux inside the transmission wire.

21,
la

)
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The inductance is
9

e _ leogs—i—absolute units

I ly

=21 logsﬁilé 107° henrys,

L=

and the reactance r = 2 =fL = 4 =fl loge 2L , in absolute units;

2
la

38. (2.) The voltage at the receiving end of a 33.3-cycle
threephase transmission line 14 miles in length shall be 5500
between the lines. The line consists of three wires, No. 0 B. &
S. (lg =0.82 cm.), 18 in. (45 cm.) apart, of resistivity o = 1.8
X 107°.

(a.) What is the resistance, the reactance, and the impedance
per line, and the voltage consumed thereby at 44 amperes?

(b.) What is the generator voltage between lines at 44 amperes
to a non-inductive load?

(c.) What is the generator voltage between lines at 44 amperes
to a load circuit of 45 time degrees lag?

(d.) What is the generator voltage between lines at 44 amperes
to a load circuit of 45 time degrees lead?

Here I = 14 miles = 14 X 1.6 X 10° = 2.23 X 10° cm.
ld= 0.82 cm.
Hence the cross section, A = 0.528 sq. em.

—6
(a.) Resistance per line, r = p—l— = 1.8 X 10 5 ?95'23 X 10°

= 7.60 ohms.
21,

Reactance per line, z = 4 =fl log, T X 107 =47 X 33.3 X

2.23 X 10° X log, 110 X 10~° = 4.35 ohms.

The impedance per line, z = V7* + 2* = 8.76 ohms. Thus
if I = 44 amperes per line,

or z = 4 zfllog.==10 ~°, in ohms.

the e.m.f. consumed by resistance is E, = rI = 334 volts,
the e.m.f. consumed by reactance is E, = zI = 192 volts,
and the e.m.f. consumed by impedance is B, = zI = 385 volts.
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5500 _
V3
3170 volts between line and neutral or zero point (Fig. 12),
or per line, corresponding to a maximum voltage of 3170 V2 =
4500 volts. 44 amperes effective per line gives a maximum
value of 44 V2 = 62 amperes.

Denoting the current by ¢ = 62 sin 0, the voltage per line at
the receiving end with non-inductive
load is e = 4500 sin 6.

The e.m.f. consumed by resistance,
in phase with the current, of effective
value 334, and maximum value 334
V9 = 472, is

e, = 4725sin 0.

(b.) 5500 volts between lines at receiving circuit give

The e.m.f. consumed by reactance,
90 time degrees ahead of the current, gig 12, Voltage Diagram for
of effective value 192, and maximum a Three-Phase Circuit.
value 192 V2 = 272, is

e, = 272 cos 0.

Thus the total voltage required per line at the generator end
of the line is

e, =¢ +e, +e, = (4500 + 472) sin 0 + 272 cos 6
= 4972 sin 6 + 272 cos 4.

Denoting 4297722 = tan 0,, we have
nf. — tand, _ 272
V1 +tan?6, 4930
7
cos 6, = 1 _ 4972

VI T tan®0, 4930

Hence, e, = 4980 (sin 0 cos 0, + cos 0 sin )
= 4980 sin (0 + 0,).

Thus 6, is the lag of the current behind the e.m.f. at the
generator end of the line, = 3.2 time degrees, and 4980 the
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3
maximum voltage per line at the generator end; thus B, = _4_\972_0
= 3520, the effective voltage per line, and 3520 V'3 = 6100, the
effective voltage between the lines at the generator.
(c.) If the current
1 = 62sin 0

lags in time 45 degrees behind the e.m.f. at the receiving end of
the line, this e.m.f. is expressed by
e = 4500 sin (0 + 45) = 3170 (sin 6 + cos 8);

that is, it leads the current by 45 time degrees, or is zero at § =

— 45 time degrees.
The e.m.f. consumed by resistance and by reactance being the
same as in (b), the generator voltage per line is

€, =¢+e +e, = 3642sin 0 + 3442 cos 6.

{)
Denoting o tan 0,, we have

3642
e, = 5011 sin (6 + 0,).

Thus 6,, the time angle of lag of the current behind the gen-
erator e.m.f., is 43 degrees, and 5011 the maximum voltage;
hence 3550 the effective voltage per line, and 3550 V3 = 6160
the effective voltage between lines at the generator.

(d.) If the current 7 = 62 sin 0 leads the e.m.f. by 45 time
degrees, the em.f. at the receiving end is

e = 4500 sin (0 — 45)
= 3170 (sin 8 — cos ).
Thus at the generator end
e, = ¢+ e, -+ e, = 3642sin § — 2898 cos 4.

Denoting ggzg = tan 0,, it is
€, = 4654 sin (6 — 6,).

Thus 6,, the time angle of lead at the generator, is 39 degrees,
and 4654 the maximum voltage; hence 3290 the effective voltage
per line and 5710 the effective voltage between lines at the
generator.
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8. POWER IN ALTERNATING-CURRENT CIRCUITS.
39. The power consumed by alternating current ¢ = I, sin 4,

. I . - .
of effective value I = ——/‘%, in a circuit of resistance r and reac-
N2

tance r = 2 =fL, is

p=ei
where e = z[,sin (f + 0,) is the impressed e.m.f., consisting of
the components

e, = rl sin 0, the e.m.f. consumed by resistance
and e, = xl, cos 0. the e.m.f. consumed by reactance.
z =1 + 2 is the impedance and tan 0, = TE the time-phase
angle of the circuit; thus the power is
p =2l sinfsin (0 + 6,)
N

= ——2"~(cos 6, —cos (20 + 6,))

=zl (cos 0, —cos (20 + 6,)).
Since the average cos (2 6 + 6,) = zero, the average power is

P = 2P’ cos 0,
=rl* = E]I;

that is, the power in the circuit is that consumed by the resistance,
and independent of the reactance.

Reactance or self-inductance consumes no power, and the
e.am.f. of self-inductance is a wattless e.m.f., while the e.m.f. of
resistance is a power e.m.f.

The wattless e.m.f. is in quadrature, the power e.m.f. in phase
with the current.

In general, if 0 = angle of time-phase displacement between
the resultant e.m.f. and the resultant current of the circuit,
I = current, E = impressed e.m.f., cousisting of two com-
ponents, one, B, = E cos 0, in phase with the current, the other,
E, = E sin 0, in quadrature with the current, the power in the
circuit is /E, = IE cos 0, and the e.m.f. in phase with the current
E, = Ecos 0 is a power em.f., the em.f. in quadrature with
the current B, = E sin 6 a wattless or reactive e.m.f.
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40. Thus we have to distinguish power e.m.f. and wattless or
reactive e.m.f., or power component of e.m.f., in phase with the
current and wattless or reactive component of e.m.f., in quadra-
ture with the current.

Any e.m.f. can be considered as consisting of two components,
one, the power component, e,, in phase with the current, and
the other, the reactive component, e, in quadrature with the
current. The sum of instantaneous values of the two com-
ponents is the total e.m.f.

e=¢e +e,
If B, E,, E, are the respective effective values, we have

E =~VE? + E} since
E, = E cos 6,
E, = Esin 6,

where 6 = time-phase angle between current and e.m.f.

Analogously, a current I due to an impressed e.m.f. £ with
a time-phase angle 6 can be considered as consisting of two
component currents,

I, = I cos 6, the power component of the current, and
I, = Isin 0, the wattless or reactive component of the current.

The sum of instantaneous values of the power and reactive
components of the current equals the instantaneous value of the
total current,

T, + 1, =1,
while their effective values have the relation
I=VIZ+I2

Thus an alternating current can be resolved in two com-
ponents, the power component, in phase with the e.m.f., and the
wattless or reactive component, in quadrature with the e.m.f.

An alternating e.m.f. can be resolved in two components,
the power component, in phase with the current and the watt-
less or reactive component, in quadrature with the current.

The power in the circuit is the current times the e.m.f. times
the ccsine of the time phase angle, or is the power component
of the current times the total e.m.f., or the power component of
the e.m.f. times the total current.
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EXAMPLES.

41. (1.) What is the power received over the transmission line
in Section 7, Example 2, the power lost in the line, the power
put into the line, and the efficiency of transmission with non-
inductive load, with 45-time-degree lagging load and 45-degree
leading load?

The power received per line with non-inductive load is P = EI
= 3170 X 44 = 139 kw.

With a load of 45 time degrees phase displacement, P = EI
cos 45° = 98 kw.

The power lost per line P, = PR = 44* X 7.6 = 14.7 kw

Thus the input into the line P, = P + P, = 5 7kw at
non-inductive load,

and = 111.7 kw. at load of 45 degrees phase displacement.
The efficiency with non-inductive load is
P 14.7
73—0- =l-175075= 90.3 per cent,
and with a load of 45 degrees phase displacement is
P 14.7
23;——1 1117—868percent

The total output is 3 P = 411 kw. and 291 kw., respectively.
The total input 3 P, = 451.1 kw. and 335.1 kw., respectively.

9. POLAR COORDINATES.

42. In polar coordinates, alternating waves are represented,
with the instantaneous values as radius vectors, and the time
as an angle, counting left-handed or counter clockwise, and one
revolution or 360 degrees representing one complete period.

The sine wave of alternating current ¢ = I sin 0 is repre-
sented by a circle (Fig. 13) with the vertical axis as diameter,
equal in length OI, to the maximum value I, and shown as
heavy drawn circle.

The e.m.f. consumed by inductance, e, = zI, cos 0, is repre-
sented by a circle with diameter OFE, in horizontal direction to
the right, and equal in length to the maximum value, z,,.

Analogously, the counter e.m.f. of self-inductance Z,’ is repre-
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seated by a circle OE,,’, in Fig. 13; the e.m.f. consumed by
resistance r by circle OF, of a diameter = E,=rl,, and the
counter e.m.f. of resistance E,” by circle OE !

The counter e.m.f. of 1mpedance is represented by circle OF
of a diameter equal in length to E’, and lagging 180 — 6, behind
the diameter of the current eircle. This circle passes through
the points E,” and E,’, since at the moment ¢ = 180 degrees,

€y
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Fig. 13. Sine waves represented in Polar Coordinates.

= 0, and thus the counter e.m.f. of impedance equals the
counter e.m.f. of reactance ¢ =e,, and at 0 = 270 degrees,

= 0, and the counter e.m.f. of impedance equals the counter
e.m.f. of resistance ¢’ = e,”.

The e.m.f. consumed by impedance, or the impressed e.m.f.,
is represented by circle OF having a diameter equal in length
to B, and leading the diameter of the current circle by the angle
0,. This circle passes through the points £, and E,.

An alternating wave is determined by the length and direction
of the diameter of its polar circle. The length is the maximum
value or intensity of the wave, the direction the phase of the
maximum value, gencrally called the phase of the wave.
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43. Usually alternating waves are represented in polar co-
ordinates by mere vectors, the diameters of their polar cireles,
and the circles omitted, as in Fig. 14.

I
f E, E
E; o E2
E’ B

Fig. 14. Vector Diagram.

Fig. 156. Vector Diagram of two e.m.fs. Acting in the same Circuit.

Two exm.fs., ¢, and e,, acting in the same circuit, give a result-
ant e.m.f. e equal to the sum of their instantaneous values. In
polar coordinates e, and e, are represented in intensity and in
phase by two vectors, OE, and OF,, Fig. 15. The instantane-
ous values in any direction OX are the projections Oe,, Oe, of
OE, and OF, upon this direction.
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Since the sum of the projections of the sides of a parallelo-
gram is equal to the projection of the diagonal, the sum of the
projections Oe, and Oe, equals the he projection Oe of OF, the diago-
nal of the parallelovram with OF, and OF, as sides, and OE is
thus the diameter of the circle of resultant e.m.f.; that is, in polar
coordinates alternating sine waves of e.m.f,, current, ete., are
combined and resolved by the parallelogram or polygon of sine
waves.

Since the effective values are proportional to the maximum
values, the former are generally used as the length of vector of
the alternating wave. In this case the instantaneous values
are given by a circle with V2 times the vector as diameter.

44. As phase of the first quantity considered, as in the above
instance the current, any direction can be chosen. The further
quantities are determined thereby in direction or phase.

In polar coordinates, as phase of the current, ete., is here and
in the following understood the time or the angle of its vector,
that is, the time of its maxrimum value, and a current of phase
zero would thus be denoted analytically by ¢ = I, cos 6.

The zero vector OA is generally chosen for the most frequently
used quantity or reference quantity, as for the current, if a
number of e.m.fs. are considered in a circuit of the same cur-
rent, or for the e.m.f., if a number of currents are produced
by the same e.m.f., or for the generated e.m.f. in apparatus
such as transformers and induction motors, synchronous
apparatus, ete.

With the current as zero vector, all horizontal components
of e.m.f. are power components, all vertical components are
reactive components.

With the e.m.f. as zero vector, all horizontal components of
current are power components, all vertical components of current
are reactive components.

By measurement from the polar diagram numerical values
can hardly ever be derived with sufficient accuracy, since the
magnitudes of the different quantities used in the same diagram
are usually by far too different, and the polar diagram is there-
fore useful only as basis for trigonometrical or other calculation,
and to give an insight into the mutual relation of the different
quantities, and even then great care has to be taken to distin-
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guish between the two ecqual but opposite vectors, counter
em.f. and e.m.f. consumed by the counter e.m.f., as explained
before.

45. In the polar coordinates deseribed in the preceding, and
used throughout this book, the angle represents the time, and
is counted positive in left-handed or counter-clockwise rotation,
with the instantaneous values of the periodic function as radii,
so that the periodic function is represented by a closed curve,
and one revolution or 360 degrees as one period. This “t¢ime
divagram” is the polar coordinate system universally used in
other sciences to represent periodic phenomena, as the cosmic
motions in astronomy, and even the choice of counter-clockwise
as positive rotation is retained from the custom of astronomy,
the rotation of the earth being such.

In the time diagram, the sine wave is given by a circle, and
this circle of instantaneous values of the sine wave is represented,
in size or position, by its diameter. That is, the position of this
diameter denotes the time, ¢, or angle, § = 2 zfi, at which the
sine wave reaches its maximum value, and the length of this
diameter denotes the intensity of the maximum value.

If then, in polar coordinate representation, Fig. 16, OF denotes
an e.m.f., OI a current, this means that the maximum value of
e.m.f. equals OF, and is reached at the time, t,, represented by
angle AOE = 0, = 2=ft,. The current in this diagram then
has a maximum value equal to O/, and this maximum value is
reached at the time, ¢,, represented by angle AOI = 0, = 2 =ft,.

If then angle 6, > 6,, this means that the current reaches its
maximum value later than the e.m.f., that is, the current in
Fig. 16 lags behind the e.m.f., by the angle EOI = 6, — 0, =
2 nf(t, —t,), or by the time ¢, —¢,.

Frequently in electrical engineering another system of polar
coordinates is used, the so-called “crank diagram.” 1In this,
sine waves of alternating currents and e.m.fs. are represented
as projections of a revolving vector upon the horizontal. That is,
a vector, equal in length to the maximum of the alternating
wave, revolves at uniform speed so as to make a complete
revolution per period, and the projections of this revolving
vector upon the horizontal then denote the instantaneous values
of the wave.
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Obviously, by the crank diagram only sine waves can be
represented, while the time diagram permits the representation
of any wave shape, and therefore is preferable.

Let, for instance, O represent in length the maximum value
of current,? = I cos (f — 6,). Assume, then, a vector, OI, to

&S

(@]
>

Fig. 16. Representation of Current and e.m.f. by Polar Coordinates.

revolve, left-handed or in positive direction, so that it makes a
complete revolution during each cycle or period. If then at
a certain moment of time, this vector stands in position OI,
(Fig. 17), the projection, OA,, of OI, on OA represents the instan-
taneous value of the current at this moment. At a later moment
OI has moved farther, to O, and the projection, O4,, of OI, on
OA is the instantaneous value. The diagram thus shows the
instantaneous condition of the sine waves. KEach sine wave
reaches the maximum at the moment when its revolving vector,
OI, passes the horizontal.

If Fig. 18 represents the crank diagram of an e.m.f., OF, and a
current, OI, and if angle AOE > AOI, this means that the e.m.f.,
OE, is ahead of the current, OI, passes during the revolution the
zero line or line of maximum intensity, OA, earlier than the
current, or leads; that is, the current lags behind the e.m.f. The
same Fig. 18 considered as polar diagram would mean that
the current leads the e.m.f.; that is, the maximum value of
current, OI, oceurs at a smaller angle, AOI, that is, at an earlier
time, than the maximum value of the e.m.f., OF.
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46. In the crank diagram, the first quantity therefore can be
put in any position. For instance, the current, O/, in Fig. 18,
could be drawn in position O/, Fig. 19. The e.m.f. then being

L E

0 A A, A 0 A
Fig. 17. Crank Diagram showing Fig. 18, Crank Diagram of an e.m.f.
instantaneous values. and Current.

ahead of the current by angle EOI = 6 would come into the
position OF, Fig. 19.

A polar diagram, Fig. 16, with the current, OI, lagging behind
the e.m.f., OF, by the angle, 6, thus considered as crank diagram
would represent the current leading the e.m.f. by the angle, 6,
and a crank diagram, Fig. 18 or 19, with the current lagging
behind the e.m.f. by the angle, 8, would as polar diagram repre-
sent a current leading the e.m.f. by the angle, 6.

The main difference in appearance between the crank diagram
and the polar diagram therefore is that, with the same direction
of rotation, lag in the one diagram is represented in the same
manner as lead in the other diagram, and inversely. Or, a
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representation by the crank diagram looks like a representation
by the polar diagram, with reversed direction of rotation, and
vice versa. Or, the one diagram is the image of the other and
can be transformed into it by reversing right and left, or top
and bottom. Therefore the crank diagram, Fig. 19, is the image
of the polar diagram, Fig. 16.

0,
0
Z}

A
0

Fig. 19. Crank Diagram.

Since the time diagram, in which the position of the vector
represents its phase, that is, the moment of its maximum value,
is used in all other sciences, and also is preferable in electrical
engineering, it will be exclusively used in the following, the
positive direction being represented as counter-clockwise.

EXAMPLES.

47. In a three-phase long-distance transmission line, the volt-
age between lines at the receiving end shall be 5000 at no load,
5500 at full load of 44 amperes power component, and propor-
tional at intermediary values of the power component of the
current; that is, the voltage at the receiving end shall increase
proportional to the load. At three-quarters load the current
shall be in phase with the em.f. at the receiving end. The
generator excitation however and thus the (nominal) generated
e.m.f. of the generator shall be maintained constant at all loads,
and the voltage regulation effected by producing lagging or
leading currents with a synchronous motor in the receiving cir-
cuit. The line has a resistance r, = 7.6 ohms and a reactance
z, = 4.35 ohms per wire, the generator is star connected, the
resistance per circuit being r, = 0.71, and the (synchronous)
reactance is z, = 25 ohms. What must be the wattless or
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reactive component of the current, and therefore the total cur-
rent and its phase relation at no load, one-quarter load, one-
half load, three-quarters load, and full load, and what will be
the terminal voltage of the generator under these conditions?
The total resistance of the line and generator is r =r, + r,

T

= 8.31 ohms; the total reactance, x = x, + r, = 29.35 ohms.

0 I, ~
T —2y
1 //
NE ! /
e ll
ES 4 /
N .
Ny \/
E; Eo
I, I

Fig. 20. Polar Diagram of e.m.f. and Current in Transmission Line.
Current Leading.

Let, in the polar diagram, Fig. 20 or 21, OE = E represent
the voltage at the receiving end of the line, OI, = I, the power
component of the current corresponding to the load, in phase
with OF, and OI, = I, the reactive component of the current

I
———————————— lI
{
1
|
1
]
i
|
£ !
™\ ' E
0
/’E3 1=
(N

Fig. 21. Polar Diagram of e.m.f, and Current in Transmission Line.
Current Lagging.

in quadrature with OE, shown leading in Fig. 20, lagging in
Fig. 21.

We then have total current I = OI.

Thus the e.m.f. consumed by resistance, OE, = rl, is in phase
with 7, the e.m.f. consumed by reactance, OE, = zI, is 90 degrees
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ahead of I, and their resultant is OF,, the e.m.f. consumed by
impedance.

OE, combined with OF, the receiver voltage, gives the gener-
ator voltacre OE,.

Resolving all e.m.fs. and currents into components in phase
and in quadrature with the received voltage E, we have

PHASE QUADRATURE
COMPONENT. COMPONENT,
Current I, I,
E.m.f. at receiving end of line, £ = E 0
E.m.f. consumed by resistance, E,= - rl, 1,
E.m.f. consumed by reactance, £,= zl, -zl
Thus total e.m.f. or generator voltage,
E,=E+E +E,= E+rl +zl, rl,—2l

Herein the reactive lagging component of current is assumed
as positive, the leading as negative.
The generator e.m.f. thus consists of two components, which
give the resultant value
E,=~N(E +rl, +zl)* + (], —zl )%
substituting numerical values, this becomes
E,=~(E +8311, +29.351, + (8311, —29.351)%

at three-quarters load,
5375

= 3090 volts per circuit,

I,= 33, I, = 0, thus

o = V(3090 + 8.31 X 33)* + (29.35 X 33)* = 3520 volts
per line or 3520 X V'3 = 6100 volts between lines
as (nominal) generated e.m.f. of generator.

Substituting these values, we have
3520 = V/(E + 8311, +29.351,)* + (8.311, —29.351 )"
The voltage between the lines at the receiving end shall be:

qu.;c;). LO*AD. Loin. Loin. Eg:g
Voltage between lines, 5000 5125 5250 5375 5500

Thus, voltage per line, +V/ 3, E= 2830 2950 3020 3090 3160
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The power components of current
per line, I, = 0 1r 22 33 4
Herefrom we get by substituting in the above equation

Reactive Component of L(I;I.SD. LO*AD. Loin. Loin. fg}.‘;‘.
current, I,= 21.6 16.2 9.2 0 —-9.7

hence, the total current,
I=vVI?+12= 216 19.6 239 33.0 45.05
and the power factor,

-‘lIL =cosd = 0 56.0 92.0 100.0 97.7
the lag of the current,

6= 90° 61° 23° 0° -11.5°
the generator terminal voltage per line is
E =~vE~+rl +z1)+ 1, —z1)
=V (E +761 +4351,) + (761, —4.351))*

thus:
No E E] 3 Fuoru
Loap. Loap. Loap. Loap. Loap
Per line, B = 2980 3106 3228 3344 3463
Between lines, B V'3 = 5200 5400 5600 5800 6000

Therefore at constant excitation the generator voltage rises
with the load, and is approximately proportional thereto.

10. HYSTERESIS AND EFFECTIVE RESISTANCE.

48. If an alternating current OI = I, in Fig. 22, exists in a
circuit of reactance z = 2 zfL and of negligible resistance, the
magnetic flux produced by the current, 0® = ®, is in phase with
the current, and the e.m.f. generated by this flux, or counter
e.m.f. of self-inductance, OE”7 = E’" = zI, lags 90 degrees
behind the current. The e.m.f. consumed by self-inductance
or impressed e.m.f. OB” = E” = zI is thus 90 degrees ahead of
the current.

Inversely, if the em.f. OE” = E” is impressed upon a circuit
of reactance x = 2 zfL and of negligible resistance, the current

OI=1-= %’ilags 90 degrees behind the impressed e.m.f.
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This current is called the erciting or magnetizing current of
the magnetic circuit, and is wattless.

If the magnetic circuit contains iron or other magnetic material,
energy is consumed in the magnetic circuit by a frictional resist-

ance of the material against a change of
e magnetism, which is called molecular mag-
netic friction.

If the alternating current is the only avail-
able source of energy in the magnetic circuit,
the expenditure of energy by molecular
magnetic friction appears as a lag of the
magnetism behind the m.m.f. of the current,

i that is, as magnetic hysterests, and can be
measured thereby.

Magnetic hysteresis is, however, a dis-
tinctly different phenomenon from molecular
magnetic friction, and can be more or less
eliminated, as for instance by mechanical
vibration, or can be increased, without
changing the molecular magnetic friction.
1% 49. In consequence of magnetic hys-
Fig. 22. Phase Rela- teresis, if an alternating e.m.f. OE” = E” is

tions of Magnetizing impressed upon a circuit of negligible resist-

gu“"e“t’ Flux and 5h00 the exciting current, or current pro-

elf-Inductive e.m.f. ! . . . e .

ducing the magnetism, in this circuit is not
a wattless current, or current of 90 degrees lag, as in Fig. 22,
but lags less than 90 degrees, by an angle 90 — «, as shown
by OI = I in Fig. 23.

Since the magnetism O® = @ is in quadrature with the e.m.f.
E” due to it, angle a is the phasedifference between the magnetism
and the m.m.f.; or the lead of the m.m.f., that is, the exciting
current, before the magnetism. It is called the angle of hysteretic
lead.

In this case the exciting current OI = I can be resolved in
two components, the magnetizing current OI, = I,, in phase with
the magnetism 0P = &, that is, in quadrature with the e.m.f.
OE” = E”, and thus wattless, and the magnetic power component
of the current or the hysteresis current OI, = I, in phase with the
e.n.f. OE” = E”, or in quadrature with the magnetism 09 = &,
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Magnetizing current and hysteresis current are the two com-
ponents of the exciting current.

If the circuit contains besides the reactance r = 2zfL, a
resistance 7, the em.f. OE” = E” in the preceding Figs. 22 and
23 is not the impressed e.m.f., but the e.m.f. consumed by self-
inductance or reactance, and has to be combined, Figs, 24 and
25, with the e.m.f. consumed by the resistance, OF" = F' = Ir,
to get the impressed e.m.f. OF = E.

Due to the hysteretic lead «, the lag of the current is less in
Figs. 23 and 25, a circuit e\:pendincr energy in molecular mag-
netic friction, tha,n in Figs. 22 and 24, a hysteresisless circuit.

El
o
0 b >1
a ’:I'-‘ @
i
|
I
i
I, "1
EII EII E
Fig. 28. Angle of Hysteretic Fig. 24. Effective Resistance on
Lead. Phase Relation of Impressed
e.m.f in a Hysteresisless Cir-
cuit.

As seen in Fig. 25, ip a circuit whose ohmic resistance is not
negligible, the hysteresis current and the magnetizing current
are not in phase and in quadrature respectively with the im-
pressed e.m.f., but with the counter e.m.f. of inductance or e.m.f.
consumed by inductance.

Obviously the magnetizing current is not quite wattless, since
energy is consumed by this current in the ohmic resistance of
the circuit.

Resolving, in Fig. 26 the impressed e.m.f. OE = E into two
components, OE, = E, in phase, and OE, = E, in quadrature
with the current OI = I, the power component of the e.m.f.,
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OE, = E,, is greater than E’ = Ir, and the reactive component
OE, = E, is less than E” = Ix.

Y
Op=—r I, 0
a E/ \E~El

\
- 1 / I
/
7
/
//
/
/
/
/
/
E') =~
I = \\J - /
\\\ E7 <o |
E E
Fig. 25. Effective Resistance Fig. 26. Impressed e.m.f. Resolved
on Phase Relation of Im- into Components in Phase and in
pressed e.m.f. in a Circuit Quadrature with the Exciting
having Hysteresis. Current.

E, _power e.m.f.
I total current
ance, and the value 2’ L Ma called the ap-
I total current
parent or effective reactance of the circuit.

50. Due to the loss of energy by hysteresis (eddy currents,
ete.), the effective resistance differs from, and is greater than,
the ohmic resistance, and the apparent reactance is less than the
true or inductive reactance.

The loss of energy by molecular magnetic friction per cubic
centimeter and cycle of magnetism is approximately

W —_ 77&l.ﬁ,

where ® = the magnetic flux density, in lines per sq. em.

W = energy, in absolute units or ergs per cycle (= 10~
watt-seconds or joules), and 7 is called the coef-
ficient of hysteresis.

The value " = is called the effective resist-

In soft annealed sheet iron or sheet steel, 3 varies from 0.75 X
107° to 2.5 X 107%, and can in average, for good material, be
assumed as 2.00 X 1072,
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The loss of power in the volume, 1, at flux density & and
frequency f, is thus

P =THma" X 1077, in watts,

and, if I = the exciting current, the hysteretic effective resist-
ance is
(BLG

P = T= V1072

r

If the flux density, ®, is proportional to the current, I, sub-

stituting for ®, and introducing the constant &, we have
i

that is, the effective hysteretic resistance is inversely propor-

tional to the 0.4 power of the current, and directly proportional

to the frequency.

51. Besides hysteresis, eddy or Foucault currents contribute
to the effective resistance.

Since at constant frequency the Foucault currents are pro-
portional to the magnetism producing them, and thus approx-
imately proportional to the current, the loss of power by
Foucault currents is proportional to the square of the current,
the same as the ohmic loss, that is, the effective resistance due
to Foucault currents is approximately constant at constant
frequency, while that of hysteresis decreases slowly with the
current.

Since the Foucault currents are proportional to the frequency,
their effective resistance varies with the square of the frequency,
while that of hysteresis varies only proportionally to the fre-
quency.

The total effective resistance of an alternating-current circuit
increases with the frequency, but is approximately constant,
within a limited range, at constant frequency, decreasing some-
what with the increase of magnetism.

EXAMPLES.

52. A reactive coil shall give 100 volts e.m.f. of self-induc-
tance at 10 amperes and 60 cycles. The electric circuit consists
of 200 turns (No. 8 B. & S.) (= 0.013 sq. in.) of 16 in. mean
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length of turn. The magnetic circuit has a section of 6 sq. in.
and a mean length of 18 in. of iron of hysteresis coefficient
7 = 2.5 X 107 An air gap is interposed in the magnetic cir-
cuit, of a section of 10 sq. in. (allowing for spread), to get the
desired reactance.

How long must the air gap be, and what is the resistance, the
reactance, the effective resistance, the effective impedance, and
the power-factor of the reactive coil?

The coil contains 200 turns each 16 in. in length and 0.013
sq. in. in cross section. Taking the resistivity of copper as 1.8 X
107, the resistance is

. _ 18X 107 X 200 X 16
: 0.013 X 2.5%

= (.175 ohm,

where 2.54 is the factor for converting inches to centimeters.
(1 inch = 2.54 cm.)

Writing E = 100 volts generated, f = 60 cycles per second,
and n = 200 turns, the maximum magnetic flux is given by
E =444 fn®; or, 100 = 444 X 0.6 X 200, and & = 0.188
megaline.

This gives in an air gap of 10 sq. in. a maximum density
® = 18,800 lines per sq. in., or 2920 lines per sq. cm.

Ten amperes in 200 turns give 2000 ampere-turns effective or

= 2830 ampere-turns maximum.

Neglecting the ampere-turns required by the iron part of the
magnetic circuit as relatively very small, 2830 ampere-turns
have to be consumed by the air gap of density & = 2920.

Since
_ 475

@—E—l7

the length of the air gap has to be

=475 _47X2830 99 om., or 048in.

With a cross section of 6 sq. in. and a mean length of 18 in.,
the volume of the iron is 108 cu. in., or 1770 cu. cm.
188,000
6

The density in the iron, ®,= = 31,330 lines per

sq. in., or 4850 lines per sq. cm.
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With an hysteresis coefficient 7 = 2.5 X 107%, and density
®, = 4850, the loss of energy per cycle per cu. em. is
II,’ — T/(Bll.ﬁ
= 2.5 X 107° X 4850"°
= 1980 ergy,
and the hysteresis loss at f = G0 cycles and the volume V' = 1770
is thus
P =60 x 1770 X 1980 ergs per sec.
= 21.0 watts,
which at 10 amperes represent an effective hysteretic resistance,
T =2—1—'—Q=0‘)1 ohm
S (. '
Hence the total effective resistance of the reactive coil is
r=r, +r,=0.175 + 0.21 = 0.385 ohm;
the effective reactance is
z = % = 10 ohms;
the impedance is
z = 10.01 ohms;
the power-factor is

cosf = g = 3.8 per cent;

the total apparent power of the reactive coil is
PPz = 1001 volt-amperes,

and the loss of power,
Pr = 38 watts.

11. CAPACITY AND CONDENSERS.

53. The charge of an electric condenser is proportional to the
impressed voltage, that is, potential difference at its terminals,
and to its capacity.

A condenser is said to have unit capacity if unit current exist-
ing for one second produces unit difference of potential at its
terminals.

The practical unit of capacity is that of a condenser in which
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one ampere during one second produces one volt difference of
potential.

The practical unit of capacity equals 10~° absolute units. It
is called a farad.

One farad is an extremely large capacity, and therefore one
millionth of one farad, called microfarad, mf., is commonly
used.

If an alternating e.m.f. is impressed upon a condenser, the
charge of the condenser varies proportionally to the e.m.f., and
thus there is current to the condenser during rising and from
the condenser during decreasing e.m.f., as shown in Fig. 27.

Fig. 27. Charging Current of a Condenser across which an Alternating
e.m.f. is Impressed.

That is, the current consumed by the condenser leads the
impressed e.m.f. by 90 time degrees, or a quarter of a period.

Denoting f as frequency and E as effective alternating e.m.f.
impressed upon a condenser of C' mf. capacity, the condenser is
charged and discharged twice during each cycle, and the time
1
_ 4f

Since E /2 is the maximum voltage impressed upon the
condenser, an average of CE /2 10~* amperes would have to
exist during one second to charge the condenser to this voltage,

of one complete charge or discharge is therefore

and to charge it in 41_f seconds an average current of 4 fCE
V2 10~* amperes is required.

effective current =

average current 924/

Since

the effective current I = 2 zfCE 10~°; that is, at an impressed
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e.an.f. of E effective volts and frequency f, a condenser of C mf.
capacity consumes a current of

= 2z fCE 10~° amperes effective,

which current leads the terminal voltage by 90 time degrees or
a quarter period.
Transposing, the e.m.f. of the condenser is

106 I ]
"jC [
6
The value z, = ~—1-0— is called the condensive reactance of the

2=C
condenser.

Due to the energy loss in the condenser by dielectric hysteresis,
the current leads the e.m.f. by somewhat less than 90 time
degrees, and can be resolved into a wattless charging current and
a dielectric hysteresis current, which latter, however, is generally
so small as to be negligible.

54. The capacity of one wire of a transmission line is

111 X 10° x I

2log€%

ly

where I; = diameter of wire, cm.; [, = distance of wire from
return wire, em.; [ = length of ere, em., and 1.11 X 10™° =
reduction coefﬁcien’o from electrostatic units to mf.

The logarithm is the natural logarithm; thus in common
logarithms, since log, a = 2.303 log,, @, the capacity is

9 —8
o =024 X 10 x 1

21,
log,, 5=

C=

, in mf.,

, in mf.

The derivation of this equation must be omitted here.
The charging current of a line wire is thus

I = 2zfCE 10,

where f = the frequency, in cycles per second, E = the difference
of potential, effective, between the line and the neutral (£ =
% line voltage in a single-phase, or four-wire quarter-phase

system, \—/1—‘3)Iine voltage, or Y voltage, in a three-phase system).
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EXAMPLES.

55. In the transmission line discussed in the examples in
37, 38, 41 and 47, what is the charging current of the line at 6000
volts between lines, at 33.3 cycles? How many volt-amperes
does it represent, and what percentage of the full load current of
44 amperes is it?

The length of the line is, per wire, [ = 2.23 X 10° ecm.
The distance between wires, [, = 45 cm.
The diameter of transmission wire, I, = 0.82 em.

Thus the capacity, per wire, is
0.24 X 10~°1

C = -——1—0—'—~2I = (.26 mf.

g0 L
The frequency is Jf =333,
The voltage between lines, 6000.

Thus per line, or between line and neutral point,

6000
E = —— = 3460 volts*
/3 o

hence, the charging current per line is
I, =2zfCE 107°
= (.19 amperes,
or 0.43 per cent of full-load current;
that is, negligible in its influence on the transmission voltage.
The volt-ampere input of the transmission is,

3I,E = 2000
= 2.0 kv-amp.

12. IMPEDANCE OF TRANSMISSION LINES.

56. Let r = resistance; z = 2 zfL = the reactance of a trans-
mission line; £, = the alternating e.m.f. impressed upon the line;
I = the line current; E = the e.m.f. at receiving end of the line,
and 0 = the angle of lag of current I behind e.m.f. E.

6 < 0 thus denotes leading, ¢ > 0 lagging current, and 6 = 0
a non-inductive receiver circuit.
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The capacity of the transmission line shall be considered as
negligible.

Assuming the phase of the current OI = I as zero in the polar
diagram, Fig. 28, the e.m.f. E is represented by vector OF, ahead
of OI by angle 0. The e.m.f. consumed
by resistance r is OF, = E, = Irin 0
phase with the current, and the e.m.f.
consumed by reactance r is OF, = S
E, = Ir, 90 time degrees ahead of the \
current; thus the total em.. con- g >~

’ E Es \\\\

T

sumed by the line, or e.m.f. consumed AN
by impedance, is the resultant OF, of E
OE1 and OEz’ and is E;__:—: Iz Fig. 28. Polar Diagram of Cur-

. . - rent and e.m.fs. in a Trans-
Combining OF, and OF gives OE,,  mission Line Assuming Zero

the e.m.f. impressed upon the line. Capacity.
Denoting tan 6, = f the time angle of lag of the line impe-

dance, it is, trigonometrically,

OE, =OF’ + EE, — 2 OE X EE, cos OEE,.
Since

EE, = OE, = Iz,
OEE, =180 — 0, + 6,
we have
E}=FE + P2 + 2 Elz cos (6, — 0)
= (E + Iz)’— 4 Elz sin? 0‘2—0;
and

B, - \/ (E + I — 4 Elz sin? -‘-’42;”

and the drop of voltage in the line,

E,~E =\/(E + Iz —4Elzsin2—6—Lz——6——E.

57. That is, the voltage E, required at the sending end of a
line of resistance r and reactance z, delivering current I at
voltage E, and the voltage drop in the line, do not depend upon
current and line constants only, but depend also upon the angle
of time-phase displacement of the current delivered over the line.
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If 6 = 0, that is, non-inductive receiving circuit,

E, = \/(E L — 4 Blesintd;

that is, less than E + Iz, and thus the line drop is less than Iz.
If 6 = 6,, E,is amaximum, = E + Iz, and the linedrop is the
impedance voltage.
With decreasing 0, E, decreases, and becomes = E; that is,
no drop of voltage takes place in the line at a certain negative

Fig. 29. Locus of the Generator and Receiver e.m.fs. in a Transmission
Line with Varying Load Phase Angle.

value of & which depends not only on z and ¢, but on E and I.
Beyond this value of 0, E, becomes smaller than E; that is, a
rise of voltage takes place in the line, due to its reactance. This
can be seen best graphically:

Choosing the current vector OI as the horizontal axis, for
the same e.m.f. & received, but different phase angles 6, all
vectors OF lie on a circle e with O as center. Fig. 29. Vector
OE, is constant for a given line and given current I.
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Since E,E, = OE = constant, E, lics on a circle e, with E as
center and OF = E as radius.

To construct the diagram for angle 8, OF is drawn at the
angle 0 with OI, and EE, parallel to OE..

The distance E,E, between the two circles on vector OF, is
the drop of voltage (or rise of voltage) in the line.

Eo

&
Fig. 80. Locus of the Generator and Receiver e.m.fs. in a Transmission
Line with Varying Load Phase Angle.

As seen in Fig. 30, E, is maximum in the direction O, as OE/,
that is for § = 6,, and is less for greater as well, OE”, as smaller
angles 0. Itis = E in the direction OE,”, in which case 6 < 0,
and minimum in the direction OE,v.

The values of E corresponding to the generator voltages
Eol’ Eo”: Eo’”, E’olV are shown by the points E' E” B’ Ew
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respectively. The voltages B, and E ¥ correspond to a watt-
less receiver cireuit E” and E'¥. For non-inductive receiver
cireuit OEv the gencrator voltage is OB,.

58. That is, in an inductive transmission line the drop of
voltage is maximum and equal to [z if the phase angle 8 of the
receiving circuit equals the phase angle 0, of the line. The
drop of voltage in the line decreases with increasing difference
between the phase angles of linc and receiving circuit. It be-
comes zero if the phase angle of the receiving eircuit reaches a
certain negative value (leading current). In this case no drop
of voltage takes place in the line. If the current in the receiving
cireuit leads more than this value a rise of voltage takes place
in the line. Thus by varying phase angle 0 of the receiving
circuit the drop of voltage in a transmission line with cur-
rent I can be made anything between Iz and a certain negative
value. Or inversely the same drop of voltage can be produced
for different values of the current I by varying the phase
angle.

Thus, if means are provided to vary the phase angle of the
receiving cireuit, by producing lagging and leading currents at
will (as can be done by synchronous motors or converters) the
voltage at the receiving circuit can be maintained constant
within a certain range irrespective of the load and generator
voltage. L

In Fig. 31 let OF = E, the receiving voltage; I, the power
component of the line current; thus OE, = E; = Iz, the e.m.f.
consumed by the power component of the current in the impe-
dance. This e.m.f. consists of the e.m.f. consumed by resist-
ance OF, and the e.m.f. consumed by reactance OE,.

Reactive components of the current are represented in the
diagram in the direction 'OA when lagging and OB when leading.
The e.m.f. consumed by these reactive components of the current
in the impedance is thus in the direction e, perpendicular to OE,.
Combining OF, and OF gives the em.f. OE, which would be
required for non-inductiveload. If E,is the generator voltage, E,
lies on a circle e, with OF, as radius. Thus drawing E B, parallel
to e, gives OE,, the generator voltage; OB/ = EE, the em.f.
consumed in the impedance by the reactive component of the
current; and as proportional thereto, OI' = I’ the reactive
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current required to give at generator voltage E, and power
current I the recciver voltage E. This reactive current I, lags
behind £,” by less than 90 and more than zero degrees.

59. In calculating numerical values, we can proceed either
trigonometrically as in the preceding, or algebraically by resolv-

A

—

Fig. 31. Regulation Diagram for Transmission Line.

ing all sine waves into two rectangular components; for instance,
a horizontal and a vertical component, in the same way as in
mechanics when combining forces.

Let the horizontal components be counted positive towards
the right, negative towards the left, and the vertical components
positive upwards, negative downwards.

Assuming the receiving voltage as zero line or positive hori-
zontal line, the power current I is the horizontal, the wattless
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current I’ the vertical component of the current. The e.m.f. con-
sumed in resistance by the power current / is a horizontal
component, and that consumed in resistance by the reactive

current I’ a vertical component, and the inverse is true of the
e.m.f. consumed in reactance.

We have thus, as seen from Fig. 31.

HoOR1ZONTAL VERTICAL
CompPONENT. COMPONENT.

Receiver voltage, £, + B 0
Power current, I, +1 0
Reactive current, I, 0 + I
E.m.f. consumed in resistance r by the

power current, Ir, + Ir 0
E.m.f. consumed in resistance r by the

reactive current, I’r, 0 + I'r
E.m.f. consumed in reactance x by the ,

power current, Iz, 0 — Iz
E.m.f. consumed in reactance z by the

reactive current, I’z, +I'z 0
Thus, total e.m.f. required, or impressed

emf., B, E+1Ir+ I'z + I'r —Ix;

hence, combined,

E, =~ (E+Ir+ 't} + (+ I'r —Iz)%;
or, expanded,

E,=VE +2E (Ir £ I'z) + (P + ™)z

From this equation I’ can be calculated; that is, the reactive
current found which is required to give E, and E at energy
current I.

The lag of the total current in the receiver circuit behind the
receiver voltage is

’
0 = —
tan 7
The lead of the generator voltage ahead of the receiver voltage
is
vertical component of E
tan 0, = — =
horizontal component of E
Y e £
T E+Ir+ Iz’
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and the lag of the total current behind the generator voltage is
0,=0+0,

As seen, by resolving into rectangular components the phase
angles are directly determined from these components.

The resistance voltage is the same component as the current to
which it refers.

The reactance voltage is a component 90 time degrees ahcad
of the current.

The same investigation as made here on long-distance trans-
mission applies also to distribution lines, reactive coils, trans-
formers, or any other apparatus containing resistance and
reactance inserted in series into an alternating-current circuit.

EXAMPLES.

60. (1.) An induction motor has 2000 volts impressed upon
its terminals; the current and the power-factor, that is, the
cosine of the angle of lag, are given as functions of the output
in Fig. 32.

Eﬁ' 130

"1 2409 120

e()

2000 100100

| POWER FACTOR COS. e [ —

S 60| 6o

204 20

[ " OUTIPUT KW, 10| 10
10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 200

Fig. 82. Characteristics of Induction Motor and Variation of Generator e.m £,
Necessary to Maintain Constant the e.m.f. Impressed upon the Motor.

The induction motor is supplied over a line of resistance
r = 2.0 and reactance z = 4.0.

(a.) How must the generator voltage e, be varied to maintain
constant voltage e = 2000 at the motor terminals, and
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(b.) At constant generator voltage e, = 2300, how will the
voltage at the motor terminals vary?

We have
e, = \/(e + 22)> — 4 erz sin® 2_ e = 2000.
2 = VP + 2 = 4472,
tan 0, = Z-9. 6, = 63.4°.
T

cos 0 = power-factor.
Taking 7 from Fig. 32 and substituting, gives (a) the values
of e, for e = 2000, which are recorded in the table, and plotted in
Fig. 32;

(b.) The terminal voltage of the motor is e = 2000, the cur-
rent ¢, the output P, at generator voltage ¢, Thus at generator
voltage e,/ = 2300, the terminal voltage of the motor is
_2300  _ 2300

4 p p 2000;
the current is ’ ’
., 2300 .
v="1
and the power is . '
2
P (2300) P.
eO

The values of ¢, ¢/, P’ are recorded in the second part of the
table under (b) and plotted in Fig. 33.

(@) At e = 2000, (b) Hence, at ;= 2300,
Thus,

OQutput, Current, Lag, €- Output, Current, Voltage,

P = kw. i ] P, il e’.
0 12.0 84.3° 2048 0. 13.45 2240
5 12.6 72.6° 2055 6.25 14.05 2234
10 13.5 62.6° 2060 12.4 15 00 2230
15 14.8 54.6° 2065 18.6 16.4 2220
20 16.3 47°9° 2071 24.4 18.0 2216
30 20.0 37.8° 2084 36.3 22.0 2200
40 25.0 32.8° 2093 48.0 27.5 2198
50 30.0 29.0° 2110 59.5 32.7 2180
69 40.0 26.3° 2146 78.5 42.8 2160
102 60.0 24.5° 2216 110.2 62.6 2080
132 80.0 25.8° 2294 131.0 79.5 1990
160 100.0 28.4° 2382 149.0 96.4 1928
180 120.0 31.8° 2476 156.5 111.5 1860
200 150.0 36.9° 2618 155.0 132.0 1760
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AL 130

RS VOLTS|
2400 | 120

/ 50
/ 40
30
/ :
/ 10
[ AMP. 0

19 20 80 40 90 60 0 80 9 100 110 120 130 140
Fig. 83. Characteristics of Induction Motor, Constant Generator e.m.f.

61. (2.) Over a line of resistance r = 2.0 and reactance z =
6.0 power is supplied to a receiving circuit at a constant voltage
of e = 2000. How must the voltage at the beginning of the
line, or generator voltage, e,, be varied if at no load the receiving
circuit consumes a reactive current of 7, = 20 amperes, this
reactive current decreases with the increase of load, that is, of
power current 7,, becomes 7, = 0 at 4, = 50 amperes, and then
as leading current increases again at the same rate?

The reactive current,

1, =20at1, = 0,
1, = 0Oate, = 50,

Il

and can be represented by

¢2=(1—§16>20 — 20 — 045,
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the general equation of the transmission line is

ey =V (e + 1,7 + 1,2)° + (I,r —1,2)°
=V (2000 + 21, + 67,)* + (27, — 61,)%;

hence, substituting the value of 7,,
e, = V(2120 — 0.47,)* + 40—6.87,)?
V4,496,000 + 46477 —224071,.

Substituting successive numerical values for 7, gives the values
recorded in the following table and plotted in Fig. 34.

1. [
0 2120
20 2114
40 2116
60 2126
80 2148
100 2176
120 2213
140 2256
160 2308
180 2365
200 2430
sm.i.l
| Jodog)
=T | 2200
2000)
REACTIVE
60
L | 50
// 40(2
Dz 30|35 |
el 20
L~ 10
// POWER CURRENT 0
010 20 80 50 60 20 §0 ¥h 190 10 130 130 140 130 100 190 10 140 20 e
L1 20| 3

Fig. 84. Variation of Generator e.m.f. Necessary to Maintain Constant Receiver
Voltage if the Reactive Component of Receiver Current varies proportional
to the Change of Power Component of the Current.
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13. ALTERNATING-CURRENT TRANSFORMER.

62. The alternating-current transformer consists of one mag-
netic cireuit interlinked with two electric cireuits, the primary
cireuit which receives energy, and the secondary eireuit which
delivers energy.

Let r, = resistance, r, = 2zfL,, = sclf-inductive or leakage

reactance of secondary cireuit,
resistance, r, = 27 fL = self-induetive or leakage
reactance of primary circuit,

f

Ty

where L, and L;, refer to that magnetic flux which is inter-
linked with the one but not with the other cireuit.
secondary
primary
An alternating c.m.f. E, impressed upon the primary electric
circuit causes a current, which produces a magnetic flux @ inter-
linked with primary and secondary circuits. This flux & gen-
erates em.fs. E, and E; in secondary and in primary circuit,

Let a = ratio of turns (ratio of transformation).

which are to cach other as the ratio of turns, thus E;= =%

Let E = secondary terminal voltage, I, = secondary current,
8, = lag of current I, behind terminal voltage E (where 6, < 0
denotes leading current).

Denoting then in Fig. 35 by a vector OF = E the secondary
terminal voltage, OI, = I, is the secondary current lagging by
the angle EOI = 4..

The e.m.f. consumed by the secondary resistance r, is OE,” =
E/ = Ir, in phase with /,.

The e.m.f. consumed by the secondary reactance x, is OE,” =
E" = Iz, 90 time degrees ahead of I,. Thus the e. m. f. con-
sumed by the secondary impedance z, = Vr? + z? is the
resultant of OE,’ and OE /", or OB = El” = Ilz1

OE " combined with the terminal voltage OF = E gives the
secondary e.m.f. OF, = E,.

Proportional thereto by the ratio of turns and in phase there-
with is the e.n.f. generated in the primary OE; = E; where

E

E, ==1.
a
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To generate em.f. E, and E; the magnetic flux 0% =& is
required, 90 time degrees ahead of OF, and OE,. To produce
flux @ the m.m.f. of § ampere-turns is required, as determined
from the dimensions of the magnetic circuit, and thus the
primary current I,,, represented by vector OI,, leading OP by
the angle a.

Since the total m.m.f. of the transformer is given by the
primary exciting current I,, there must be a component of

d

Fig. 85. Vector Diagram of e.m.fs, and Currents in a Transformer,

primary current I’, corresponding to the secondary current I,,
which may be called the primary load current, and which is
opposite thereto and of the same m.m.f.; that is, of the intensity
I’ = al,, thus represented by vector OI' = I’ = al,.

OI,, the primary exciting current, and the primary load
current OF, or component of primary current corresponding
to the secondary current, combined, give the total primary cur-
rent OI, = I,. ' :

The e.m.f. consumed by resistance in the primary is O, =
E/ = I, in phase with I,

The e.m.f. consumed by the primary reactance is OE,” = E,”
=1z, 90 time degrees ahead of OI .

OE, and OE,” combined gives OE,”, the e.m.f. consumed by
the primary impedance.
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__Equal and opposite to the primary counter-generated e.m.f.
OE. is the component of primary e.m.f., OF’, consumed thereby.

OF' combined with OE/”" gives OE, = E,, the primary
impressed e.m.f., and angle 0, = E,0I,, the phase angle of the
primary circuit.

Figs. 36, 37, and 38 give the polar diagrams for #, = 45° or
lagging current, 0, = zero or non-inductive circuit, and 8 =
— 45° or leading current.

eom e o

npe =
E; E; -

L

Fig. 86. Vector Diagram of Transformer with Lagging Load Current.

63. As seen, the primary impressed e.m.f. £, required to pro-
duce the same secondary terminal voltage E at the same current
I, is larger with lagging or inductive and smaller with leading
current than on a non-inductive secondary circuit; or, inversely,
at the same secondary current I, the secondary terminal voltage
E with lagging current is less and with leading current more,
than with non-inductive secondary circuit, at the same primary
impressed e.m.f. E,.

The calculation of numerical values is not practicable by
measurement from the diagram, since the magnitudes of the
different quantities are too different, £/: E,”: E,: E, being
frequently in the proportion 1 :10:100: 2000.
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Trigonometrically, the caleulation is thus:
In triangle OEE,, Fig. 35, writing

tan 0’ = 21,
Tl
we have,
OE} =OF* + EE*, —2 OF EE cos OEE ;
also,
EE, = Iz,
¥OEE, =180 — ¢ + 0,,
hence,
E}=FE +17%2+2EIlzcos (¢ —0,).
R
é(

L

Fig. 87. Vector Diagram of Transformer with Non-Inductive Loading.

This gives the secondary e.m.f., E,, and therefrom the primary
counter-generated e.m.f.

Ei=_L .
Q

In triangle EOE, we have

sin E,OF + sin E.EO = EE, + EO

thus, writing
X EOF = §",

we have

sin 0" +sin (0" — 0,) = I,z + E,,
wherefrom we get

¥¢,and ¥EOI, =6 =6, + 6",
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the phase displacement between secondary current and secondary
e.m.f.
In triangle OI,,/, we have

012 =0I,} + 1,02 —20I,I,I, cos OI,,
since
¥ E 0 = 90°
¥0I,I,=90 + 0 + a,
and

I, =1 =al,
0l,, = I,, = exciting current,

Fig. 88. Vector Diagram of Transformer with Leading Load Current.

calculated from the dimensions of the magnetic circuit. Thus
the primary current is

I =10+ aI? +2allsin (6 + ).
In triangle OI, I, we have
sin 1,,01, + sin Ol I, = 1,1, + OI;

writing
¥I1,0I,=1¢"

this becomes

sin 8 + sin (6 + «) = al, =+ I;
therefrom we get 0,”, and thus

XEOI,=0,=9° —a —0).
In triangle OE’E, we have
OE} = OE” + E'E? —20F E'E, cos OF' E,;
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writing
tan 00’ = %o 7
7‘O
we have
XOF'E,=180° — ¢ + 6,
— E,
OF" = E;: = a
E'E, = Iz,
thus the impressed e.m.f. is
2
E2=E 12’+2—Eg-°-ﬂcos(t9’—-—0,).

In triangle OF’E,
sin F'OE, + sin OF'E, = F'E, + OE,;
thus, writing
X EOE, =06,
we have
sin 8,” + sin (8, —0,) = Iz, +~ E;
herefrom we gét ¥ 6,”, and
%0,=6,+0,,

the phase displacement between primary current and impressed
e.m.f.

As seen, the trigonometric method of transformer calculation
is rather complicated.

64. Somewhat simpler is the algebraic method of resolving
into rectangular components.

Considering first the secondary circuit, of current I, lagging
behind the terminal voltage E by angle 6,.

The terminal voltage E has the components E cos 6, in phase,
E sin 0, in quadrature with and ahead of the current I,.

The e.m.f. consumed by resistance r,, I,r,, is in phase.

The e.m.f. consumed by reactance z,, I,z,, is in quadrature
ahead of I..

Thus the secondary e.m.f. has the components

E cos 6, + I,r, in phase,

E sin 0 + Iz, in quadrature ahead of the current I,, and
the total value,

E,=~(EcosO, +Ir)* + (Esind, + [z,
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and the tangent of the phase angle of the secondary circuit is

tan 0 =Esm 6, + Iz, )

Ecos0, + I,

Resolving all quantities into components in phase and in
quadrature with the secondary e.m.f. E,, or in horizontal and
in vertical components, choosing the magnetism or mutual flux
as vertical axis, and denoting the direction to the right and
upwards as positive, to the left and downwards as negative, we
have

HorrzoNTAL VERTICAL
COMPONENT. COMPONENT.
Secondary current, I,, —I, cosf —1I sind
Secondary e.m.f., E,, —-E, 0
Primary counter-generated e.m.f.,
E E
E;, =—1, et 0
a a

Primary e.m.f. consumed thereby,
B = —E;, +

Primary load current, I’=—al,, 4+ al,cosf 4 al sin@
0

Magnetic flux, @, ®
Primary exciting current, I, con-

B
a

sisting of core loss current, I, sina
Magnetizing current, I, cos
Hence, total primary current, I,
Hori1zoNTAL COMPONENT. VeRTICAL COMPONENT.
al, cos 0, + I sina al, sin 6, + I, cos
E.m.f. consumed by primary resistance r, E;’ = Ir, in phase
with I,
Hor1zoNTAL COMPONENT. VerTICAL COMPONENT.
roal, cos 0 + rJ sin a real, sin 6 + rI cos a
E.m.f. consumed by primary reactance z, E, = Iz, 90°
ahead of I,
HoRr1zoNTAL COMPONENT. VerTicAL COMPONENT.
zgal, sin § + x, [, cos a —zual, cos 0 — [ sin a

E.m.f. consumed by primary generated em.f., E’ = -E-j—z'-

horizontal.
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The total primary impressed e.m.f., E,

Hori1zoNTAL COMPONENT.

% + al, (r,cos 0+x,sin 0) + I, (r,sin a + x,c0s ).

VerTICAL COMPONENT.
al, (rysin 0 — z,cos 0) + I, (r, cos a — z,sin a),
. x
or writing tan 6, = =%
TO
since

VrZF 32 =2, sin /=20 and cos 8, =
2, 2,
Substituting this value, the horizontal component of E is
%‘- + az,l, cos (0 — 0)) + 2,0y, sin (a +0));
the vertical component of E is
azyl,sin (0 — 0,) + 2,1, cos (a + 6,),

and, the total primary impressed e.m.f. is

7
E, ='\/ [Igl+az¢,hcos(9 —0y7) + 2T pgsin (¢ + 60’)] + [azohsin(é —0,") +2Jgocos( +60’)]

2az0/ g0 atz2e?l;? I zglo.,?_‘_Za 2 oo

E 2a%z,!
=‘—z—‘\/1+——EzlL1cos(9 00')+Tsm(a+6°’)+ e in(0+ ).

Combining the two components, the total primary current is
= V(al,cos 0 + I, sina)® + (al,sin @ + I,, cos )
-—aI\/l«i— J’sm(t‘?—!—oz)—l— 12 3

al, a’l;
Since the tangent of the phase angle is the ratio of vertical com-
ponent to horizontal component, we have, primary e.m.f. phase,
ag,l sin (0 —0) + &[], cos (« + 0))

tan 6’ =

El + az,I, cos (0 —6)) + 2, sin (@ —6)))

primary current phase,

tan 0" _al sinf + I, cos

al,cos + I sina’

and lag of primary current behind impressed e.m.f.,
6, = 0" — ¢
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EXAMPLES.

65. (1.) In a 20-kw. transformer the ratio of turns is 20 = 1,
and 100 volts is produced at the secondary terminals at full
load. What is the primary current at full load, and the regu-
lation, that is, the rise of secondary voltage from full load to no
load, at constant primary voltage, and what is this primary
voltage?

(a) at non-inductive secondary load,

(b) with 60 egrees time lag in the external secondary circuit,

(¢) with 60 degrees time lead in the external secondary circuit.

The exciting current is 0.5 ampere, the core loss 600 watts,
the primary resistance 2 ohms, the primary reactance 5 ohms,
the secondary resistance 0.004 ohm, the secondary reactance
0.01 ohm.

Exciting current and core loss may be assumed as constant.

600 watts at 2000 volts gives 0.3 ampere core loss current,
hence V0.5* — 3* = 0.4 ampere magnetizing current.

We have thus

r, =2 r, = 0.004 I,cosa =03 a=0.05
z,=5 r, = 0.01 I, sina =04
I, =05

1. Secondary current as horizontal axis:

Non-inductive, Lag, Lead,
0, = 0. 0, =+ 60°. 6, =— 60°.
Hor. Vert. Hor. Vert. Hor. Vert.
Secondary current, I, .| 200 0 200 0 200 0
Secondary terminal
voltage, E.......... 100 0 50 —86.6 50 +86.6
Resistance voltage.I,r,|] 0.8 0 0.8 0 0.8 0
Reactance voltage, I,z, 0 —2.0 0 - 2.0 0 - 2.0
Secondary e.m.f., E,..| 100.8] —2.0 50.8/ —88.6 | 50.8 +84.6
Secondary e.n.f., total 100.80 102.13 98.68
tan 0. ..... ... +0.0198 + 1.745 —1.665

0 +1.1° + 60.2° —59.0°
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2. Magnetic flux as vertical axis:
Non-inductive, Lag, Lead,
6,=0. 0,=+60°. 0,=—co°.
Hor. Vert. Hor. Vert. Hor. Vert.
Secondary gen-
erated e.mn.f.,
......... ~100.80 0 —102.13 0 — 98.68 0
Secondary cur-
rent, [;.. .... —200 |— 4 | — 99.4 172.8 | —103 +171.4
Prlmary load
current, I’'=
—al,.. + 10 |+ 0.2 + 4.97) + 8.64| + 5.15| — 8.57
Prlmary excit-
ing current, [y 0.3 0.4 0.3 0.4 0.3 0.4
Total primary
current, I, . + 10.3 [+ 0.6/ + 5.27 + 9.04] + 5.45 — 8.17
Primary resist-
ance, voltage,
Irg. ..ot 20.6 1.2 10.54 18.08 10.90] — 16.34
Primary react-
ance, voltage,
) A 3.0 [—51.3 45.20| — 26.35| — 40.85 — 27.25
E.m.f. consumed
by primary
counter e.m.f.,
—adl 2016 0 2042.6 0 1973.6 0
Total primary im- )
pressede.m f.,
A 2039.6 |—50.1| 2098.34] — 8.27| 1943.65 | — 43.59
Hence,
Non-inductive Lag, Lead,
0,=0. 0,=+60° | 0,=—60°.
Resultant Ey.................. .. | 2040.1 2098.3 1944.2
Resultantl(, | 10082 10.47 9.82
Phaseof By ool —1.4° ~ .2° - 1.2°
Phaseof I, ...................... +3.3° +59 8° —56.3°
Primary lag, i e +4.7° +60.0° —55.1°
Regulation e «ovvveninneanan. 1.02005 1.04915 0.9721
Drop of voltage, per cent......... 2.005 4.915 - 2.79
Change of phase —0iiiiiiinn, 4.7° 0 4.9°
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14. RECTANGULAR COORDINATES.

66. The polar diagram of sine waves gives the best insight
into the mutual relations of alternating currents and e.m.fs.

For numerical calculation from the polar diagram either the
trigonometric method or the method of rectangular components
is used.

The method of rectangular components, as explained in the
above paragraphs, is usually simpler and more convenient than
the trigonometric method.

In the method of rectangular components it is desirable to
distinguish the two components from each other and from the
resultant or total value by their notation.

To distinguish the components from the resultant, small
letters are used for the components, capitals for the resultant.
Thus in the transformer diagram of Section 13 the secondary
current I, has the horizontal component ¢, = — I, cos 0,, and
the vertical component 1, = — I, sin 6,.

To distinguish horizontal and vertical components from each
other, either different types of letters can be used, or indices,
or a prefix or coefficient.

Different types of letters are inconvenient, indices distinguish-
ing the components undesirable, since indices are reserved for
distinguishing different e.m.fs., currents, etec., from each other.

Thus the most convenient way is the addition of a prefix or
coefficient to one of the components, and as such the letter 7 is
commonly used with the vertical component.

Thus the secondary current in the transformer diagram,
Section 13, can be written

1, + §i, = I, cos 0, + 41, sin 0,. 1)

This method offers the further advantage that the two com-
ponents can be written side by side, with the plus sign between
them, since the addition of the prefix j distinguishes the value
jt, or 71, sin 0, as vertical component from the horizontal com-

onent %, or I, cos 4,.

e L=, + i @
thus means that I, consists of a horizontal component 7, and a
vertical component ¢,, and the plus sign signifies that 7, and 7, are
combined by the parallelogram of sine waves.
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The secondary e.m.f. of the transformer in Section 13, Fig. 35,
is written in this manner, E, = —e,, that is, it has the hori-
zontal component — e, and no vertical component.

The primary generated e.m.f. is

E,= ':—el’ (3)
: a
and the e.m.f. consumed thereby
e G
=+t @
The secondary current is
ll == ix = fly ()
where
1, =1, cos b, 1,=1sind, (©6)
and the primary load current corresponding thereto is
I'= —al, = o, + jai,. @
The primary exeiting current,
[ 0 = h + g, @®)

where & = I, sin « is the hysteresis current, ¢ = I, cos a the
reactive magnetizing current.
Thus the total primary current is

Zo=l,+loo=(ai1+h)+j(aiz+g)- )
The e.m.f. consumed by primary resistance r, is
rol o = 14 (at, + h) + jr, (a7, + ). (10)

The horizontal component of primary current (a7, + A) gives
as e.n.f. consumed by reactance z, a negative vertical com-
ponent, denoted by — jr, (@i, + h). The vertical component
of primary current j (a7, + g) gives as e.n.f. consumed by reac-
tance x, a positive horizontal component, denoted by z, (az,+g¢).

Thus the total c.m.f. consumed by primary reactance z, is

z, (v, + g) — jx, (a, + A), (11)
and the total e.m.f. consumed by primary impedance is
ro (@, + h) +x,(ai, + g) + j[r, (a2, + g) — 2, (@i, + h)]. (12)

Thus, to get from the current the e.m.f. consumed in reac-
tance z, by the horizontal component of current, the coefficient
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— 7 has to be added; in the vertical component the coefficient
7 omitted; or, we can say the reactance is denoted by — jz, for

the horizontal and by?—."for the vertical component of current.

In other words, if I = % + ji’ is a current, z the reactance of its
circuit, the e.m.f. consumed by the reactance is
—jzi + 2’ = o — jan.

67. If instead of omitting j in deriving the reactance e.m.f.
for the vertical component of current, we would add — j also
(as done when deriving the reactance e.m.f. for the horizontal
component of current), we get the reactance e.m.f.

—jxr — fxr,
which gives the correct value — jxi + 27/, if
r=-1 (13)
that is, we can say, in deriving the e.m.f. consumed by reactance,
z, from the current, we multiply the current by — jz, and
substitute 7 = — 1.

By defining, and substituting, ? = — 1, — jz can thus be
called the reactance in the representation in rectangular coor-
dinates and r — jz the impedance,

The primary impedance voltage of the transformer in the
preceding could thus be derived directly by multiplying the
current, _

Zo = (m’x + h) + 7 (mz + g): (9)
by the impedance, _

. . 0o = To — 1o
which gives
E/ = %0[0 = (r, —jz,) [(at, + B) +7 (ai2.~l— 91

= 7o (aty + h) + Jro (a1, + 9) — j, (@5, + h) — 'z, (a2, + g),
and substituting f# = — 1,
B = [, (at, + k) + x, (@i, +9)] + § [, (a1, +¢) — =, (@i, + 1)),
(14)
and the total primary impressed e.m.f. is thus

E,=FE +5B/

[ + ratoi, ) 4o+ ) | +i[rolai, ) o + w)
(15)
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68. Such an expression in rectangular coordinates as
I=uv+7 (16)
represents not only the current strength but also its phase.
It means, in Fig. 39, that the

Y —

' total current O/ has the two
rectangular components, the hori-
zontal component I cos 0 = ¢
and the vertical component I sin
0 =17.

7 Thus, §
1 7
Fc‘)ig. 39. Magnitude and PI]aée tan 0=7:‘—; (17)

in Rectangular Coordinates. . .
that is, the tangent function of the

phase angle is the vertical component divided by the horizontal
component, or the term with prefix § divided by the term with-
out j.
The total current intensity is obviously
I=V¢&+ (18)

The capital letter I in the symbolic expression I =14 + jv/
thus represents more than the I used in the preceding for total
current, cte., and gives not only the intensity but also the phase.
It is thus necessary to distinguish by the type of the latter the
capital letters denoting the resultant current in symbolic expres-
sion (that is, giving intensity and phase) from the capital letters
giving merely the intensity regardless of phase; that is,

I =i+
denotes a current of intensity
I =7+
and phase
?;/
tan 0 = —.
)

In the following, dotted italies will be used for the symbolie
expressions and plain italics for the absolute values of alternating
waves.

In the same way 2 = V7* + 2 iy denoted in symbolic repre-
sentation of its rectangular components by

Z =r —jx. (19)
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When using the symbolic expression of rectangular coordinates
it is necessary ultimately to reduce to common expressions.

Thus in the above discussed transformer the symbolic expres-
sion of primary impressed e.m.f.

Eo=[§‘ +r,(at, +'b) + z,(az, + g)] + j[r(, (at, +9) —z,(az, + h)]

(15)
means that the primary impressed e.m.f. has the intensity

e . . 2 . . )
E, =\/ [a’ +r,(at, + 1) +z,(ar, + g)] +[r0(azz+g) —z,(at, +h):|’
(20
and the phase
r, (a1, + 9) — =z, (a1, + h)

tan 0, = , . ) @1)
s (a7, + 1) + =z, (a1, + g)

This symbolism of rectangular components is the quickest
and simplest method of dealing with alternating-current phenom-
ena, and is in many more complicated cases the only method
which can solve the problem at all, and therefore the reader
must become fully familiar with this method.

EXAMPLES.

69. (1.) In a 20-kw. transformer the ratio of turns is 20 :1,
and 100 volts are required at the secondary terminals at full
load. What is the primary current, the primary impressed
e.m.f., and the primary lag,

(@) at non-inductive load, 0, = 0;

(b) with 0,= 60 decarees time lag in the external secondary
circuit;

(¢) with 8, = — 60 degrees time lead in the external secondary
cireuit?

The exciting current is I,/ = 0.3 + 0.4 j ampere, at e = 2000
volts impressed, or rather, primary counter-generated e.m.f.

The primary impedance, Z, = 2 — 5§ ohms.

The secondary impedance, Z, = 0.004 — 0.01 7 ohm.

We have, in symbolic expression, choosing the secondary
current I, as real axis the results caleulated in tabulated form
on page 88.
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70. (2.) e, = 2000 volts are impressed upon the primary
circuit of a transformer of ratio of turns 20:1. The primary
impedance is Z, = 2 — 57, the secondary impedance, Z, =
0.004 —0.01 §, and the exciting current at ¢ = 2000 volts
counter-generated e.m.f. is I,, = 0.3 + 0.4 7; thus the exciting

’

admittance, Y = I—e‘m = (0.15 + 0.2 ) 10

'4

What is the secondary current and secondary terminal voltage
and the primary current if the total impedance of the sccondary
circuit (internal impedance plus external load) consists of

(@) resistance,
Z =r = 0.5 — non-inductive circuit.
'(b) impedance,
Z =r —jxr =03 — 047 —inductive circuit.
(c) impedance,
Z =r —jxr =03+ 04§ — anti-induective circuit.
Let e = secondary e.m.f.,

assumed as real axis in symbolic expression, and carrying out
the calculation in tabulated form, on page 89:

7I. (3.) A transmission line of impedance Z =r —jr =
20 — 50 j ohms feeds a receiving circuit. At the receiving end an
apparatus is connected which produces reactive lagging or
leading currents at will (synchronous machine); 12,000 volts are
impressed upon the line. How much lagging and leading
currents respectively must be produced at the recciving end of
the line to get 10,000 volts (a) at no load, (b) at 50 amperes
power current as load, (c¢) at 100 amperes power current as
load?

Let e = 10,000 = e.m.f. received at end of line, 7, = power
current, and ¢, = reactive lagging current; then

I =1, + ji, = total line current.
The voltage at the generator end of the line is then
By,=e+ 2]
=e+ (r —jz) (4 + iy
= (e+ri1 +$'I:,) +7-(T":2 "':m:x)
= (10,000 + 207, + 5017,) + 7 (207, — 5013,);
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or, reduced,
E, =~ (e +ri, + 2, + (ri, — xi,)%;
thus, since E, = 12,000,
12,000 = v/ (10,000 + 2034, + 504,% + (207, — 50 3,)".
(a.) At noload 7, = 0, and
12,000 = V/(10,000 + 504,) + 400 i%;

hence,
1, = + 39.5 amp., reactive lagging current, ] =+ 39.5 j.
(b.) At half load 7, = 50, and
12,000 = ~/ (11,000 + 50 4,)° + (20 2, — 2500)%;
hence,

1, = + 16 amp., lagging current, [ = 50 + 167.
(c.) At full load ¢, = 100, and
12,000 = v (12,000 + 507,)* + (202 — 5000)?;
hence,

1, = — 27.13 amp., leading current, ] = 100 — 27.13 ;.

15. LOAD CHARACTERISTIC OF TRANSMISSION LINE.

72. The load characteristic of a transmission line is the curve
of volts and watts at the receiving end of the line as function of
the amperes, and at constant e.m.f. impressed upon the generator
end of the line.

Let r = resistance, x = reactance of the line. Its impedance

2z = V1 + 22 can be denoted symbolically by
Z =r —jx

Let B, = e.m.f. impressed upon the line.

Choosing the e.m.f. at the end of the line as horizontal com-
ponent in the polar diagram, it can be denoted by £ = e.

At non-inductive load the line current is in phase with the
e.m.f. ¢, thus denoted by [ = 1.

The e.m.f. consumed by the line impedance Z = r —jx is

E, =Z] = (r —jz) %
= ri — jzi. 1)
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Thus the impressed voltage,

E,=E+E =e¢+r1 —ju. ®)
or, reduced, '
= V(e + 1)’ + %, 3)

and
¢ = VE} — 2% — ri, the cm.f. )
P=ci=1VE —2F — 1P (%)

the power received at end of the line.

The curve of e.m.f. e is an arc of an cllipse.

With open circuit ¢ =0: e = E, and P =0, as is to be
expected.

At short-circuit, e = 0, 0 = VE} — 2@ — i, and

. E E,

§ =t = 6
v+ 2 ®)
that is, the maximum line current which can be established
with a non-induective receiver circuit and negligible line capacity.

73. The condition of maximum power delivered over the line

is

ar
?lf_o’ (")
that is,
VE? — 2% +*7'( ‘)"’H)—2r&=0
\/E2 ot

substituting, 2
VEF —? = ¢ + i,
and expanding, gives

&= (r+ )7 €))
= 2%
hence,
e=z, and -f =z 9)

e . . . . -
=70 the resistance or effective resistance of the receiving

circuit; that is, the maximum power is delivered into a non-
inductive receiving circuit over an inductive line upon which is
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impressed a constant e.m.f., if the resistance of the receiving
circuit equals the impedance of the line, r, = 2.
In this case the total impedance of the system is

Zy=Z +r, =r+2—7z, (10)
or,
2, =V (r +2)° + 2 (11)
Thus the current is
. E E
i, = =0 = 2 : 12
e Vit t 2
and the power transmitted is
p oo o B
oYY )+ 2
E7 |
T2 +2)’ (13)

that is, the maximum power which can be transmitted over a
line of resistance r and reactance z is the square of the impressed
e.m.f. divided by twice the sum of resistance and impedance of
the line.

Atz = 0, this gives the common formula,

E’Z
P =1t (14)

Inductive Load.

74. With an inductive receiving circuit of lag angle 6, or
power factor p = cos 0, and inductance factor ¢ = sin 0, at
e.n.f. B = e at receiving circuit, the current is denoted by

I=1({+19; (15)
thus the e.m.f. consumed by the linc impedance Z = r — jz is
B, =ZI=1(p+iq) (r —jx)
=I[(rp +29) +7(rg —zp)],
and the generator voltage is
B,=E+F,
=[e+ I(rp + 29} + il (rg — zp); (16)
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or, reduced,
E,=~[e+I1(0p+z9]*+ I*(rg—zp)?, (@17)

and

e=VEF =D (rq—zp)? —1(rp +xg). (18

The power received is the e.m.f. times the power component
of the current; thus

P =celp
=IpVEF =P (rg —zp)? —Pplrp + 2.  (19)
The curve of e.m.f., ¢, as function of the current I is again an

arc of an ellipse.
At short-circuit e = 0; thus, substituted,
E

the same value as with non-inductive 1oa‘d, as is obvious.
75. The condition of maximum output delivered over the
line is
dP
—_— =) [5)
dl O’ (-‘1)
that is, differentiated,
VEZ P (rg —zp)? =e +1(rp + 29); (22)
substituting and expanding,
& =10+ 1)

= [%?;
e =Iz;
or
z=v. (23)
2, =§ is the impedance of the receiving circuit; that is, the

power received in an inductive circuit over an inductive line is
a maximum if the impedance of the receiving cireuit, 2,, equals
the impedance of the line, 2.

In this case the impedance of the receiving cireuit is

Z, =z(p — 19, (24)
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and the total impedance of the system is
Zy,=27+2Z,
=r—jr+z(p—79
=+ p2) — ] (x + ¢a).
Thus, the current is
. ; E,
1 = )
V(r + p2) + (T + g2)
and the power is

Ezp

(r + p2)* + (z + ge)?
E 2

S 2(@+rptag)

P, =1%p=

EXAMPLES.

@5y

(26)

76. (1.) 12,000 volts are impressed upon a transmission line
of impedance Z =r —jr =20 —50j. How do the voltage
and the output in the receiving circuit vary with the current

with non-inductive load?
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Fig. 40. Non-reactive Load Characteristics of a Transmission Line. Constant

Impressed e.m.f.
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Let e = voltage at the receiving end of the line, ¢ = current:
thus = el = power receivel. The voltage impressed upon the
line is then

E,=e+ Zn
=¢ + r — jxi;
or, reduced,
E, =V(e + ri)* + 3.
Since E, = 12,000,
12,000 = V(e + 71)* + 2% = V(e + 20 1)* + 2500 2,
e = V12,000° — £*F — ri = V12,000 — 2500 2* — 201.

The maximum current for e = 0 is
0 = V12,000* — 2,500 2* — 20 1;

thus,
1 = 223.
Substituting for 7 gives the values plotted in Fig. 40.
1 € D=
0 12,000 0
20 11,500 230X 10°
40 11,000 440X 10°
60 10,400 624X 10°
80 9,700 776X 10°
100 8,900 890X 10°
120 8,000 960 10°
140 6,940 971X 10°
160 5,750 920X 10°
180 4,340 784X 10%
200 2,630 528X 10°
220 400 88X 10°
223 0 0

16. PHASE CONTROL ON TRANSMISSION LINES.

77. If in the reeeiving cireuit of an inductive transmission
line the phase relation can be changed, the drop of voltage in
the line can be maintained constant at varying loads or even
deercased with inercasing load; that is, at constant generator
voltage the transmission can be compounded for constant volt-
age at the receiving end, or even over-compounded for a voltage
increasing with the load.
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1. Compounding of Transmission Lines for Constant Voltage.

Let r = resistance, = = reactance of the transmission line,
e, = voltage impressed upon the beginning of the line, e = volt-
age received at the end of .eZ&t line.

Let © = power current in the receiving circuit; that is, P =
el = transmitted power, and ¢, = reactive current produced
in the system for controlling the voltage. <, shall be considered
positive as lagging, negative as leading current.

Then the total current, in symbolic representation, is

CI=1+ i
the line impedance is
Z =r —1z,
and thus the e.m.f. consumed by the line impedance is
E,=Z]=(0—-j2)0+7)
=1 + Jri, — j21 — f*an;
and substituting # = —1,
E, = (r +x) +7 (i, — ).

Hence the voltage impressed upon the line

E,=e+ E;
= (e + 1t + 2v,) + § (11, — z1); 1)
or, reduced,
e, = V(e+re+ a1, + (rv,— z0). 2)

If in this equation e and e, are constant, %,, the reactive
component of the current, is given as a function of the power
component current ¢ and thus of the load e1.

Hence either ¢, and e can be chosen, or one of the e.m.fs. e,
or e and the reactive current 7, corresponding to a given power
current 7.

78. If 7, = 0 with ¢ = 0, and e is assumed as given, ¢, = e.
Thus,

e = Ve T T m) 1, — 20
2e¢ (ri + zi)+(* + 2% (*—1i2) = 0.
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From this equation it follows that

3.3 3 oA
- exi\/ex"z22emz 72t @)

Thus, the reactive current ¢, must be varied by this equa-
tion to maintain constant voltage e = ¢, irrespective of the
load er.

As seen, in this equation, 7, must always be ncgative, that is,
the current leading.

1, becomes impossible if the term under the square root
becomes negative, that is, at the value

err — 2 eria? — %2 = 0;
r . e(z—r
or, 9 = _(_.27_). . (4)
At this point the power transmitted is

e (z—r)

P =i = 50 (5)

This is the maximum power which can be transmitted with-

(z .

out drop of voltage in the line with a power current 7 =

The reactive current corresponding hercto, since the squaro
root becomes zero, is

1, = —=) (6)
thus the ratio of reactive to power current, or the tangent of

the phase angle of the receiving circuit, is

) z
tan 0, = 3 = —
1

)

g—r

A larger amount of power is transmitted if e, is chosen > e,
a smaller amount of power if ¢, < e.

In the latter case 7, is always leading; in the former case
7, is lagging at no load, becomes zero at some intermediate load,
and leading at higher load.

79. If the line impedance Z =r —jr and the received
voltage e is given, and the power current ¢, at which the reactive
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current shall be zero, the voltage at the generator end of the
line is determined hereby from the equation (2):

e, = V(e + 1+ 21,)* + (r1, — x1)?

by substituting ¢, = 0, 1 = %,

e, = V(e + i, + i ®)

Substituting this value in the general equation (2):

e, = V(e +ri + x1,)* + (re, — x1)?
gives
(e + 11,)* + 2?2 = (e + rv + x0,)* + (ri, —2)? 9)
as equation between 7 and ¢,.

If at constant generator voltage e,
at no load

and at the load ' _ (10)

it is, substituted :

no load,

e, = V(e, + x9)* + 3%, (11)
load ,,

e, = Ve, + 1iy)* + T 12)
Thus,

(e, + xi)) + 2% = (e, + 1i,)* + 2% 7;
or, expanded,
1 (P + 2%) + 21)ze,= 1] (r* + 2%) + 295re,. (13)
This equation gives ¢, as function of 7, e, r, 2.
If now the reactive current ¢, varies as linear function of the

power current ¢, as in case of compounding by rotary converter
with shunt and series field, it is

i, = Q@{—@-io'. (14)
(1]

Substituting this value in the general equation
(eg + Tip)*+ 2% = (e + 1@ + x1)® + (ri,— x0)?

gives e as function of ¢ ; that is, gives the voltage at the receiving
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end as function of the load, at constant voltage e, at the gener-
ating end, and e = ¢, for no load,
i =0, 1, =1,
and e = e, for the load,
1 =1, 1, =0.
Between ¢ = 0 and 7 = ¢, ¢ > ¢, and the current is lagging.
Above 7 = 1,, ¢ < ¢, and the current is leading.
By the reaction of the variation of e from e, upon the receiv-
ing apparatus producing reactive current ¢,, and by magnetic

saturation in the receiving apparatus, the deviation of e from e,
is reduced, that is, the regulation improved.

2. Over-compounding on Transmission Lines.

80. The impressed voltage at the gencrator end of the line
was found in the preceding,

e, = Ve + 1+ z,)? + (1, —m)% (2)
If the voltage at the end of the line e shall rise proportionally
to the power current 7, then
e=e, + ai; (15)
thus,

= Vie, + (@ + 1) i+ 2, + (i, — )%, (16)

and herefrom in the same way as in the preceding we get the
characteristic curve of the transmission.

If e,=e, 7, =0 at no load, and is leading at load. 1f
e, < e, t, is always leading, the maximum output is less than
before.

If e, > e, 1, is lagging at no load, becomes zero at somc
intermediate load, and leading at higher load. The maximum
output is greater than at e;= e,.

The greater a, the less is the maximum output at the same
e, and e,.

The greater e, the greater is the maximum output at the
same e, and @, but the greater at the same time the lagging cur-
rent (or less the leading current) at no load.
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EXAMPLES.

81. (1.) A constant voltage of e, is impressed upon a trans-
mission line of impedance Z =r —jr = 10 —204. The volt-
age at the receiving end shall be 10,000 at no load as well as at
full load of 75 amp. power current. The reactive current in
the receiving circuit is raised proportionally to the load, so as
to be lagging at no load, zero at full load or 75 amp., and lead-
ing beyond this. What voltage e, has to be impressed upon the
line, and what is the voltage e at the receiving end at }, 2, and
1} load?

Let I =1, + ji, = current, E = e voltage in receiving circuit.
The generator voltage is then

Ly=e+ 2]
=e+ (r —jx) (i, + 1,
= (e + 1, + 21,) + J (r2, — a1,)
= (e + 107, +207,) +7(107,—2017);
or, reduced,
e, = (e + ro, + x0,)* + (1, — a1,)%;
= (e + 107, +2017,)° + (107, — 20 ¢ )%
When
1, = 75,1, = 0, ¢ = 10,000;
substituting these values,

e, = 10,750 + 1500° = 117.81 X 10°%;
hence, .
e, = 10,860 volts is the generator voltage.

When
7, = 0, e = 10,000, ¢, = 10,860, let ¢, = 7;
these values substituted give
117.81X 10° = (10,000 + 2014)* + 100 ?
=100 X 10° + 4007 X 10* + 500 *,

or,

T = 44.525 — 1.257*107%;
this equation is best solved by approximation, and then gives
v = p = 42.3 amp. reactive lagging current at no load.

Since
e’ = (e + o, + 21,)" + (ri, — 1),
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it follows that
e = Vel— (r,— x,)*— (1, + 21,);
or,

e = V117.81 X 10°— (107, — 201,)* — (10 %, + 20 3,).

Substituting herein the values of 7, and 7, gives e.

1. 5. e.

0 42.3 10,000
25 28.2 10,038
50 14.1 10,038
75 0 10,000

100 —14.1 9,922
125 —28.2 9,803

82. (2.) A constant voltage e, is impressed upon a trans-
mission line of impedance Z = r —jr = 10 — 107. The volt-
age at the receiving end shall be 10,000 at no load as well as at
full load of 100 amp. power current. At full load the total
current shall be in phasc with the e.m.f. at the receiving end,
and at no load a lagging current of 50 amp. is permitted. How
much additional reactance x, is to be inserted, what must be the
gencrator voltage e, and what will be the voltage e at the receiv-
ing end at } load and at 1} load, if the reactive current varies
proportionally with the load?

Let z,= additional reactance inserted in circuit.
Let I = 1, + ji, = current.
Then

e’ = (e + ri, + x4, + (ri,—z74,)* = (e + 107, + z,1,)?
+ (107, — x.2,)%,
where '
r, =z + x, = total reactance of circuit between e and e,
At no load,
1, = 0, 7, = 50, e = 10,000;
thus, substituting,
e = (10,000 + 50 x,)* + 250,000.
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At full load,
t, = 100, 7, = 0, e = 10,000;
thus, substituting,
el = 121 X 10° + 10,000 z”.
Combining these gives
(10,000 + 50 z,)* + 250,000 = 121 X 10° + 10,000 z?;
hence,

r, = 66.5 + 40.8
= 107.3 or 25.7,
thus
z, = ¢, —x = 97.3, or 15.7 ohms additional reactance.
Substituting
z, = 25.7
gives

el = (e + 107, + 25.74,)* + (1017, — 25.77)?,
but at full load

t, = 100, 7, = 0, e = 10,000,
which values substituted give

e, = 121 X 10° 4+ 6.605 X 10° = 127.605 X 10°,
¢, = 11,300, generator voltage.

Since

e =Vel— (101, —25.71,)* — (10 4, + 25.7 ,),
it follows that
e = V127.605 X 10° — (10 v, — 25.77,)* — (107, + 25.7 3,).

Substituting for ¢, and 7, gives e.

. 1ge e.

0 50 10,000
50 25 10,105
100 0 10,000

150 —25 9,658
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83. (3.) In a circuit whose voltage e, fluctuates by 20 per
cent between 1800 and 2200 volts, a synchronous motor of
internal impedance Z;, =r; —jr, = 0.5 — 57 is connected
through a reactive coil of impedance Z, = r, —jz, = 0.5 — 107
and run light, as compensator (that is, generator of reactive
currents). How will the voltage at the synchronous motor
terminals e,, at constant excitation, that is, constant counter
em.f. e = 2000, vary as function of e, at no load and at a
load of v =100 amp. power current, and what will be the
reactive current in the synchronous motor?

Let I =1, + fi, = current in receiving circuit of voltage e,.
Of this current I, fi, is taken by the synchronous motor of
counter e.m.f. e, and thus

Ex =e+ Zo]‘iz
=e+ xoiz + jroiz;
or, reduced,
e’ = (e + z,)° + rji, .
In the supply circuit the voltage is
E, = E + 17,
= ¢ + ad, + Jrly + @ +77,) (ry —jz)
=[e+rg + (@ +2) 5] + 1[0 + ) iy — z,,];
or, reduced,

e =[e +ri, + (@ + 2) 0P + [y + 7)) 0, — 2
Substituting in the equations for ¢ and e the above values
of ry and z,: at no load, ¢, = 0, we have

e = (e +52,) + 0254 and e’ = (¢ + 157,)* + 1,2
at full load, 7, = 100, we have

el = (e + 517, + 0257},

e = (e + 50 + 157,)° + (¢, — 1000)%
and at no load, 7, = 0, substituting e = 2000, we have

el = (2000 + 57,)* + 0.257,,

el = (2000 + 15%,)* + 1%



PHASE CONTROL ON TRANSMISSION LINES. 105

at full load, ¢, = 100, we have

e’ = (2000 + 51, + 0.2512%,
e, = (2050 + 15%,)* + (2, — 1000)%

Substituting herein e, = successively 1800, 1900, 2000, 2100,
2200, gives values of 7,, which, substituted in the equation for
e.’, give the corresponding values of e, as recorded in the follow-
ing table.

As seen, in the local circuit controlled by the synchronous
compensator, and separated by reactance from the main circuit
of fluctuating voltage, the fluctuations of voltage appear in a
greatly reduced magnitude only, and could be entirely eliminated
by varying the excitation of the synchronous compensator.

e = 2,000.
No load, i, =0, Full load, 1, = 100,
eo.
1. e. ge .
1,800 —13.3 1,937 —39 1,810
1,900 — 6.7 1,965 —30.1 1,850
2,000 0 2,000 —22 1,885
2,100 + 6.7 2,035 —13.5 1,935
2,200 +13.3 2,074 — 6.5 1,970

17. IMPEDANCE AND ADMITTANCE.

84. In direct-current circuits the most important law is

Ohm’s law, ) e
T=-—) Ore=1r, OIT ==,
1
where e is the e.m.f. impressed upon resistance r to produce
current ¢ therein.
Since in alternating-current circuits a current ¢ through a

resistance r may produce additional e.m.fs. therein, when apply-
ing Ohm’s law, i=§ to alternating current circuits, e is the

total e.m.f. resulting from the impressed e.m.f. and all e.m.fs.
produced by the current 7 in the circuit.

Such counter e.m.fs. may be due to inductance, as self-induc-
tance, or mutual inductance, to capacity, chemical polarization,
ete.



106 ELEMENTS OF ELECTRICAL ENGINEERING.

The counter e.m.f. of self<induction, or e.m.f. generated by the
magnetic field produced by the alternating current 7, is repre-
sented by a quantity of the same dimensions as resistance, and
measured in ohms: reactance z. The e.m.f. consumed by
reactance z is in quadrature with the current, that consumed
by resistance r in phase with the current.

Reactance and resistance combined give the impedance,

2 =Vr + 2
or, in symbolic or vector representation,
Z =r —jz.

In general in an alternating-current circuit of current 7, the
e.m.f. e can be resolved in two components, a power component
e, in phase with the current, and a wattless or reactive com-
ponent e, in quadrature with the current.

The quantity
e, _ power e.m.f., or e.m.f. in phase with the current ,
) current !

is called the effective resistance.
The quantity

e, _ reactive e.m.f., or e.m.f. in quadrature with the current _ x
1 current S
is called the effective reactance of the circuit.

And the quantity

2, =VrZtz?

or, in symbolic representation,
Zy=r —iz,

is the impedance of the circuit.

If power is consumed in the circuit only by the ohmic resist-
ance r, and counter e.nv.f. produced only by self-inductance, the
effective resistance r, is the true or ohmic resistance r, and the
effective reactance z, is the true or inductive reactance z.

By means of the terms effective resistance, effective reactance,
and impedance, Ohm’s law can be expressed in alternating-
current circuits in the form

1: = o = e (l)

1
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or, e=iz, =iVr} +z}; ®))
or, o=V =3 @
or, in symbolic or vector representation,

-5 -2 @
or, E=1Z = I(r,—jz); ®)
or, Zy=r —jz, = —IE— . (6)

In this latter form Ohm’s law expresses not only the intensity
but also the phase relation of the quantities; thus

e,= 1r,= power component of e.m.f.,
e,= 1z, = reactive component of e.m.f.

85. Instead of the term impedance z = :; with its components,

the resistance and reactance, its reciprocal can be introduced,
i1,
e z
which is called the admattance.
The components of the admittance are called the conduc-
tance and susceptance.
Resolving the current 7 into a power component 7, in phase
with the e.m.f. and a wattless component 7, in quadrature with
the e.m.f., the quantity

1, _ power current, or current in phase with e.m.f.
e e.m.f.

is called the conductance.
The quantity

1, _ reactive current, or current in quadrature with em.f. b
e e.m.f.

is called the susceptance of the circuit.

The conductance represents the current in phase with the
e.m.f. or power current, the susceptance the current in quad-
rature with the e.m.f. or reactive current.
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Conductance g and susceptance b combined give the admittance

y = Vg + 0 (7
or, in symbolic or vector representation,
Y =g+ b 8)
Thus Ohm’s law can also be written in the form
i=ey =eV§@ + b 9)
or, _ .
7 v
CTy TV 10
or,
y=VFrr =4 (11)

or, in symbolic or vector representation,

I=EY =l +b); (12)
or,
I I
5 O S S 13
or,
. I .
Y=g+yl)=7j- (14)
and 1, = eg = power component of current,

1, = eb = reactive component of current.

86. According to circumstances, sometimes the use of the
terms impedance, resistance, reactance, sometimes the use of the
terms admittance, conductance, susceptance, is more convenient.

Since, in a number of scries-connected circuits, the total
e.m.f., in symbolic representation, is the sum of the individual
e.m.fs., it follows that in a number of series-connected cireuits
the total impedance, in symbolic expression, is the sum of the
impedances of the individual circuits connected in series.

Since, in a number of parallel-connected circuits, the total
current, in symbolic representation, is the sum of the individual
currents, it follows that in a number of parallel-connected cir-
cuits the total admittance, in symbolic expression, is the sum
of the admittances of the individual circuits connected in parallel.
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Thus in series connection the use of the term impedance, in
parallel connection the use of the term admittance, is generally
more convenient.

Since in symbolic representation

1,
Y-1; 15)
or, ZV =1: (16)
that is, (r —1jz) (g + jb) = 1; an

it follows that
(rg + zb) +j (rb — xg) = 1;

that is rg +2b =1,
rb —zg = 0.
Thus, r=o i 5= -35 (18)
b b
x=gz+b2=f’ 19)
r r
I=r e~ 2 (20)
z T
' b=r2+xz=z—2; 1)
or, in absolute values,
1
y=> (22)
2y =1, (23)
P+ @+ =1 (24)

Thereby the admittance with its components, the conduc-
tance and susceptance, can be calculated from the impedance
and its components, the resistance and reactance, and inversely.

1 . . .
Ifz=0,z=rand g = e that is, g is the reciprocal of the
resistance in a non-inductive circuit; not so, however, in an
inductive circuit.

EXAMPLES.
87. (1) In a quarter-phase induction motor having an
impressed e.m.f. ¢ = 110 volts per phase, the current is J, =
1, + ji,.= 100 4 100 j at standstill, the torque = D,
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The two phases are connected in series in a single-phase cir-
cuit of e.m.f. e = 220, and one phase shunted by a condenser of
1 ohm capacity reactance.

What is the starting torque D of the motor under these con-
ditions, compared with D,, the torque on a quarter-phase cir-
cuit, and what the relative torque per volt-ampere imput, if the
torque is proportional to the product of the e.m.fs. impressed
upon the two circuits and the sine of the angle of phase dis-
placement between them?

In the quarter-phase motor the torque is

D, = a¢® = 12,100 a,
where @ is a constant. The volt-ampere input is
P, =2e V2 + 1,2 = 31,200;
hence, the “apparent torque efficiency,” or torque per volt-

ampere input,
7, = 11—3& = 0.388 a.
%

The admittance per motor circuit is
= e£ = 0.91 + 0.917,

the impedance 1s
g_e__ 110 110 (100-1007)  _
1 100+100; (1004100 7) (100 — 100 )
the admittance of the condenser is
Yo = —7;
thus, the joint admittance of the circuit shunted by the con-
denser is

0.55—0.55 §,

(%7

Y =Y +Y,=091 +091] —j
_ = 0.91— 0.09 {;
its impedance is
g7 1 _ 1 0.9 +0.095
== =
Y, 091 -0.097 091%+ 0.09°
and the total impedance of the two circuits in series is
Z,=7 + 7,
=055 —0.557 + 1.09 + 0.11§
= 1.64 — 0.44 .

= 1.09 + 0.117,
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Hence, the current, at impressed e.m.f. ¢ = 220,

e 220 _220 (164 +0.H47)

Z, 164 —04%] 168 + 048
=125 4 33.57;

or, reduced,

l=i1+ji2=

I = ~125 + 33.5
= 129.4 amp.
Thus, the volt-ampere input,
P, =el =220 X 1294
= 28,470.

The e.m.fs. acting upon the two motor circuits respectively are

E, =1Z, = (125 +33.57) (1.09 + 0.11j) = 132.8 + 50.4 §
and

E'=1Z = (125 + 33.5j) (0.55 —0.557) = 87.2 —50.47.

Thus, the tangents of their phase angles are

504 _ ) _ o.
tanf, = + 1328 + 0.30; hence, 0, = + 21°;
,_ 904 : r — _ ano.
tan 0 = 75" 0.579; hence, & = — 30°;
and the phase difference,
=0, — 0 = 51°.

The absolute values of these e.m.fs. are

= +132.8 + 50.4% = 141.5
and

¢ = V8728 —50.4 = 100.7;
thus, the torque is
D = aee sin 0

= 11,100 a;
and the apparent torque efficiency is
D11,100a
=P, osar0 - 039

Hence, companng this with the quarter—phase motor, the
relative torque is
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and the relative torque per volt-ampere, or relative apparent
torque efficiency, is
7t 0.39a
m, 0.388a
88. (2.) At constant field excitation, corresponding to a
nominal generated e.m.f. e, = 12,000, a generator of synchro-
nous impedance Z, = r,— jz, = 0.6 — 60j feeds over a trans-
mission line of impedance Z, = r,—jzr, = 12 — 187, and of
capacity susceptance 0.003, a non-inductive receiving circuit.
How will the voltage at the receiving end, e, and the voltage at
the generator terminals,e,, vary with the load if the line capacity
is represented by a condenser shunted across the middle of the
line?
Let I =1 = current in receiving circuit, in phase with the
em.f., F=e.
The voltage in the middle of the line is
B=B+2]
=e+ 67 —91].
The capacity susceptance of the line is, in symbolic expression,
Y = —0.003 j; thus the charging current is
I,=E,Y =-00037( +61—91)
= —0.027 1 — 7 (0.003 ¢ + 0.0187),
and the total current is
I,=1+1,=09737—7(0.003¢ + 0.0181).
Thus, the voltage at the generator end of the Jine is
B =E, + % I
e+61—-91% + (6—97)[0.9737— 7 (0.003 e + 0.018 7)]
(0.973 ¢ + 11.687) —j (17.877 + 0.018¢),
and the nominal generated e.m.f. of the generator is
EO = E 1 + Z o[ 1
= (0.973 ¢ + 11.687) —j (17.877 + 0.018¢) + (0.6 —607)
[0.9737—7 (0.003 ¢ + 0.018%)]
= (0.793 e + 11.187) — § (76.26 7 + 0.02¢);
or, reduced, and e, = 12,000 substituted,
e’ = 144 X 10° = (0.793 ¢ + 11.18%)% + (76.267 + 0.02¢)?;

=1.005.

|
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thus,
€ + 33el + 9450 * = 229 X 10°,
e =—16.57 + V229 X 10°— 9178 22,
and
e, = V(0973 ¢ + 11.687)* + (17.87¢ + 0.018 e)*;
ab
1 =0, e = 15133, ¢, = 14,700;
at
e =0, 7= 1556, e, = 3327.
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Fig. 41. Reactive Load Characteristics of a Transmission Line fed by a

Synchronous Generator with Constant Field Excitation.

Substituting different values for 7 gives

€.

€.

0
25
50
75

15,133
14,488
13,525
12,063

14,700

14,400
13,800
12,730

100
125
150
155.6

10,050
7,188
2,325

11,100
8,800
4,840
3,327

which values are plotted in Fig. 41.
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18. EQUIVALENT SINE WAVES.

89. In the preceding chapters, alternating waves have been
assumed and considered as sine waves.

The general alternating wave is, however, never completely,
frequently not even approximately, a sine wave.

A sine wave having the same effective value, that is, the
same square root of mean squares of instantaneous values, as a
general alternating wave, is called its corresponding ““equivalent
sine wave.” It represents the same effect as the general
wave. .
With two alternating waves of different shapes, the phase
relation or angle of lag is indefinite. Their equivalent sine
waves, however, have a definite phase relation, that which
gives the same effect as the general wave, that is, the same
mean (7).

Hence if ¢ = e.m.f. and ¢ = current of a general alternating
wave, their equivalent sine waves are defined by

€ = \/M,
1, = Vmean (2);
and the power is
Do = €4ty COS €5t, = mean (et);
thus,
mean (et) .
Vmean (¢!) Vmean ()

oS e, =

Since by definition the equivalent sine waves of the general
alternating waves have the same effective value or intensity
and the same power or effect, it follows that in regard to inten-
sity and effect the general alternating waves can be represented
by their equivalent sine waves.

Considering in the preceding the alternating currents as equiva-
lent sine waves representing general alternating waves, the
investigation becomes applicable to any alternating circuit
irrespective of the wave shape.

The use of the terms reactance, impedance, etc., implies that
a wave is a sine wave or represented by an equivalent sine
wave.
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Practically all measuring instruments of alternating waves
(with exception of instantaneous methods) as ammeters, volt-
meters, wattmeters, etc., give not general alternating waves
but their corresponding equivalent sine waves.

EXAMPLES.

go. In a 25-cycle alternating-current transformer, at 1000
volts primary impressed c.m.f., of a wave shape as shown in
Fig. 42 and Table I, the
number of primary turns
is 500, the length of the
magnetic circuit 50 cm.,
and its section shall be
chosen so as to give a max-
imum density & = 15,000.

At this density the hys-
teretic cycle is as shown in
Fig. 43 and Table II.

What is the shape of Fig. 42. Wave-shape of e.m.f. in
current wave, and what Example 90.
the equivalent sine waves of e.m.f., magnetism, and current?

The calculation is carried out in attached table.

TABLE II.

dt

0 + 8,000

2 +10,400— 2,500
4 +11,700+ 5,800
6 +12,400+ 9,300
8 + 13,000+ 11,200
10 +13,500- 12,400
12 +13,900+ 13,200
14 + 14,200+ 13,800
16 + 14,500+ 14,300
18 + 14,800+ 14,700
20 +15,000

In column (1) are given the degrees, in column (2) the relative
values of instantaneous e.m.fs., e corresponding thereto, as taken
from Fig. 42.
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Column (3) gives the squares of e. Their sum is 24,939;

245339 = 1385.5, and the effective value,

¢ = V'1385.5 = 37.22.

Since the effective value of impressed e.m.f. is = 1000, the

thus the mean square,

1000 . v
€37 55 8 given in column (4).

14400 "]
wj@ 1

instantaneous values are ¢, =

20 0/ ‘R =AMP.-TURNS PER CM. LENGTH

i
-20 4816 14 b -1 -8 ¢ -4 2 o 5[4 10 12 14 15 18 20

/ -10000

)/ -12000
=
L+ -14(1;;)

L~

Fig. 43. Hysteretic Cycle in Example 90.

Since the e.m.f. e, is proportional to the rate of change of
magnetic flux, that is, to the differential coefficient of ®, & is
proportional to the integral of the e.m.f., that is, to Ze, plus
an integration constant. Xe, is given in column (5), and the
integration constant follows from the condition that & at 180°
must be equal, but opposite in sign, to ® at 0°. The integration
constant is, therefore,

and by subtracting 7324 from the values in column (5) the
values of ® of column (6) are found as the relative instantaneous
values of magnetic flux density.
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Since the maximum magnetic flux density is 15,000 the in-
15,000

7324’

From the hysteresis cycle in Fig. 43 are taken the values of
magnetizing force ¥, corresponding to magnetic flux density ®.
They are recorded in column (8), and in column (9) the instan-
taneous values of m.m.f. § = [H, where [ = 50 = length of
magnetic circuit.

stantaneous values are ® = ®’ plotted in column (7).

1= %, where 7 = 500 = number of turns of the electric

circuit, gives thus the exciting current in column (10).
Column (11) gives the squares of the exciting current, 7°.

Their sum is 25.85; thus the mean square, 2—%’? = 1.436, and

the effective value of exciting current, ¢ = V1436 = 1.198

ELmCli).lumn (12) gives the instantaneous values of power, p = 7e,.

Their sum is 4766; thus the mean power, p’ = ‘}.7%9 = 264.8.
Since p’ = 1’e/ cos b,

where e and 7" are the equivalent sine waves of e.m.f. and of
current respectively, and ¢ their phase displacement, substitut-
ing these numerical values of p’, ¢/, and 7/, we have

264.8 = 1000 X 1.198 cos 0*

hence,

and the angle of hysteretic advance of phase,
a=90° —0 = 12.8°
The hysteresis current is then
7 cos 0 = 0.265,

and the magnetizing current,
7/ sin § = 1.165.
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Adding the instantaneous values of e.m.f. e, in column (4)
B8 _ 5138, Since the

gives 14,648; thus the mean value,

effective value is 1000, the mean value of a sine wave would be

1000 glﬂ/-g = 904; hence the form factor is
904
7 =338 =L

Fig. 4. Waves of Exciting Current. Fig. 45. Corresponding Sine Waves
Power and Flux Density Correspond- for eanf. and Exciting Current in
ing to e.m.f. in Fig. 42 and Hysteretic Fig. 44.

Cycle in Fig. 43.

Adding the instantaneous values of current ¢ in column (10),
irrespective of their sign, gives 17.17; thus the mean value,

,1___71-é7 = 0.95¢. Since the effective value = 1.198, the form
factor is _ 1198 2v2

= = 1.12,
T~ 095k !

The instantaneous values, of e.m.f. e, current, ¢, flux density
® and power p are plotted in Fig. 44, their corresponding sine
waves in Fig. 45.



PART IIL
SPECIAL APPARATUS.

INTRODUCTION.

1. By the direction of the energy transmitted, electric ma-
chines have been divided into generators and motors. By the
character of the electric power they have been distinguished as
direct-current and as alternating-current apparatus.

With the advance of electrical engincering, however, these
subdivisions have become unsatisfactory and insufficient.

The division into generators and motors is not based on any
characteristic feature of the apparatus, and is thus not rational.
Practically any electric generator can be used as motor, and
conversely, and frequently oue and the same machine is used for
either purpose. Where a difference is made in the construe-
tion, it is either only quantitative, as, for instance, in synchro-
nous motors a much higher armature reaction is used than in
synchronous generators, or it is in minor features, as direct-cur-
rent motors usually have only one field winding, cither shunt or
series, while in generators frequently a compound ficld is em-
ployed. Furthermore, apparatus have been introduced which
are neither motors nor generators, as the synchronous machine
producing wattless lagging or leading current, etc., and the
different types of converters.

The subdivision into direct-current and alternating-current
apparatus is unsatisfactory, since it includes in the same class
apparatus of entircly different character, as the induection
motor and the alternating-current generator, or the constant-
potential commutating machine and the rectifying arc light
machine.

Thus the following classification, based on the characteristic
features of the apparatus, has been adopted by the A. I. E. E.
Standardizing Committee, and is used in the following dis-

120
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cussion. It refers only to the apparatus transforming between
electric and electric and between electric and mechanical
power.

1st. Commutating machines, consisting of a magnetic field
and a closed-coil armature, connected with a multi-segmental
commutator.

2d. Synchronous machines, consisting of a undirectional mag-
netic field and an armature revolving relatively to the mag-
netic field at a velocity synchronous with the frequency of the
alternating-current circuit connected thereto.

3d. Rectifying apparatus; that is, apparatus reversing the
direction of an alternating current synchronously with the
frequency.

4th. Induction machines, consisting of an alternating mag-
netic circuit or circuits interlinked with two electric circuits or
sets of circuits moving with regard to each other.

5th. Statronary induction apparatus, consisting of a magnetic
circuit interlinked with one or more electric circuits.

6th. Electrostatic and electrolytic apparatus as condensers
and polarization cells.

Apparatus changing from one to a different form of electric
energy have been defined as:

A. Transformers, when using magnetism, and as

B. Converters, when using mechanical momentum as inter-
mediary form of energy.

The transformers as a rule are stationary, the converters
rotary apparatus. Motor-generators transforming from electri-
cal over mechanical to electric power by two separate machines,
and dynamotors, in which these two machines are combined in
the same structure, are not included under converters.

2. (1.) Direct-current commutating machines as generators are
usually built to produce constant potential for railway, incan-
descent lighting, and gencral distribution. Only rarely they
are designed for approximately constant power for electro-metal-
lurgical work, or approximately constant current for series in-
candescent or arc lighting. As motors commutating machines
give approximately constant speed, — shunt motors, — or large
starting torque, — series motors.

When inserted in series in a circuit, and controlled so as to
give an e.m.f. varying with the conditions of load on the system,



122 ELEMENTS OF ELECTRICAL ENGINEERING.

these machines are “boosters,”” and are generators when raising
the voltage, and motors when lowering it.

Commutating machines may be used as direct-current con-
verters by transforming power from one side to the other side
of a three-wire system.

Alternating-current commutating machines are mainly used as
single-phase railway motors.

(2.) While in commutating machines the magnetic field is
almost always stationary and the armature rotating, synchro-
nous machines were built with stationary field and revolving ar-
mature, or with stationary armature and revolving field, or as
inductor machines with stationary armature and stationary field
winding but revolving magnetic circuit. Generally now the
revolving field type is used.

By the number and character of the alternating circuits con-
nected to them they are single-phase or polyphase machines.
As generators they comprise practically all single-phase and poly-
phase alternating-current generators; as motors a very important
class of apparatus, the synchronous motors, which are usually
preferred for large powers, especially where frequent starting
and considerable starting torque are not needed. Synchronous
machines may be used as compensators to produce wattless
current, leading by over-excitation, lagging by under-excitation,
or may be used as phase converters by operating a polyphase
synchronous motor by one pair of terminals from a single-phase
circuit. The most important class of converters, however, are
the synchronous commutating machines, to which, therefore, a
special chapter will be devoted in the following.

Inserted in series to another synchronous machine, and rigidly
connected thereto, synchronous machines are also ocecasionally
used as boosters.

Synchronous commutating machines contain a unidjrectional
magnetic field and a closed circuit armature connected simul-
taneously to a segmental direct-current commutator and by
collector rings to an alternating circuit, generally a polyphase
system. Thus these machines can either receive alternating and
yield direct current power as synchronous converters or simply
“converters,” or receive direct and yield alternating current
power as inverted converters, or driven by mechanical power
yield alternating and direct current as double-current generators.
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Or they can combine motor and generator action with their
converter action. Thus a common combination is a synchro-
nous converter supplying a certain amount of mechanical power
as a synchronous motor.

(3.) Rectifying machines are apparatus which by a synchro-
nously revolving rectifying commutator send the successive half
waves of an alternating single-phase or polyphase cireuit in the
same direction into the receiving circuit. The most important
class of such apparatus are the open-coil arc light machines,
which generate the rectified e.m.f. at approximately constant
current, in a star-connected three-phase armature in the Thom-
son-Houston, as quarter-phase e.m.f. in the Brush arc-light
machine.

(4.) Induction machines arc gencrally used as motors, poly-
phase or single-phase. In this case they run at practically
constant speed, slowing down slighily with increasing load.
As generators the frequency of the c.m.f. supplied by them
differs from and is lower than the frequency of rotation, but
their operation depends upon the phase relation of the external
circuit. As phase converters induction machines can be used
in the same manner as synchronous machines. Another im-
portant use besides as motors is, however, as frequency con-
verters, by changing from an impressed primary polyphase
system to a secondary polyphase system of different frequency.
In this case, when lowering the frequency, mechanical energy is
also produced; when raising the frequency, mechanical energy
is consumed.

(5.) The most important stattonary induction apparatus is the
transformer, consisting of two electric circuits interlinked with
the same magnetic circuit. When using the same or part of the
same electric circuit for primary and secondary, the transformer
is called an auto-transformer or compensator. When inserted in
series into & circuit, and arranged to vary the e.m.f., the trans-
former is called potential regulator or booster. The variation of
secondary e.m.f. may be secured by varying the relative number
of primary and secondary turns, or by varying the mutual
inductance between primary and secondary circuit, either elec-
trically or magnetically. The stationary induction apparatus
with one electric circuit are used for producing wattless lagging
currents, as reactive or choking couls.
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(6.) Condensers and polarization cells produce wattless leading
currents, the latter, however, usually at a low efficiency, while
the efficiency of the condenser is extremely high, frequently
above 99 per cent; that is, the loss of power is less than 1 per cent
of the apparent volt-ampere input.

Unipolar, or, more correctly, non-polar, or acyclic machines
are apparatus in which a conductor cuts a continuous magnetic
field at a uniform rate. They have become of industrial impor-
tance with the development of high-speed prime movers.

Regarding apparatus transforming between electric energy
and forms of energy differing from electric or mechanical energy:
The transformation between electrical and chemical energy is
represented by the primary and secondary battery and the
electrolytic cell; the transformation between electrical and heat
energy by the thermopile and the electric heater or electric fur-
nace; the transformation between electrical and light energy by
the incandescent and arc lamps.



A. SYNCHRONOUS MACHINES.
I. General.

3. The most important class of alternating-current apparatus
consists of the synchronous machines. They comprise the
alternating-current generators, single-phase and polyphase, the
synchronous motors, the phase compensators, the synchronous
boosters and the exciters of induction generators, that is, syn-
chronous machines producing wattless lagging or leading cur-
rents, and the converters. Since the latter combine features
of the commutating machines with those of the synchronous
machines they will be considered separately.

In the synchronous machines the terminal voltage and the
generated e.m.f. are in synchronism with, that is, of the same
frequency as, the speed of rotation.

These machines consist of an armature, in which e.m.f. is
generated by the rotation relatively to a magnetic field, and a
continuous magnetic field, excited either by direct current, or
by the reaction of displaced phase armature currents, or by
permanent magnetism.

The formula for the e.m.f. generated in synchronous machines,
commonly called alternators, is

E = V2 xfnd = 4.44 fn®,

where 7 is the number of armature turns in series interlinked
with the magnetic flux @ (in megalines per pole), f the fre-
quency of rotation (in hundreds of cycles per second), £ the
e.m.f. generated in the armature turns.

This formula assumes a sine wave of eam.f. If the e.m.f.
wave differs from sine shape, the e.m.f. is

E = 4.44 1/n®,

2 times ratio of

where y = form factor of the wave, or 2

effective to mean value of wave, that is, the ratio of the effective
125
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value of the generated e.m.f. to that of a sine wave generated
by the same magnetic flux at the same frequency.

The form factor y depends upon the wave shape of the gener-
ated e.m.f. The wave shape of e.n.f. generated in a single
conductor on the armature surface is identical with that of the
distribution of magnetic flux at the armature surface and will
be discussed more fully in the chapter on commutating machines.
The wave of total e.m.f. is the sum of the waves of e.m.f. in the
individual conductors, added in their proper phase relation,
as corresponding to their relative positions on the armature
surface.

4. In a Y or star-connected three-phase machine, if E, =
e.m.f. per circuit, or ¥ or star em.f., E = E, /3 is the em.f.
between terminals or A (delta) or ring e.m.f., since two e.m.fs.
displaced by 60 degrees are connected in series between terminals
(V3 = 2 cos 30°).

In a A-connected three-phase machine, the e.m.f. per circuit
is the e.m.f. between the terminals, or A e.m.f.

In a Y-connected three-phase machine, the current per cir-
cuit is the current issuing from each terminal, or the line current,
or Y current.

In a A-connected three-phase machine, if I, = current per
circuit, or A current, the current issuing from each terminal,
or the line or Y current, is

I=1,V3

Thus in a three-phase system, A current and e.m.f., and ¥
current and e.m.f. (or ring and start current and e.m.f. respec-
tively), arc to be distinguished. They stand in the proportion
1+ 3.

As a rule, wnen speaking of current and of e.m.f. in a three-
phase system, under current the Y current or current per line, and
under c.m.f. the A em.f. or e.m.f. between lines is understood.

5. While the voltage wave of a single conductor has the
same shape as the distribution of the magnetic flux at the arma-
ture circumference and so may differ considerably from a sine,
that is, contains pronounced higher harmonics, the terminal
voltage is the resultant of the waves of many conductors, and,
especially with a distributed armature winding, shows the
higher harmonies in a much reduced degree; that is, the resultant
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is nearer sine shape, and some harmonics may be entirely elimi-
nated in the terminal voltage wave, though they may appear in
the voltage wave of a single conductor. Thus, for instance, in
a three-phase Y-connected machine, the voltage per circuit, or
Y voltage, may contain a third harmonic and multiples thereof,
while in the voltage between the terminals this third harmonic
is eliminated. The voltage between the terminals is the resul-
tant of two Y voltages, displaced from each other by 60 degrees.
Sixty degrees for the fundamental, however, is 3 X 60° = 180°, or
opposition for the third harmonic; that is, the third harmonies
in those two Y voltages, which combine to the delta or terminal
voltage, are opposite, and so neutralize each other.

Even in a single turn, harmonics existing in the magnetic
field and thus in the single conductor can be eliminated by
fractional piteh. Thus, if the pitch of the armature turn is not

180 degrees, but less by }z’ the e.m.fs. generated in the two con-

ductors 0. a single turn are not exactly in phase, but differ by ;1;

of a half wave for the fundamental, and thus a whole half wave for
the nth harmonie, so that their nth harmonics are in opposition
and thus cancel. Fractional pitch winding of a “pitch defi-

ciency’’ of 71—; thus eliminates the nth harmonic; for instance,

with 80 per cent pitch, the fifth harmonic cannot exist.

In this manner higher harmonics of the e.m.f. wave can be
reduced or entirely eliminated, though in general, with a dis-
tributed winding, the wave shape is sufficiently close to sine
shape without special precaution being taken in the design.

II. Electromotive Forces.

6. In a synchronous machine we have to distinguish between
terminal voltage E, real generated e.m.f. E,, virtual generated
e.m.f. E,, and nominal generated e.m.f. K,

The real generated e.m.f. E, is the e.m.f. generated in the alter-
nator armature turns by the resultant magnetic flux, or mag-
netic flux interlinked with them, that is, by the magnetic flux
passing through the armature core. It is equal to the terminal
voltage plus the e.m.f. consumed by the resistance of the arma-
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ture, these two e.m.fs. being taken in their proper phase relation;
thus

E,=E+ I,
where I = current in armature, r = effective resistance.

The virtual generated em.f. E, is the e.m.f. which would be
generated by the flux produced by the field poles, or flux corre-
sponding to the resultant m.m.f., that is, the resultant of the
m.m.fs. of field excitation and of armature reaction. Since the
magnetic flux produced by the armature, or flux of armature
self-inductance, combines with the field flux to the resultant flux,
the flux produced by the field poles does not pass through the
armature completely, and the virtual e.an.f. and the real gen-
erated e.m.f. differ from each other by the e.m.f. of armature
self-inductance; but the virtual generated e.m.f., as well as the
en.f. generated in the armature by self-inductance, have no
real and independent existence, but are merely fictitious com-
ponents of the real or resultant generated e.m.f. E,.

The virtual generated e.m.f. is

E 2 = E 1 —j I z,

“where z is the self-inductive armature reactance, and the e.m.f.
consumed by self-inductance Iz is to be combined with the real
generated e.m.f. E, in the proper phase relation.

». The nominal generated e.m.f. B, is the e.m.f. which would
be generated by the field excitation if there were neither self-
inductance nor armature reaction, and the saturation were the
same as corresponds to the real generated e.m.f. It thus does
not correspond to any magnetic flux, and has no existence at all,
but is merely a fictitious quantity, which, however, is very useful
for the investigation of alternators by allowing the combination
of armature reaction and self-inductance into 2 single effect by
a (fictitious) self-inductance or synchronous reactance z,. The
nominal generated e.m.f. would be the terminal voltage with
open circuit and load excitation if the saturation curve were a
straight line.

The synchronous reactance z, is thus a quantity combining
armature reaction and self-inductance of the alternator. It is
the only quantity which can casily be determined by experiment
by running the alternator on short-circuit with excited field. If
in this case I, = current, P, = loss of power in the armature
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coils, B, = e.m.f. corresponding to the field excitation at open
cireuit, —‘%" = ¢, is the synchronous impedance, ?—} =r, Is the
0

effective resistance (ohmic resistance plus loaci) losses), and
z,= vz —rg the synchronous reactance.

In this feature lies the importance of the term “nominal
generated e.m.f.” E,

E o=k, - ] I Lo

the terms being combined in their proper phase relation. In a
polyphase machine, these considerations apply to each of the
machine cireuits individually.

III. Armature Reaction.

8. The magnetic flux in the ficld of an alternator under load
ds produced by the resultant m.m.f. of the field exciting current
and of the armature current. It depends upon the phase rela-
tion of the armature current. The e.m.f. generated by the field
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Fig. 46, Model for Study of Armature Reaction. Armature Coils in Position
of Maximum Current.

exciting current or the nominal gencrated e.m.f. reaches a max-
imum when the armature coil faces the position midway between
the field poles, as shown in Fig. 46, 4 and A”. Thus, if the
armature current is in phase with the nominal generated e.m.f.,
it reaches its maximum in the same position 4, A” of armature
coil as the nominal generated e.m.f., and thus magnetizes the
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preceding, demagnetizes the following magnet pole (in the
direction of rotation) in an alternating-current generator 4;
magnetizes the following and demagnetizes the preceding mag-
net pole in a synchronous motor A’ (since in a generator the
rotation is against, in a synchronous motor with the magnetic
attractions and repulsions between field and armature). In
this case the armature current neither magnetizes nor demag-
netizes the field as a whole, but magnetizes the one side, demag-
netizes the other side of each field pole, and thus merely distorts
the magnetic field.

o. If the armature current lags behind the nominal generated
e.m.f., it reaches its maximum in a position where the armature
coil already faces the next magnetic pole, as shown in Fig. 46,
B and B, and thus demagnetizes the field in a generator B,
magnetizes it in a synchronous motor B’.

If the armature current leads the nominal generated e.m.f.,
it reaches its maximum in an earlier position, while the arma-
ture coil still partly faces the preceding magnet pole, as shown

in Fig. 46, C and (”, and thus

magnetizes the field in a gener-

ator, Fig. 46, C, and demag-

netizes it in a synchronous
*E2 motor C”.

With non-inductive load, or
with the current in phase with
the terminal voltage of an
alternating-current generator,
the current lags behind the
nominal generated e.m.f., due
to armature reaction and self-
inductance, and thus partly de-
magnetizes; that is, the voltage
is lower under load than at no
load with the same field execi-
tation. In other words, lagg-

Fig. 47. Diagram of m.m.fs. in ing current demagnetizes and

Loaded Generator. leading current magnetizes the

field of an alternating-current generator, while the opposite is
the case with a synchronous motor.

10. In Fig. 47 let OF = § = resultant m.m.f. of field exci-
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tation and armature current (the m.m.f. of the field excita-
tion being alternating with regard to the armature coil, due to
its rotation) and 0, the lag of the current I behind the virtual
e.m.f. E, generated by the resultant m.m.f.

The virtual e.m.f. E, lags in time 90 degrees behind the result-
ant flux of OF, and is thus represented byﬁET in Fig. 47, and
the m.m.f. of the armature current $, by 07,, lagging by amle
0, behind OF,. The resultant m.m.f. OF is the diagonal of the
parallelomam with the component m.m.fs. OF, = armature
m.m.f. and OF, = total impressed m.m.f. or field excitation, as
sides, and from this construction OF, is found. OF, is thus
the position of the field pole with regard to the armature. It
is trigonometrically,

= V3 + 52 + 255, sin 0,

If I = current per armature turn in amperes effective, n =
number of turns per pole in a single-phase alternator, the arma-
ture reaction is §, = nl ampere-turns cffective, and is pulsating
between zero and nl V2.

In a quarter-phase alternator with » turns per pole and
phase in series and I amperes effective per turn, the armature
reaction per phase is nl amperes-turns ecffective and nl V2
ampere-turns maximum. The two phases magnetize in quad-
rature, in phase and in space. Thus, at the time ¢, correspond-
ing to angle 0 after the maximum of the first phase, the m.m.f.
in the direction by angle ¢ behind the direction of the magnetiza-~
tion of the first phase is n V2 cos? 0. The m.m.f. of the second
phase is nl V2 sin? 0; thus the total m.m.f. or the armature
reaction %, = nl V2, and is constant in intensity, but revolves
synchronously with regard to the armature; that is, it is station-
ary with regard to the field.

In a three-phaser of n turns in series per pole and phase and
I amperes effective per turn, the m.m.f. of each phase is nl V2
ampere-turns maximum; thus at angle ¢ in position and angle 6
in time behind the maximum of one phase;

The m.m.f. of this phase is

nl V2 cos? 6.
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The m.m.f. of the second phase is
nl V2 cos? (0 + 120) = nl V2 (— 0.5 cos 6 — 0.5 V'3 sin 0)2.

The m.m.f. of the third phase is
nl V2 cos? (0 + 240) = nI V2 (— 0.5 cos 6 + 0.5 V3 sin ).
Thus the total m.m.f. or armature reaction,

F, = nl V2 (cos’ 0+ 0.25 cos® 6+ 0.75 sin’ 0 + 0.25 cos® 0
+ 0.75sin* 0) = 1.5nl V2,

constant in intensity, but revolving synchronously with regard
to the armature; that is, stationary with regard to the field.
These values of armature reaction correspond strictly only to
the case where all conductors of the same phase are massed
together in one slot. If the conductors of each phase are dis-
tributed over a greater part of the armature surface, the values
of armature reaction have to be multiplied by the average cosine
of the total angle of spread of each phase.

11. The single-phase machine thus differs from the poly-
phase machine: in the latter, on balanced load, the armature
reaction is constant, while in the single-phase machine the
armature reaction and thereby the resultant m.m.f. of field and
armature is pulsating. The pulsation of the resultant m.m.f.
of the single-phase machine causes a pulsation of its magnetic
field under load, of double frequency, which generates a third
harmonic of e.m.f. in the armature conductors. In machines
of high armature reaction, as steam turbine driven single-phase
alternators, the pulsation of the magnetic field may be sufficient
to cause serious energy losses and heating by eddy currents,
and thus has to be checked. This is usually done by a squirrel-
cage induction machine winding in the field pole faces, or by
short-circuited conductors laid in the pole faces in electrical
space quadrature to the field coils. In these conductors, second-
ary currents of double frequency are produced which equalize
the resultant m.m.f. of the machine.

IV. Self-Inductance.

12. The effect of self-inductance is similar to that of arma-
ture reaction, and depends upon the phase relation in the same
manner.
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If E, = real generated voltage, 0, = lag of current behind
generated voltage E|, the magnetic flux produced by the arma-
. ture current I is in phase with the
current, and thus the counter e.m.f.
of self-inductance is in quadrature
behind the current, and therefore the
e.m.f. consumed by self-inductance is
in quadrature ahead of the current.
Thus in Fig. 48, denoting OF, = E,
the generated e.m.f., the current is
Fig. 48. Diagram of emfs. in Of = I, lagging 6, behind OE,, the
Loaded Generator. e.m.f. consumed by self-inductance
OE/", is 90 degrees ahead of the current, and the virtual gene-
rated em.f. E,, is the resultant of OF,and OE". As seen, the
diagram of e.m.fs. of self-inductance is similar to the diagram
of m.m.fs. of armature reaction.
13. From this diagram we get the effect of load and phase
relation upon the e.m.f. of an alternating-current generator.

Let E = terminal voltage per machine circuit,
I = current per machine circuit,
and 0 = lag of the current behind the terminal voltage.

Let r = resistance,
z = reactance of the alternator armature.

Then, in the polar diagram, Fig. 49,
O__lii = E, the terminal voltage, assumed as zero vector.
OI = I, the current, lagging by the angle EOI = 0.
The e.m.f. consumed by resistance is OE,” = Ir in phase with
Ol
The e.m.f. consumed by reactance is OE,’ = Iz, 90 degrees

ahead of OL. . .
The real generated e.m.f. is found by combining OF and OE/ to

OE, =E,.
The virtual generated e.m.f. is OF, and O, combined to
OE, = E,.
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The m.m.f. required to produce this e.n.f. E, is 0F= &,
90 deg. ahead of OF,. It is the resultant of the armature m.m.f.
or armature reaction and of the impressed m.m.f. or field excita-
tion. The armature m.m.f. is in phase with the current I, and
is nl in a single-phase machine, n» V21 in a quarter-phase
machine, 1.5V 2nl in a three-phase machine, if n = number
of armature turns per pole and phase. The m.m.f. of armature
reaction is represented in the diagram by OF. = F. in phase

Fig. 49. Diagram Showing Combined Effect of Armature
Reaction and Armature Self-Inductance.

with OI, and the impressed m.m.f. or field excitation OF, = &, is
the side of a parallelogram with OF as diagonal and 0%, as other
side; or, the m.m.f. consumed by armature reaction is represented
by 05, =&, in opposition to OI. Combining OF, and OF
gives OF, = ,, the field excitation.

In Figs. 50, 51, 52 are drawn the diagrams for § = zero or
non-inductive load, § = 60 degrees, or 60 degrees lag (inductive
load of power-factor 0.50), and § = — 60 deg., or 60 deg. lead
(anti-inductive load of power-factor 0.50).
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Thus it is seen that with the same terminal voltage E a
much higher field excitation, §,, is required with inductive
load than with non-inductive load, while with anti-inductive

7
o Ei . E E,
- > 3
// I
/
s
/
/
//
£
EY 7 A
s/
/]
/
7/
s
//
/ )4
7 (g
/ er

Fig. 50.

load a much lower field excitation is required.

cuit the field excitation required

Fig. 51,
and m.m.fs.
Load. Power Factor 0.50.

Diagram of Generator e.m.fs.
for Lagging Reactive

Diagram of Generator e.m.fs. and m.m.fs. for Non-Reactive Load

With open cir-
to produce the terminal voltage
E would be £ F
B,

than the field excitation &,
with non-inductive load.

Inversely, with constant field
excitation, the voltage of an
alternator drops with non-in-
ductive load, drops much more
with inductive load, and drops
less, or even rises, with anti-
inductive load.

= Ty, OT less

Fig. Diagram of Generator

52,
em.fs. and m.m.fs. for Leading
Reactive Load. Power Factor 0.50.
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V. Synchronous Reactance.

14. In general, both effects, armature self-inductance and
armature reaction, can be combined by the term ‘“‘synchronous
reactance.”’

In a polyphase machine, the synchronous reactance is different,
and lower, with one phase only loaded, as “single-phase synchro-
nous reactance,” than with all phases uniformly loaded, as “poly-
phase synchronous reactance.” The resultant armature reac-
tion of all phases of the polyphase machine is higher than that
with the same current in one phase only, and so also the self-
inductive flux, as resultant flux of several phases, and thus
represents a higher synchronous reactance.

Let r = effective resistance,

z, = synchronous reactance of armature, as discussed in
Section II.

Let E = terminal voltage,
I = current,
6 = angle of lag of the current behind the terminal volt-
tage.

It is in polar diagram, Fig. 53,

o, Ef B
#
]
I
|
; 0
Eo E E E
Fig. 53. Diagram Showing Effect of Fig 54. Diagram of Gene-
Synchronous Reactance. rator e.m.fs. Showing

Effect of Synchronous
Reactance with Non-Re-
active Load.

OE = E = terminal voltage assumed as zero vector. O =
I = current lagging by the angle EOI = 6 behind the terminal
voltage.
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OE/ =1Ir is the e.m.f. consumed by resistance, in phase
with OI, and OE, = Ix, the e.m.f. consumed by the synchronous
reactance, 90 degrees ahead of the current OL.

OE/ and OE/ combined give OE’ = E’ the e.m.f. consumed
by the synchronous impedance.

Combining O/, O/, OF gives the nominal generated e.m.f.
OE, = E,, corresponding to the field excitation &,.

In Figs. 54, 53, 56, are shown the diagrams for # = 0 or non-
inductive load, 0 = 60 degrees lag or inductive load, and 6 =
— 60 degrees or anti-inductive load.

Fig. 55, Diagram of Generator e.m.fs. TFig. 56. Diagram of Gene-
Showing Effect of Synchronous React-  rator e.m.fs. Showing Effect
ance with Lagging Reactive Load. of Synchronous Reactance
6 = 60 degrees. with Leading Reactive Load.

0 = — 60 degrees.

Resolving all e.m.fs. into components in phase and in quad-
rature with the current, or into power and reactive components,
in symbolic expression we have:

the terminal voltage E = E cos 6 — jE sin 0;

the e.m.f. consumed by resistance, E," = r;

the e.m.f. consumed by synchronous reactance, £, = — jiz,,
and the nominal generated e.m.f.,

Ey=E+E/+E) = (Ecos0 +r)—j(Esinb + z,);
or, since

o _ power current)
cos 6 = p = power factor of the loa ( total current
and

q = V1—p* = sin 6 = inductance factor of the load

/ _ wattless curren’o)
k total current
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it is

E, = (Ep +ir) — 1(Eq + 1z,),
or, in absolute values,

B, =V(Bp + ) + (Eq + 1z,)%;

hence,

“E = VE$—2(ap -9’ — 1P + 29)-
The power delivered by the alternator into the external cir-

cuit is P = iEp;
that is, the current times the power component of the terminal
voltage.

The electric power produced in the alternator armature is
P, =1 (Ep + ir);
that is, the current times the power component of the nomi-

nal generated e.m.f., or, what is the same thing, the current times
the power component of the real generated e.m.f.

VI. Characteristic Curves of Alternating Current Generator.

15. In Fig. 57 are shown, at constant terminal voltage E, the
values of nominal generated e.m.f. E,, and thus of field excita-
tion &, with the current I as abscissas and for the three con-
ditions,

1. Non-inductive load, p = 1, ¢ = 0.

2. Inductive load of 8 = 60 degrees lag, p = 0.5, ¢ = 0.866.

3. Anti-inductive load of — 8 = 60 degrees lead, p = 0.5,
= —().866.

The valuesr= 0.1, z,= 5, E = 1000, are assumed. These curves
are called the compounding curves of the synchronous generator.

In Fig. 58 are shown, at constant nominal generated e.m.f.
E, that is, at constant field excitation &, the values of terminal
voltage E with the current I as abscissas and for the same resist-
ance and synchronous reactance r = 0.1, z, = 5, for the three
different conditions,

1. Non-inductive load, p = 1,¢ = 0, E, = 1127.
2. Inductive load of 60 degrees lag,

p = 0.5 ¢ = 0866, E, = 1458.
3. Anti-inductive load of 60 degrees lead,

p = 0.5, ¢ =— 0.866, E, = 628.
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The values of E, (and thus of &) are assumed so as to give
E = 1000 at I = 100. These curves are called the regulation
curves of the alternator, or the field characteristics of the syn-
chronous generator.
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Fig. 57, Synchronous Generator Compounding Curves.

In Fig. 59 are shown the load curves of the machine, with the
current I as abscissas and the watts output as ordinates corre-
sponding to the same three conditions as Fig. 58. From the
field characteristics of the alternator are derived the open-cir-
cuit voltage of 1127 at full non-inductive load excitation, which
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is 1.127 times full-load voltage; the short-circuit current 225 at
full non-inductive load excitation, which is 2.25 times full-load
current; and the maximum output, 124 kw., at full non-induc-
tive load excitation, which is 1.24 times rated output, at 775
volts and 160 amperes. It depends upon the point on the field
characteristic at which the alternator works, whether it tends
to regulate for, that is, maintains, constant voltage, or constant
current, or constant power, approximately.

VII. Synchronous Motor.

16. As scen in the preceding, in an alternating-current gen-
erator the field excitation required for a given terminal voltage
and current depends upon the phase
relation of the external circuit or the g,
load. Inversely,in asynchronous motor ~
the phase relation of the current into
the armature at a given terminal volt-
age depends upon the field excitation
and the load.

Thus, if E = terminal voltage or
impressed e.m.f., I = current, 0 = lag
of current behind impressed e.m.f. in A
a synchronous motor of resistance r Fig. 60, Polar Diagram
and synchronous reactance z, the  of Synchronous Motor.
polar diagram is as follows, Fig. 60.

OE = E is the terminal voltage assumed as zero vector.
The current OI = I lags by the angle EOI = 4.

The e.m.f. consumed by resistance, is OEI’ = Ir. The em.f.
consumed by synchronous reactance, OE = Iz,. Thus, com-
bining OE and OE; gives OF’, the e.m.f. consumed by the
synchronous impedance. The e.m.f. consumed by the synchro-
nous impedance OF” and the e.m.f. consumed by the nominal
generated or counter e.m.f. of the synchronous motor OE,,
combined, give the impressed e.m.f. OE. Hence OF, is one
side of a parallelogram, with OF as the other side, and OF as
diagonal. OE,,, (not shown) equal and opposite OE,, would
thus be the nominal counter-generated e.m.f. of the synchronous
motor.
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In Figs. 61 to 63 are shown the polar diagramsof the syn-
chronous motor for § = 0 deg., 0 = 60 deg., 6 = — 60 deg. It
is seen that the fleld excitation has to be higher with lead-
ing and lower with lagging current in a synchronous motor,

while the opposite is the case in an alternating-current
generator.
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Fig. 61. Polar Diagram Fig. 62. Polar Diagram
of Synchronous Motor. of Synchronous Motor,
=0, 0 = 60 deg.

Fig. 63. Polar Diagram of Synchronous Motor. ¢ = — 60 degrees.

In symbolic representation, by resolving all e.m.fs. into power
components in phase with the current and wattless components
in quadrature with the current 7, we have:

the terminal voltage, ¥ = E cos 0 — jE sin 0 = Ep — jEq;
the e.m.f. consumed by resistance, £,/ = r,

and the e.m.f. consumed by synchronous reactance, £,/ = — jiz,.
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Thus the e.m.f. consumed by the nominal counter-generated
e.m.f. is
E,=E—E/ —E/ = (Bcosf—1r)—j(Esinf—1z,)
= (Bp —ur) —j (Eq —1iz,);
or, in absolute values,
E, =V (Ecos 0 —ir)* + (Esin 0 — iz,)?
= N (Ep—r)* + (BEq—1z,);

hence,

E =i(p+z9) £ VB =7 (zp —rg).
The power consumed by the synchronous motor is
P = iEp;

" that is, the current times the power component of the impressed
e.m.f.

The mechanical power delivered by the synchronous motor
armature is

P, =1 (Ep—1r);

that is, the current times the power component of the nominal
counter-generated e.m.f.  Obviously to get the available mechan-
ical power, the power consumed by mechanical friction and by
molecular magnetic friction or hysteresis, and the power of field
excitation, have to be subtracted from this value P,. -

VIII. Characteristic Curves of Synchronous Motor.

17. In Fig. 64 are shown, at constant impressed e.m.f. E,
the nominal counter-generated e.m.f. E and thus the field excita-
tion &, required,

1. At no phase displacement, § = 0, or for the condition
of minimum input;

2. For 6 = + 60, or 60 deg. lag: p = 0.5,¢9 = + 0.866, and

3. For6 = — 60,0r60deg.lead:p = 0.5,¢ = — 0.866;

with the current I as abscissas, the constants being
r = 0.1, 2z, = 5,and E = 1000.

These curves are called the compounding curves of the syn-
chronous motor.
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In Fig. 65 are shown, with the power output P, = 1 (Ep — ir) —
(iron loss and friction) as abscissas, and the same constants
r=0.1, z, =35, E = 1000, and constant field excitation
that is, constant nominal counter-generated e.m.f. E, = 1109
(corresponding to p =1, ¢ =0 at I = 100), the values of
current I and power-factor p. As iron loss is assumed 3000
watts, as friction 2000 watts. Such curves are called load
characteristics of the synchronous 1notor.

18. In Fig. 66 arc shown, with censtant power output, P, =
t (Ep—1r), and the same constants, r = 0.1, r, = 5, E = 1000,
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Fig. 66, Synchronous Motor Phase Characteristics.

and with the nominal counter-generated voltage E,, that is field
excitation &, as abscissas, the values of current I for the four
conditions,

P,= b5kw.,orP, = 0, orno load,

P, = 50kw.,or P, = 45kw., or half load,

P, = 95kw., or P, = 90 kw., or full load,

P, = 140 kw., or P, = 135 kw., or 150 per cent of load.

Such curves are called phase characteristics of the synchronous

motor.
We have
P, =1iEp —r.
Hence,
p=£"-£——ﬁ, g =Vi-p.
E, =~ (Ep —ir)* + (Eq — 1z,
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Similar phase characteristics exist also for the synchronous
generator, but are of less interest. It is seen that on each of
the four phase characteristics a certain field excitation gives
minimum current, a lesser excitation gives lagging current, a
greater excitation leading current. The higher the synchronous
reactance x,, and thus the armature reaction of the synchronous
motor, the flatter are the phase characteristics; that is, the less
sensitive is the synchronous motor for a change of ficld excitation
or of impressed e.m.f. Thus a relatively high armature reaction
is desirable in a synchronous motor to secure stability, that is,
independence of minor fluctuations of impressed voltage or of
field excitation.

19. The theoretical maximum output of the synchronous
motor, or the load at which it drops out of step, at constant
impressed voltage and frequency is, even with very high armature
reaction, usually far beyond the heating limits of the machine.
The actual maximum output depends on the drop of terminal
voltage due to the increase of current, and on the steadiness or
uniformity of the impressed frequency, thus upon the individual
conditions of operation, but is as a rule far above full load.

Hence, by varying the field excitation of the synchronous
motor the current can be made leading or lagging at will, and
the synchronous motor thus offers the simplest means of pro-
ducing out of phase or wattless currents for controlling the
voltage in transmission lines, compensating for wattless currents
of induction motors, ete. Synchronous machines used merely
for supplying wattless currents, that is, synchronous motors or
generators running light, with over-excited or under-excited
field, are called synchronous compensators. They can be used
as exciters for induection generators, as compensators for the
reactive lagging currents of induction motors, ete. Sometimes
they are called “rotary condensers” or ““ dynamic condensers ”’
when used only for producing leading currents.

IX. Magnetic Characteristic or Saturation Curve.

20. The dependence of the generated e.m.f., or terminal volt-
age at open circuit, upon the field excitation, is called the mag-
netic characteristic, or saturation curve, of the synchronous machine
It has the same general shape as the curve of magnetic flux
density, consisting of a straight part below saturation, a bend or
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knee, and a saturated part beyond the knee. Generally the
change from the unsaturated to the over-saturated portion of
the curve is more gradual, thus the knee is less pronounced in the
magnetic characteristic of the synchronous machines, since the
different parts of the magnetic circuit approach saturation
successively.

The dependence of the terminal voltage upon the field excita-
tion, at constant full-load current through the armature into a
non-inductive cireuit, is called the load saturation curve of the
synchronous machine. It is a curve approximately parallel to the
no-load saturation curve, but starting at a definite value of field
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Fig. 67, Synchronous Generator Magnetic Characteristics.

excitation for zero terminal voltage, the field excitation required
to maintain full-load current through the armature against its

synchronous impedance.

. ag  dE
The ratio 5 F

is called the saturaiion factor k, of the machine. It gives the
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ratio of the proportional change of field excitation required for
a change of voltage. The quantityo =1— % is called the per-

centage saturation of the machine, as it shows the approach to
saturation.

In Fig. 67 is shown the magnetic characteristic or no-load
saturation curve of a synchronous generator, the load saturation
curve and the no-load saturation factor, assuming E = 1000,
I = 100 as full-load values.

In the preceding the characteristic curves of synchronous
machines were discussed under the assumption that the satura-
tion curve is a straight line; that is, the synchronous machines
working below saturation.

21. The effect of saturation on the characteristic curves of
synchronous machines is as follows: The compounding curve
is impaired by saturation; that is, a greater change of field excita-
tion is required with changes of load. Under load the magnetic
density in the armature corresponds to the true gencrated e.m.f.
E,, the magnetic density in the field to the virtual generated
em.f. B, Both, especially the latter, are higher than the no-
load e.m.f. or terminal voltage E of the generator, and thus a
greater increase of field excitation is required in the presence of
saturation than in the absence thereof. In addition thereto,
due to the counter m.m.f. of the armature current, the magnetic
stray field, that is, that magnetic flux which leaks from field pole
to field pole through the air, increases under load, especially
with inductive load where the armature m.m.f. directly opposes
the field, and thus a still further increase of density is required
in the field magnetic circuit under load. In consequence thereof,
at high saturation the load saturation curve differs more from
the no-load saturation curve than corresponds to the synchro-
nous impedance of the machine.

The regulation becomes better by saturation; that is, the
increase of voltage from full load to no load at constant field
excitation is reduced, the voltage being limited by saturation.
Owing to the greater difference of field excitation between no
load and full load in the case of magnetic saturation, the improve-
ment in regulation is somewhat, and in certain cases entirely,
offset.
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X. Efficiency and Losses.

22. Besides the above described curves the efficiency curves
are of interest. The efficiency of alternators and synchronous
motor is usually so high that a direct determination by measur-
ing the mechanical power and the electric power is less reliable
than the method of adding the losses, and the latter is therefore
commonly used.

The losses consist of the following: the resistance loss in the
armature; the resistance loss in the field circuit; the hysteresis
and eddy current losses in the magnetic circuit; the friction and
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Fig. 68. Synchronous Generator, Efficiency and Losses.

windage losses, and eventually load losses, that is, losses due to
eddy currents and hysteresis produced by the load current in the
armature.

The resistance loss in the armature is proportional to the
square of the current, I.

The resistance loss in the field circuit is proportional to the
square of the field excitation current, that is, the square of the
nominal generated or counter-generated e.m.f., E,.

The hysteresis loss is proportional to the 1.6th power of the
real generated em.f., E, = E & Ir.

The eddy current loss is usually proportional to the square of
the generated e.m.f., E,.

The friction and windage loss is assumed as constant.
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The load losses vary more or less proportionally to the square
of the current in the armature, and should be small with proper
design. They can be represented by an “effective’ armature
resistance.

Assuming in the preceding example a friction loss of 2000
watts; an iron loss of 3000 watts, at the generated em.f. B, =
1000; a resistance loss in the field circuit of 800 watts, at B, =
1000, and a load loss at full load of 600 watts.
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Fig. 69. Synchronous Motor Efficiency and Losses.

The loss curves and efficiency curves are plotted in Fig. 68
for the generator, with the current output at non-induetive load
or 0 = 0 as abscissas, and in Fig. 69 for the synchronous motor,
with the mechanical power output as abscissas.

XI. Unbalancing of Polyphase Synchronous Machines.

23. The preceding discussion applies to polyphase as well as
single-phase machines. In polyphase machines the nominal
generated e.m.fs. or nominal counter-generated e.m.fs. are neces-
sarily the same in all phases (or bear a constant relation to each
other). Thus in a polyphase generator, if the current or the
phase relation of the current is different in the different branches,
the terminal voltage must become different also, more or less.
This is called the unbalancing of the polyphase generator. It is
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due to different load or load of different inductance factor in the
different branches.

Inversely, in a polyphase synchronous motor, if the terminal
voltages of the different branches are unequal, due to an unbal-
ancing of the polyphase circuit, the synchronous motor takes
more current or lagging current from the branch of higher volt-
age, and thereby reduces its voltage, and takes less current or
leading current* from the branch of lower voltage, or even
returns current into this branch, and thus raises its voltage.
Hence a synchronous motor tends to restore the balance of an
unbalanced polyphase system; that is, it reduces the unbalan-
cing of a polyphase circuit caused by an unequal distribution or
unequal phase relation of the load on the different branches.
To a less degree the induction motor possesses the same property.

. XII. Starting of Synchronous Motors.

24. In starting, an essential difference exists between the
single-phase and the polyphase synchronous motor, in so far
as the former is not self-starting but has to be brought to com-
plete synchronism, or in step with the generator, by external
means before it can develop torque, while the polyphase syn-
chronous motor starts from rest and runs up to synchronism with
more or less torque.

In starting, the field excitation of the polyphase synchronous
motor must be zero or very low.

The starting torque is due to the magnetic attraction of the
armature currents upon the remanent magnetism left in the
field poles by the currents of the preceding phase, or the eddy
currents produced therein.

Let Fig. 70 represent the magnetic circuit of a polyphase
synchronous motor. The m.m.f. of the polyphase armature
currents acting upon the successive projections or teeth of the
armature, 1, 2, 3, etc., reaches a maximum in them successively;
that is, the armature is the seat of a.m.m.f. rotating synchro-
nously in the direction of the arrow A. The magnetism in the
face of the field pole opposite to the armature projections lags
behind the m.m.f., due to hysteresis and eddy currents, and thus

* Since with lower impressed voltage the current is leading, with higher
impressed voltage lagging, in a synchronous motor.
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is still remanent, while the m.m.f. of the projection 1 decreases,
and is attracted by the rising m.m.f. of projection 2, etc., or, in
other words, while the maximum m.m.f., in the armature has a
position a, the maximum magnetism in the field pole face still
has the position b, and is thus attracted towards a, causing the
field to revolve in the direction of the arrow 4 (or with a station-
ary field, the armature to revolve in the opposite direction B).

b
]
I
I

l ’, A

Fig. 70. Magnetic Circuit of a Polyphase Synchronous Motor.

Lamination of the field poles reduces. the starting torque
caused by eddy currents in the field poles, but increases that
caused by remanent magnetism or hysteresis, due to the higher
permeability of the field poles. Thus the torque per volt-
ampere input is approximately the same in either case, but with
laminated poles the impressed voltage required in starting is
higher and the current lower than with solid field poles. In
either case, at full impressed e.m.f. the starting current of a
synchronous motor is large, since in the absence of a counter
e.m.f. the total impressed e.m.f. has to be consumed by the
impedance of the armature circuit. Since the starting torque
of the synchronous motor is due to the magnetic flux produced
by the alternating armature currents, or the armature reaction,
synchronous motors of high armature reaction are superior in
starting torque.

XIII. Parallel Operation.

25. Any alternator can be operated in parallel, or synchronized
with any other alternator. A single-phase machine can be
synchronized with one phase of a polyphase machine, or a
quarter-phase machine operated in parallel with a three-phase
machine by synchronizing one phase of the former with one phase
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of the latter. Since alternators in parallel must be in step with
each other and have the same terminal voltage, the condition
of satisfactory parallel operation is that the frequency of the
machines is identically the same, and the field excitation such as
would give the same terminal voltage. If this is not the case,
there will be cross currents between the alternators in a local
circuit; that is, the alternators are not without current at no
load, and their currents under load are not of the same phase
and proportional to their respective capacities. The cross
currents between alternators when operated in parallel can be
wattless currents or power currents.

If the frequencies of two alternators are identically the same,
but the field excitation not such as would give equal terminal
voltage when operated in parallel, there is a local current between
the two machines which is wattless and leading or magnetizing
in the machine of lower field excitation, lagging or demagnetiz-
ing in the machine of higher field excitation. At load this
wattless current is superimposed upon the currents from the
machines into the external circuit. In consequence thereof the
current in the machine of higher field excitation is lagging
behind the current in the external circuit, the current in the
machine of lower field excitation leads the current in the external
circuit. The currents in the two machines are thus out of phase
with each other, and their sum larger than the joint current, or
current in the external circuit. Since it is the armature reaction
of leading or lagging current which makes up the difference
between the impressed field excitation and the field excitation
required to give equal terminal voltage, it follows that the lower
the armature reaction, that is, the closer the regulation of the
machines, the more sensitive they are for inequalities or varia-
tions of field excitation. Thus, too low armature reaction is
undesirable for parallel operation.

With identical machines the changes in field excitation re-
quired for changes of load must be the same. With machines
of different compounding curves the changes of field excitation
for varying load must be different, and such as correspond to
their respective compounding curves, if wattless currents shall
be avoided. With machines of reasonable armature reaction the
wattless cross currents are small even with relatively great
inequality of field excitation. Machines of high armature
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reaction have been operated in parallel under circumstances
where one machine was entirely without field excitation, while
the other carried twice its normal field excitation, with watt-
less currents, however, of the same magnitude as full-load

current.

XIV. Division of Load in Parallel Operation.

26. Much more important than equality of terminal voltage
before synchronizing is equality of frequency. Inequality of
frequency, or rather a tendency to inequality of frequency (since
by necessity the machines hold each other in step or at equal
frequency), causes cross currents which transfer energy from
the machine whose driving power tends to accelerate to the
machine whose driving power tends to slow down, and thus
relieves the latter by increasing the load on the former. Thus
these cross currents are power currents, and cause at no load
or light load the one machine to drive the other as syn-
chronous motor, while under load the result is that the ma-
chines do not share the load in proportion to their respective
capacities.

The speed of the prime mover, as steam engine or turbine,
changes with the load. The frequency of alternators driven
thereby must be the same when in parallel. Thus their respec-
tive loads are such as to give the same speed of the prime mover
(or rather a speed corresponding to the same frequency). Hence
the division of load between alternators connected to indepen-
dent prime movers depends almost exclusively upon the speed
regulation of the prime movers. To make alternators divide
the load in proportion to their capacities, the speed regulation of
their prime movers must be the same; that is, the engines or
turbines must drop in speed from no load to full load by the
same percentage and in the same manner.

If the regulation of the prime movers is not the same, the
load is not divided proportionally between the alternators, but
the alternator connected to the prime mover of closer speed
regulation takes more than its share of the load under heavy
loads, and less under light loads. Thus, too close speed regu-
lation of prime movers is not desirable in parallel operation of
alternators.
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XV. Fluctuating Cross Cusrents in Parallel Operation.

27. In alternators operated from independent prime movers,
it is not sufficient that the average frequency corresponding
to the average speed of the prime movers be the same, but still
more important that the frequency be the same at any instant,
that is, that the frequency (and thus the speed of the prime
mover) be constant. In rotary prime movers, as turbines or
electric motors, this is usually the case; but with reciprocating
machines, as steam engines, the torque and thus the speed of
rotation rises and falls periodically during each revolution,
with the frequency of the engine impulses. The alternator
connected with the engine will thus not have uniform frequency,
but a frequency which pulsates, that is, rises and falls. The
amplitude of this pulsation depends upon the design of the
engine, the momentum of its fly-wheel, and the action of the
engine governor.

If two alternators directly connected to equal steam engines
are synchronized so that the moments of maximum frequency
coincide, there will be no energy cross currents between the
machines, but the frequency of the whole system rises and falls
periodically. In this case the engines are said to be synchro-
nized. The parallel operation of the alternators is satisfactory
in this case provided that the pulsations of engine speeds are
of the same size and duration; but apparatus requiring constant
frequency, as synchronous motors and especially rotary con-
verters, when operated from such a system, will give a reduced
maximum output, due to periodic eross currents between the
generators of fluctuating frequency and the synchronous motors
of constant frequency, and in an extreme case the voltage of
the whole system will be caused to fluctuate periodically. Even
with small fluctuations of engine speed the unsteadiness of
current due to this source is noticeable in synchronous motors
and synchronous converters.

If the alternators happen to be synchronized in such a position
that the moment of maximum speed of the one coincides with
the moment of minimum speed of the other, alternately the
one and then the other alternator will run ahead, and thus
there will be a pulsating power cross current between the alter-
nators, transferring power from the leading to the lagging
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machine, that is, alternately from the one to the other, and
inversely, with the frequency of the engine impulses. These
pulsating cross currents are the most undesirable, since they
tend to make the voltage fluctuate and to tear the alternators
out of synchronism with each other, especially when the con-
ditions are favorable to a cumulative increase of this effect by
what may be called mechanical resonance (hunting) of the
engine governors, etc. They depend upon the synchronous
impedance of the alternators and upon their phase difference,
that is, the number of poles and the fluctuation of speed, and
are specially objectionable when operating synchronous appa-
ratus in the system.

28. Thus, for instance, if two 80-pole alternators are directly
connected to single-cylinder engines of 1 per cent speed varia-
tion per revolution, twice during each revolution the speed will
rise, and fall twice; and consequently the speed of each alter-
nator will be above average speed during a quarter revolution.
Since the maximum speed is % per cent above average, the
mean speed during the quarter revolution of high speed is } per
cent above average speed, and by passing over 20 poles the
armature of the machine will during this time run ahead of its
mean position by } per cent of 20 or g5 pole, that is, X =
9 electrical space degrees. If the armature of the other alterna-
tor at this moment is behind its average position by 9 electrical
space degrees, the phase displacement between the alternator
e.m.fs. is 18 electrical time degrees; that is, the alternator e.m.fs.
are represented by OF, and OE, in Fig. 71, and when running
in parallel the e.m.f. OE' = E|E, is short-circuited through the
synchronous impedance of the two alternators.

Since B’= OF,= 2 E sin 9 deg. the maximum cross current is

_E sin9deg. _ 0.156 E,
20 20

I’

= 0.156 I,

where I, =€7J = short-circuit current of the alternator at full-

0
load excitation. Thus, if the short-circuit current of the alter-
nator is only twice full-load current, the cross current is 31.2
per cent of full-load current. If the short-circuit current is
6 times full-load current, the cross current is 93.6 per cent of
full-load current or practically equal to full-load current. Thus
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the smaller the armature reaction, or the better the regulation,

the larger are the pulsating cross currents between the alter-

nators, due to the inequality £

of the rate of rotation of the | !

prime movers. Hence for sat- I{
i
|
1

isfactory parallel operation o/
of alternators connected to \
steam engines, a certain I

amount of armature reac-
tion is desirable and very
close regulation undesirable. YE

By the transfer of energy Fig. 71. Phase Displacement between

. Alternators to be Synchronized.

between the machines the

pulsations of frequency, and thus the cross currents, are reduced
somewhat. Very high armature reaction is objectionable also,
since it reduces the synchronizing power, that is, the tendency
of the machines to hold each other in step, by reducing the
energy transfer between the machines. As seen herefrom, the
problem of parallel operation of alternators is almost entirely
a problem of the regulation of their prime movers, especially
steam engines, but no electrical problem at all.

With alternators driven by gas engines, the problem of
parallel operation is made more difficult by the more jerky
nature of the gas engine impulse. In such machines, therefore,
squirrel-cage windings in the field pole faces are commonly
used, to assist synchronizing by the currents induced in this
short circuited winding, on the principle of the induction
machine.

From Fig. 71 it is seen that the e.m.f. OF or E E,, which
causes the cross current between two alternators in parallel con-
nection, if their e.m.fs. O, and OF, are out of phase, is ap-
proximately in quadrature with the e.m.fs. OE, and OE, of the
machines, if these latter two e.m.fs. are equal to each other.
The cross current between the machines lags behind the e.m.f.

7

producing it, OF’, by the angle », where tan w = %’, and z,=
0

reactance, r, = effective resistance of alternator armature. The

energy component of this cross current, or component in phase

with OF’, is thus in quadrature with the machine voltages
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OE, and OE,, that is, transfers no power between them. The
power transfer or equalization of load between the two machines
takes place by the wattless or reactive component of cross cur-
rent, that is, the component which is in quadrature with OF,
and thus in phase with one and in opposition with the other of
the machine e.m.fs. OE, and O,

29. Hence, machines without reactance would have no syn-
chronizing power, or could not be operated in parallel. The
theoretical maximum synchronizing power exists if the reac-
tance equals the resistance: x, = r,. This condition, however,
cannot be realized, and if realized would give a dangerously
high synchronizing power and cross current. In practice, z,
is always very much greater than r,, and the cross current thus
practically in quadrature with OF’, that is, in phase (or oppo-
sition) with the machine voltages, and is consequently an energy-
transfer current.

If, however, alternators are operated in parallel over a
circuit of appreciable resistance, as two stations at some dis-
tance from each other arc synchronized, especially if the
resistance between the stations is non-inductive, as under-
ground cables, with alternators of very low reactance, as turbo
alternators, the synchronizing power may be insufficient. In
this case, reactance has to be inserted between the stations,
to lag the cross current and thereby make it a power transfer-
ing or synchronizing current.

If, however, the machine voltages OF, and OE, are different
in value but approximately in phase with each other, the voltage
causing cross currents, £ F,, is in phase with the machine volt-
ages and the cross currents thus in quadrature with the machine
voltages OE, and OE,, and hence do not transfer energy, but are
wattless. In one machine the cross current is a lagging or de-
magnetizing, and in the other a leading or magnetizing, current.

Hence two kinds of cross currents may exist in parallel oper-
ation of alternators, — currents transferring power between the
machines, due to phase displacement between their e.m.fs., and
wattless currents transferring magnetization between the ma-
chines, due to a difference of their induced e.m.fs.

In compound-wound alternators, that is, alternators in which
the field excitation is increased with the load by means of a
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series field excited by the rectified alternating current, it is almost,
but not quite, as necessary as in direct-current machines, when
operating in parallel, to connect all the series fields in parallel
by equalizers of negligible resistance, for the same reason, — to
insure proper division of current between machines.

XVI. High-Frequency Cross Currents between Synchronous
Machines.

30. If several synchronous machines of different wave shapes
are connected into the same circuit, cross currents exist between
the machines of frequencies which are odd multiples of the cir-
cuit frequency, that is, higher harmonics thereof. The machines
may be two or more generators in the same or in different stations,
of wave shapes containing higher harmonics of different order,
intensity or phase, or synchronous motors or converters of wave
shapes different from that of the system to which they are con-
nected.

The intensity of these cross currents is the difference of the
corresponding harmonics of the machines divided by the impe-
dance between the machines. This impedance includes the self-
inductive reactance of the machine armatures. The reactance
obviously is that at the frequency of the harmonic, that is, if
z = reactance at fundamental frequency, it is nz for the nth
harmonie.

In most cases these cross currents are very small and negli-
gible, with machines of distributed armature winding, the inten-
sity of the harmonic is low, that is, the voltage nearly a sine
wave, and with machines of massed armature winding, as uni-
tooth alternators, the reactance is high. These cross currents
thus usually are noticeable only at no load, and when adjusting
the field excitation of the machines for minimum current. Thus
in a synchronous motor or converter, at no load, the minimum
current, reached by adjusting the field, while small compared
with full-load current, may be several times larger than the
minimum point of the “V’’ curve in Fig. 59, that is, the value
of the energy current supplying the losses in the machine.

It is only in the parallel operation of very large high-speed
machines (steam turbine driven alternators) of high armature
reaction and very low armature self-induction that such high
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frequency cross currents may require consideration, and even
then only in three-phase Y-connected generators with grounded
neutral, as cross currents between the neutrals of the machines.
In a three-phase machine, the voltage between the terminals, or
delta voltage, containg no third harmonie or its multiple, as the
third harmonics of the ¥ voltage neutralize in the delta voltage,
and such a machine, with a terminal voltage of almost sine shape,
may contain a considerable third harmonic in the Y voltage.
As the three Y voltages of the three-phase system are 120 deg.
apart in phase, their third harmonics are 3 X 120 deg. = 360 deg.
apart, or in phase with each other, from the main terminals
to the neutral, and by connecting the neutrals of two three-
phase machines of different third harmonics with each other, as
by grounding the neutrals, a cross current flows between the
machines over the neutral, which may reach very high values.
Even in machines of the same wave shape, such a triple frequency
current appears between the machines over the neutral, when
by a difference in field excitation a difference in the phase of
the third harmonic is produced. It therefore is undesirable to
ground or connect together, without any resistance, the neutrals
of three-phase machines, but in systems of grounded neutral
either the neutral should be grounded through separate resist-
ances or grounded only in one machine.

XVII. Short-Circuit Currents of Alternators.

31. The short-circuit current of an alternator at full load
%xcitation usually is from three to five times full-load current.
t is
1,-5,
zO
where E, = nominal generated e.m.f., z; = synchronous impe-
dance of alternator, representing the combined effect of arma-
ture reaction and armature self-inductance.
In the first moment after short-circuiting, however, the current
frequently is many times larger than the permanent short-
circuit current, that is,

1, =5,
2

where 2 = self-inductive impedance of the alternator.
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That is, in the first moment after short-circuiting the poly-
phase alternator the armature current is limited only by the
armature self-inductance, and not by the armature reaction, and
some appreciable time — occasionally several seconds — elapses
before the armature reaction becomes effective.

At short-circuit, the magnetic field flux is greatly reduced by
the demagnetizing action of the armature current, and the gen-
erated e.m.f. thereby reduced from the nominal value E, to the
virtual value E,; the latter is consumed by the armature self-
inductive impedance z, or self-inductive reactance, which is
practically the same in most cases.

The armature self-inductance is instantaneous, since the
magnetic field rises simultaneously with the armature current
which produces it; armature reaction, however, requires an
appreciable time to reduce the magnetic flux from the open-
circuit value to the much lower short-circuit value, since the
magnetic field flux is surrounded by the field exciting coils,
which act as a short-circuited secondary opposing a rapid change
of field flux; that is, in the moment when the short-circuit cur-
rent starts it begins to demagnetize the field, and the magnetic
field flux therefore begins to decrease; in decreasing, however, it
generates an e.m.f. in the field coils, which opposes the change
of field flux, that is, increases the field current so as momentarily
to maintain the full field flux against the demagnetizing action
of the armature reaction. In the first moment the armature
current thus rises to the value given by the e.m.f. generated by
the full field flux, while the field current rises, frequently to many
times its normal value (hence, if circuit breakers are in the field
circuit, they may open the circuit). Gradually the field flux
decreases, and with it decrcase the field current and the arma-
ture current to their normal values, at a rate depending on the
resistance and the inductance of the field exciting circuit. The
decrease in value of the field flux will be the more rapid the
higher the resistance of the field circuit, the slower the higher
the inductance, that is, the greater the magnetic flux of the
machine. Thus, the momentary short-circuit current of the
machine can be made to decrease somewhat more rapidly by
increasing the resistance of the field circuit, that is, wasting
exciting power in the field rheostat.

In the very first moment the short-circuit current waves are



162 ELEMENTS OF ELECTRICAL ENGINEERING.

unsymmetrical, as they must simultaneously start from zero in
all phases and gradually approach their symmetrical appear-
ance, i.e., in a three-phase machine three currents displaced by
120 deg. Hereby the field current is made pulsating, with nor-
mal or synchronous frequency, that is, with the same frequency
as the armature current. This full frequency pulsation gradually
dies out and the field current becomes constant with a polyphase
short-circuit, while with a single-phase short-circuit it remains
pulsating with double frequency, due to the pulsating armature
reaction. In a polyphase short-circuit this full frequency pul-
sation due to the unsymmetrical starting of the currents is inde-
pendent of the point of the wave at which the short-circuit
starts, since the resultant asymmetry of all the polyphase cur-
rents is the same regardless of the point of the wave at which
the circuit is closed. In a single-phase short-circuit, however,
the full frequency pulsation depends on the point of the wave
at which the circuit is closed, and is absent if the circuit is
closed at that moment at which the short-circuit current would
pass through zero.

The momentary short-circuit current of an alternator thus
represents one of the few cases in which armature self-induc-
tance and armature reaction do not act in the same manner, and
the synchronous reactance can be split into two components,
thus, z, = ¢ + 2/, where z = self-inductive reactance, which is
due to a true self-inductance, and 2’ = effective reactance of
armature reaction, which is not instantaneous.

32. In machines of high self-inductance and low armature
reaction, as high frequency alternators, this momentary increase
of short-circuit current over its normal value is negligible, and
moderate in machines in which armature reaction and self-
inductance are of the same magnitude, as large modern
multipolar low-speed alternators. In large high-speed alter-
nators of high armature reaction and low self-inductance, as
steam turbine alternators, the momentary short-circuit cur-
rent may exceed the permanent value ten or more times.
With such large currents magnetic saturation of the self-
inductive armature circuit still further reduces the reactance
z, that is, increases the current, and in such cases the me-
chanical shock on the generator becomes so enormous that
it is necessary to reduce the momentary short-circuit current
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by inserting self-inductance, that is, reactance coils into the
generator leads.

In view of the excessive momentary short-circuit current, it
may be desirable that automatic circuit breakers on such
systems have a time limit, so as to keep the circuit closed
until the short-circuit current has somewhat decreased.

33. In single-phase machines, and in polyphase machines in
case of a short-circuit on one phase only, the armature reaction
is pulsating, and the field current in the first moment after the
short-circuit therefore pulsates, with double frequency, and
remains pulsating even after the permanent condition has been
reached. The double frequency pulsation of the field current
in case of a single-phase short-circuit generates in the arma-
ture a third harmonic of e.m.f. The short-circuit current wave
becomes greatly distorted thereby, showing the saw-tooth shape
characteristics of the third harmonic, and in a polyphase machine
on single-phase short-circuit, in the phase in quadrature with the
short-circuited phase, a very high voltage appears, which is
greatly distorted by the third harmonic and may reach several
times the value of the open-circuit voltage. Thus, with a single-
phase short-circuit on a polyphase system, destructive voltages
may appear in the open-circuited phase, of saw-tooth wave
shape.

Upon this double frequency pulsation of the field current
during a single-phase short-circuit the transient full frequency
pulsation resulting from the unsymmetrical start of the arma-
ture current is superimposed and thus causes a difference in the
intensity of successive waves of the double frequency pulsation,
which gradually disappears with the dying out of the transient
full frequency pulsation, and depends upon the point of the
wave at which the short-circuit is closed, and thus is absent, and
the double frequenty pulsation symmetrical, if the circuit is
closed at the moment when the short-circuit current should be
zero.

34. As illustration is shown, in Fig. 72, the oscillogram of
one phase of the three-phase short-circuit of a three-phase
turbo-alternator, giving the unsymmetrical start of the arma-
ture currents and the full frequency pulsation of the field
current.

In Fig. 73 is shown a single-phase short-circuit of the same
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Fig. 72. Three-phase Short-circuit Current in a Turbo-alternator.
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Fig. 78. Single-phase Short-circuit Current in a Three-phase Turbo-alternator.
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machine, in which the circuit is closed at the zero value of the
current; the current wave therefore is symmetrical, and the field
current shows only the double frequency pulsation due to the
single-phase armature reaction.

In Fig. 74 is shown another single-phase short-circuit, in which
the armature current wave starts unsymmetrical, thus giving a

Armature
current

Field
current

62.5 amp.

o IR
Fig. 74. Single-phase Short-circuit Current in a Three-phase Turbo-alternator.

transient full frequency term in the field current. Thus in the
double frequency pwsation of the field current at first large
and small waves alternate, but the successive waves gradually
become equal with the dying out of the full frequency term.
 For further discussion, and the theoretical investigation of
momentary short-circuit currents, see “Theory and Calculation
of Transient Electric Phenomena and Oscillations,” Part I,
Chapters XTI and XII.



B. DIRECT-CURRENT COMMUTATING MACHINES.
I. General.

35. Commutating machines are characterized by the combina-
tion of a continuously excited magnet field with a closed circuit
armature connected to a segmental commutator. According to
their use, they can be divided into direct-current generators
which transform mechanical power into electric power, direct-
current motors which transform electric power into mechanical
power, and direct-current converters which transform electric
power into a different form of electric power. Since the most
important class of the latter are the synchronous converters,
which combine features of the synchronous machines with those
of the commutating machines, they shall be treated in a separate
chapter.

By the excitation of their magnet fields, commutating machines
are divided into magneto machines, in which the field consists
of permanent magnets; separ-
ately excited machines; shunt
machines, in which the field is
----- : D excited by an electric circuit
shunted across the machine ter-
minals, and thus receives a small
branch current at full machine
voltage, as shown diagrammati-
cally in Fig. 75; series machines,
in which the electric field circuit
is connected in series with the
armature, and thus receives the
full machine current at low voltage (Fig. 76); and compound
machines, excited by a combination of shunt and series field
(Fig. 77). In compound machines the two windings can mag-
netize either in the same direction (cumulative compounding) or
in opposite directions (differential compounding). Differential
compounding has been used for constant-speed motors. Magneto
machines are used only for very small sizes.

166

Fig. 75. Shunt Machine.
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36. By the number of poles commutating machines are divided
into bipolar and multipolar machines. Bipolar machines are
used only in small sizes. By the construction of the armature,
commutating machines are divided into smooth-core machines
and iron-clad or “toothed” armature machines. In the smooth-

Fig. 76. Series Machine, Fig. 77. Compound Machine.

core machine the armature winding is arranged on the surface
of a laminated iron core. In the iron-clad machine the arma-
ture winding is sunk into slots. The iron-clad type has the
advantage of greater mechanical strength, but the disadvantage
of higher self-inductance in commutation, and thus requires high-
resistance, carbon or graphite, commutator brushes. The iron-
clad type has the advantage of lesser magnetic stray field, due
to the shorter gap between field pole and armature iron, and of
lesser magnet distortion under load, and thus can with carbon
brushes be operated with constant position of brushes at all
loads. In consequence thereof, for large multipolar machines the
iron-clad type of armature is best adapted ; the smooth-core type
is hardly ever used nowadays.

Either of these types can be drum wound or ring wound.
The drum winding has the advantage of lesser self-inductance
and lesser distortion of the magnetic field, and is generally less
difficult to construct and thus mostly preferred. By the arma-
ture winding, commutating machines are divided into multiple-
wound and series-wound machines. The difference between
multiple and series armature winding, and their modifications,
can best be shown by diagram.
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II. Armature Winding.

37. Fig. 78 shows a six-pole multiple ring winding, and Fig.
79 a six-polar multiple drum winding. As seen, the armature
coils are connected progressively all around the armature in
closed circuit, and the connections between adjacent armature
coils lead to the commutator. Such an armature winding has
as many circuits in multiple, and requires as many sets of com-
mutator brushes, as poles. Thirty-six coils are shown in Figs.
78 and 79, connected to 36 commutator segments, and the two
sides of each coil distinguished by drawn and dotted lines. In
a drum-wound machine, usually the one side of all coils forms
the upper and the other side the lower layer of the armature
winding.

Fig. 80 shows a six-pole series drum winding with 36 slots
and 36 commutator segments. In the serics winding the circuit
passes from one armature coil, not to the next adjacent armature
coil as in the multiple winding, but first through all the armature
coils having the same relative position with regard to the mag-
net poles of the same polarity, and then to the armature coil
next adjacent to the first coil. That is, all armature coils having
the same or approximately the same relative position to poles
of equal polarity form one set of integral coils. Thus the series
winding has only two circuits in multiple, and requircs two sets
of brushes only, but can be opcrated also with as many sets of
brushes as poles, or any intermediate number of sets of brushes.
In Fig. 80, a scries winding in which the number of armature
coils is divisible by the number of poles, the commutator seg-
ments have to be cross connccted. Therefore this form of series
winding is hardly ever used. The usual form of series winding
is the winding shown by Fig. 81. This figure shows a six-polar
armature having 35 coils and 35 commutator segments. In
conscquence thereof the armature coils under corresponding
poles which are connected in series are slightly displaced from
each other, so that after passing around all corresponding poles
the winding leads symmetrically into the coil adjacent to the first
armature coil. Hereby the necessity of commutator cross con-
nections is avoided, and the winding is perfectly symmetrical.
With this form of series winding, which is mostly used, the
number of armature coils must be chosen to follow certain rules.



Multiple Ring Armature Winding.

Fig. 78.

(169)

Multiple Drum Full Pitch Winding.

Fig. 79.



(170) Fig. 81. Series Drum Winding.



DIRECT-CURRENT COMMUTATING MACHINES. 171

Generally the number of coils is one less or one more than a
multiple of the number of poles.

All these windings are closed-circuit windings; that is, starting
at any point, and following the armature conductor, the circuit
returns into itself after passing all e.m.fs. twice in opposite direc-
tion (thereby avoiding short-circuit). An instance of an open-
coil winding is shown in Fig. 82, a serics-connected three-phase

Fig. 82. Open-circuit Three-phase Series Drum Winding.

star winding similar to that used in the Thomson-Houston arc
machine. Such open-coil windings, however, cannot be used in
commutating machines. They are generally preferred in syn-
chronous and in induction machines.

38. By leaving space between adjacent coils of these windings
a second winding can be laid in between. The second winding
can either be entirely independent from the first winding, that
is, each of the two windings closed upon itself, or after passing
through the first winding the circuit enters the second winding,
and after passing through the second winding it reenters the first
winding. In the first case the winding is called a double spiral
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winding (or multiple spiral winding if more than two windings
are used), in the latter case a double reentrant winding (or
multiple reentrant winding). In the double spiral winding the
number of coils must be even; in the double reentrant winding,
odd.

Multiple spiral and multiple reentrant windings can be either
multiple or series wound; that is, each spiral can consist either
of a multiple or of a series winding. Fig. 83 shows a double
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Fig. 83. Multiple Double Spiral Ring Winding.

spiral multiple ring winding, Fig. 84 a double spiral multiple
drum winding, Fig. 85 a double reentrant multiple drum wind-
ing. As secn in the double spiral or double reentrant multiple
winding, twice as many circuits as poles are in multiple. Thus
such windings are mostly used for large low-voltage machines.
39. A distinction is frequently made between lap winding
and wave winding. These are, however, not different types;
but the wave winding is merely a constructive modification of
the series drum winding with single-turn coil, as seen by com-
paring Figs. 86 and 87. Fig. 86 shows a part of a series drum
winding developed. Coils C, and C,, having corresponding



Fig. 85. Multiple Double Re-entrant Drum Full Pitch Winding. (173)
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Series Lap Winding.

. 86.

Fig

Wave Winding.

Fig. 87,
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positions under poles of equal polarity, are joined in series.
Thus the end connection ab of coil C, connects by cross connec-
tion bc and cd to the end connection de of coil C,. If the armature
coils consist of a single turn only, as in Fig. 86, and thus are open
at b and d, the end connection and the cross connection can be
combined by passing from a in coil ', directly to ¢ and from ¢

Fig. 88. Series Drum Wave Winding.

directly to ein coil C,; that is, the circuit abcde is replaced by ace.
This has the effect that the coils are apparently open at one side.

Such a winding has been called a wave winding. Only series
windings with a single turn per coil can be arranged as wave
windings, while windings with several turns per coil must neces-
sarily be lap or coil windings. In Fig. 88 is shown a series drum
winding with 35 coils and commutator segments, and a single
turn per coil arranged as wave winding. This winding may be
compared with the 35-coil series drum winding in Fig. 81.

40, Drum winding can be divided into full-pitch and frac-
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tional-pitch windings. In the full-pitech winding the spread of
the coil covers the pitch of one pole; that is, each coil covers
one-sixth of the armature circumference in a six-pole machine,
etc. In a fractional-pitch winding it covers less or more.

Series drum windings without cross-connected commutator in
which thus the number of coils is not divisible by the number of

Fig. 89, Multiple Drum Five-sixth Fractional Pitch Winding.

poles are necessarily always slightly fractional pitch; but gen-
erally the expression “fractional-pitch winding” is used only for
windings in which the coil covers one or several teeth less than
correspond to the pole pitch. Thus the multiple drum winding
in Fig. 79 would be a fractional-pitch winding if the coils spread
over only four or five teeth instead of over six. As five-sixths
fractional-pitch multiple drum winding it is shown in Fig. 89.
Fractional-pitch windings have the advantage of shorter
end connections and less self-inductance in commutation, since
commutation -of corresponding coils under different poles does
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not take place in the same, but in different, slots, and the flux
of self-inductance in commutation is thus more subdivided.
Fig. 89 shows the multiple drum winding of Fig. 79 as a frac-
tional-pitch winding with five teeth spread, or five-sixths pitch.
During commutation the coils a b ¢ d ¢ f commutate simultane-
ously. In Fig. 79 these coils lie by twos in the same slots, in
Fig. 89 they lie in separate slots. Thus, in the former case the
flux of self-inductance interlinked with the commutated coil is
due to two coils; that is, twice that in the latter case. Frac-
tional-pitch windings, however, have the disadvantage of redu-
cing the width of the neutral zone, or zone without generated
e.m.f. between the poles, in which commutation takes place,
since the one side of the coil enters or leaves the field before the
other. Therefore, in commutating machines it is seldom that
a pitch is used that falls short of full pitch by more than
one or two teeth, while in induction and synchronous machines
occasionally as low a piteh as 50 per cent is used, and two-thirds
piteh is frequently employed.

For special purposes, as in single-phase commutator motors
(see section C), fractional-pitch windings are sometimes used.

41. Series windings find their foremost application in ma-
chines with small currents, or small machines in which it is
desirable to have as few circuits as possible in multiple, and in
machines in which it is desirable to use only two sets of brushes,
as in smaller railway motors. In multipolar machines with
many sets of brushes a series winding is liable to give selective
commutation; that is, the current does not divide evenly between
the sets of brushes of equal polarity.

Multiple windings are used for machines of large currents, thus
generally for large machines, and in large low-voltage machines
the still greater subdivision of circuits afforded by the multiple
spiral and the multiple reentrant winding is resorted to.

To resume, then, armature windings can be subdivided into

(@) Ring and drum windings.

(b.) Closed-circuit and open-circuit windings. Only the former

can be used for commutating machines.

(c.) Multiple and series windings.

(d.) Single-spiral, multiple-spiral,and multiple-reentrant wind-

ings. Either of these can be multiple or series windings.

(e.) Full-pitch and fractional-pitch windings.
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III. Generated E.M.FS.

42. The formula for the generation of e.m.f. in a direct-
current machine, as discussed in the preceding, is

e =4 fnd,

where ¢ = generated e.m.f., /= frequency = number of pairs
of poles X hundreds of rev. per sec., n = number of turns in
series between brushes, and ® = magnetic flux passing through
the armature per pole, in megalines.

In ring-wound machines, ® is one-half the flux per field pole,
since the flux divides in the armature into two circuits, and each
armature turn incloses only half the flux per field pole. Inring-
wound armatures, however, each armature turn has only one con-
ductor lying on the armature surface, or face conductor, while in a
drum-wound machine each turn has two face conductors. Thus,
with the same number of face conductors — that is, the same
armature surface — the same frequency, and the same flux per
field pole, the same e.m.f. is gencrated in the ring-wound as in
the drum-wound armature.

The number of turns in series between brushes, n, is one-half
the total number of armature turns in a series-wound armature,

1Lhe total number of armature turns in a single-spiral multiple-

wound armature with p poles. It is one-half as many in a double-
spiral or double-reentrant, one-third as many in a triple-spiral
winding, etc.

By this formula, from frequency, series turns, and magnetic
flux the e.m.f. is found, or inversely, from generated e.m.f., fre-
quency, and serics turns the magnetic flux per field pole is cal-
culated :

e
=3 fn

From magnetic flux, and section and lengths of the different
parts of the magnetic circuit, the densities and the ampere-
turns required to produce these densities are derived, and as the
sum of the ampere-turns required by the different parts of the
magnetic circuit, the total ampere-turns excitation per field pole
is found, which is required for gencrating the desired e.m.f.
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Since the formula for the generation of direct-current e.m.f.
is independent of the distribution of the magnetic flux, or its
wave shape, the total magnetic flux, and thus the ampere-turns
required therefor, are independent also of the distribution of
magnetic flux at the armature surface. The latter is of impor-
tance, however, regarding armature reaction and commutation.

IV. Distribution of Magnetic Flux.

43. The distribution of magnetic flux in the air gap or at the
armature surface can be calculated approximately by assuming
the density at any point of the armature surface as proportional
to the m.m.f. acting thereon, and inversely proportional to the

Bq

I
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Fig. 90. Distribution of Magnetic Flux under a Single Pole.

nearest distance from a field pole. Thus, if §, = ampere-turns
acting upon the air gap between armature and field pole, l, =
length of air gap, from iron to iron, the density under the magnet
pole, that is, in the range BC of Fig. 90, is

___4;7r379.
101,

At a point having the distance I, from the end of the field pole
on the armature surface, the distance from the next field ‘pole
is Iy =V/I2 + 12, and the density thus,

475,

10Vig + 12

Herefrom the distribution of magnetic flux is calculated and
plotted in Fig. 90, for a single pole BC, along the armature sur-
face A, for the length of air gap ls = 1, and such a m.m.f. as to
give ®, = 8000 under the field pole; that is, for 3 = 6400 or
3¢, = 8000.

®,

0
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Around the surface of the direct-current machine armature,
alternate poles follow each other. Thus the m.m.f. is constant
only under each field pole, but decreases in the space between
the field poles, from C to E in Fig. 91, from full value at C to

¥ B, A T__
Lzl
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B c D

Fig. 91. Distribution of Magnetic Force and Flux at No Load.

full value in opposite direction at E. The point D midway
between C and E, at which the m.m.f. of the field equals zero,
is called the “neutral.” The distribution of m.m.f. of field

F

Fig. 92. Distribution of Flux with Current in the Armature.

excitation is thus given by the line ¥ in Fig. 91. The distribu-
tion of magnetic flux as shown in Fig. 91 by ®, is derived by
the formula

® = 4 7§

101
where
lg =\/laz + I
This distribution of magnetic flux applies only to the no-load
condition. Under load, that is, if the armature carries current,
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the distribution of flux is changed by the m.m.f. of the armature
current, or armature reaction.
 44. Assuming the brushes set at the middle points between
adjacent poles, D and G, Fig. 92, the m.m.f. of the armature is
maximum at the point connected with the commutator brushes,
in this case at the points D and @G, and gradually decreases from
full value at D to equal but opposite value at G, as shown
by the line &, in Fig. 92, while the line F, gives the field m.m.f.
or impressed m.m.f.
If n = number of turns in series between brushes per pole,

1 = current per turn, the armature reaction is ¥, = n¢ ampere-
turns. Adding F, and &, gives the resultant m.m.f. &, and there-
from the magnetic distribution:

_dsxs

101,

The latter is shown as line ®, in Fig. 92.

With the brushes set midway between adjacent field poles,
the armature m.m.f. is additive on one side and subtractive on
the other side of the center of the field pole. Thus the magnetic
intensity is increased on one side and decreased on the other.
The total m.m.f., however, and thus, neglecting saturation, the
total flux entering the armature, are not changed. Thus, arma-
ture reaction, with the brushes midway between adjacent field
poles, acts distorting upon the field, but neither magnetizes nor
demagnetizes, if the field is below saturation.

The distortion of the magnetic field takes place by the arma-
ture ampere-turns beneath the pole, or from B to C. Thus, if
t = pole are, that is, the angle covered by pole face (two poles
or one complete period being denoted by 360 degrees), the dis-

torting ampere-turns of the armature reaction are: %
As seen, in the assumed instance, Fig. 92, where Fs = §%;

the m.m.f. at the two opposite pole corners, and thus the mag-
netic densities, stand in the proportion 1 to 3. As seen, the
generated e.m.f. is not changed by the armature reaction, with
the brushes set midway between the field poles, except by the
small amount corresponding to the flux entering beyond D and
G, that is, shifted beyond the position of brushes. At D, how-
ever, the flux still enters the armature, depending in intensity
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upon the armature reaction; and thus with considerable arma-
ture reaction the brushes when set at this point are liable to
spark by short-circuiting an active e.m.f. Therefore, under load,
the brushes are shifted towards the following pole, that is, to-
wards the direction in which the zero point of magnetic flux has
been shifted by the armature reaction.

45. In Fig. 93, the brushes are assumed as shifted to the
corner of the next pole, E respectively B. In consequence
thereof, the subtractive range of the armature m.m.f. is larger
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Fig. 93. Distribution of Flux with Current in the Armature and Brushes
shifted from the Magnetic Neutral.
than the additive, and the resultant mm.f. § = &, + &, is de-
creased; that is, with shifted brushes the armature reaction
demagnetizes the field. The demagnetizing armature ampere-
GB
aM
brushes or angle of lead (= GB in Fig. 93), assuming the pitch
of two poles = 360 degrees, the demagnetizing component of arma-

turns are PM = 5, That is, if 7, = angle of shift of

ture reaction is 21&', the distorting component is e , where
180 180
7 = pole arc.
Thus, with shifted brushes the ficld excitation has to be in-
creased under load to maintain the same total resultant m.m.f.,
that is, the same total flux and generated e.m.f. Hence, in

Fig. 93 the fleld excitation %, has been assumed by glfé%" =%

larger than in the previous figures, and the magnetic distribution
®, plotted for these values.
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V. Effect of Saturation on Magnetic Distribution.

46. The preceding discussion of Figs. 90 to 93 omits the effect
of saturation. That is, the assumption is made that the mag-
netic materials near the air gap, as pole face and armature teeth,
are so far below saturation that at the demagnetized pole corner
the magnetic density dccreases, at the strengthened pole corner
increases, proportionally to the m.m.f.

The distribution of m.m.f. obviously is not affected by satu-
ration, but the distribution of magnetic flux is greatly changed
thereby. To investigate the effect of saturation, in Figs. 94 to
97 the assumption has been made that the air gap is reduced
to one-half its previous value, [, = 0.5, thus consuming only
one-half as many ampere-turns, and the other half of the ampere-
turns are consumed by saturation of the armature teeth. The
length of armature teeth is assumed as 3.2, and the space filled
by the teeth is assumed as consisting of one-third of iron and
two-thirds of non-magnetic material (armature slots, ventilat-
ing ducts, insulation between laminations, ete.).

In Figs. 94, 95, 96, 97, curves are plotted corresponding to
those in Figs. 90, 91, 92, and 93. As seen, the spread of mag-
netic flux at the pole corners is greatly increased, but farther
away from the field poles the magnetic distribution is not
changed.

47. The magnetizing, or rather demagnetizing, effect of the
load with shifted brushes is not changed. The distorting effect
of the load is, however, very greatly decrcased, to a small per-
centage of its previous value, and the magnetic field under the
field pole is very nearly uniform under load.

The reason is: Even a very large increase of m.m.f. does not
much increase the density, the ampere-turns being consumed by
saturation of the iron, and even with a large decrease of m.m.f.
the density is not decreased much, since with a small decrease
of density the ampere-turns consumed by the saturation of the
iron become available for the air gap.

Thus, while in Fig. 93 the densities at the center and the two
pole corners of the field pole are 8000, 12,000, and 4000, with the
saturated structure in Fig. 97 they are 8000, 9040, and 6550.

At or near the theoretical neutral, however, the saturation has

no effect.
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Fig. 94. Flux Distribution under a Single Pole.
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Fig. 95. Distribution of Flux and m.m.f. at No Load.
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Fig. 96. Distribution of Flux and m.m.f. at Load, with Brushes at Neutral.
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Fig. 97. Distribution of Flux and m.m.f. at Load, with Brushes
shifted to next Pole Corner.
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That is, saturation of the armature teeth affords a means of
reducing the distortion of the magnetic field, or the shifting of
flux at the pole corners, and is thus advantageous for machines
which shall operate over a wide range of load with fixed position
of brushes, if the brushes are shifted near to the next following
pole corner.

It offers no direct advantage, however, for machines com-
mutating with the brushes midway between the field poles, as
converters.

An effect similar to saturation in the armature teeth is pro-
duced by saturation of the field pole face, or more particularly,
saturation of the pole corners of the field.

VI. Effect of Commutating Poles.

48. With the commutator brushes of a generator set midway
between the field poles, as in Fig. 92, the m.m.f. of armature reac-
tion produces a magnetic field at the brushes. The e.m.f. gener-
ated by the rotation of the armature through this field opposes the
reversal of the current in the short-circuited armature coil under
the brush, and thus impairs commutation. If therefore the com-
mutation constants of the machines are not abnormally good, —
high field strength, low armature reaction, low self-inductance
and frequency of commutation, — the machine does not com-
mutate satisfactorily under load, with the brushes midway
between the field poles, and the brushes have to be shifted to the
edge of the next field poles, as shown in Fig. 93, until the fringe
of the magnetic flux of the field poles reverses the armature
reaction and so generates an e.m.f. in the armature coil, which
reverses the current and thus acts as commutating flux. The
commutating e.m.f. and therefore the commutating flux should
be proportional to the current which is to be reversed, that is,
to the load. The magnetic flux of the field pole of a shunt or
compound machine, however, decreases with increasing load at
the pole corners towards which the brushes are shifted, by the
demagnetizing action of the armature reaction, and the shift of
brushes therefore has to be increased with the load, from nothing
at no load. At overload, the pole corners towards which the
brushes are shifted may become so far weakened that even
under the pole not sufficient reversing e.m.f. is generated, and
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satisfactory commutation ceases, that is, the sparking limit is
reached.

In general, however, varying the brush shift with the load is
not permissible, and with rapidly fluctuating load not feasible,
and therefore the brushes are set permanently at a mean shift.
In this case, however, instead of increasing proportionally with
the load, the commutating field is maximum at no load, and
gradually decreases with increase of load, and is correct only
at one particular load. At constant shift of the brushes, the
commutation of the constant potential machine, direct-current
generator or motor, is best at a certain load, and usually becomes
poorer at lighter or heavier loads, and ultimately becomes bad
by inductive sparks due to insufficient commutating flux. In
machines in which very good commutating constants cannot
be secured, as in large high-speed machines, (steam turbine
driven direct-current generators), this may lead to bad spark-
ing or even flashing over at sudden overloads as well as when
throwing off full load.

49. This has led to the development of the commutating pole,
also called interpole, that is, a narrow magnetic pole located
between the main poles at the point of the armature surface,
at which commutation occurs, and excited so as to produce a
commutating flux proportional to the load, and thus giving the
required commutating. field at all loads. Such machines then
give no inductive sparking, but regarding commutation are
limited in overload capacity only by the current density under
the brush.

Such commutating poles are excited by series coils, that is,
coils connected in series with the armature and having a number
of effective turns higher than the number of effective series turns
per armature pole, so that at the position of the brushes the
m.m.f. of the commutating pole overpowers and reverses the
m.m.f. of the armature, and produces a commutating m.m.f.
equal to the product of the armature current and difference of
commutating turns and armature turns, and thereby produces
a commutating flux proportional to the load, as long as the mag-
netic flux in the commutating poles does not reach too high
magnetic saturation.

In Fig. 98 is shown the distribution of m.m.f. around the cir-
cumference of the armature, and in Fig. 99 the distribution of
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magnetic flux calculated in the manner as described in para-
graphs 46 and 47. Al represents the main poles, C' the com-
mutating poles. A main field excitation &, is assumed of 10,000
ampere-turns per pole, and an armature reaction §, of 6000

F4+G,

Fig. 98. Magnetive Force Distribution with Commutating Pole.

ampere-turns per pole. Choosing then 8000 ampere-turns per
commutating pole , leaves 2000 ampere-turns as resultant com-
mutating m.m.f. at full load, half as much at half load, ete.
The resultant m.m.f. of the main field &, the armature &, and
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Fig. 99. Magnetic Flux Distribution with Commutating Pole.

the commutating pole & is represented in Fig. 98, by &,, and the
flux produced by it is shown in Fig. 99. As seen, with the
commutator brushes midway between the field poles, that is,
in the center of the commutating pole, a commutating flux pro-
portional to the armature current enters the armature at the
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brush B and B’, and is cut by the revolving armature during
commutation.

The use of the commutating pole or interpole thus permits con-
trolling the commutation, with fixed brush position midway
between the field poles, and commutating poles therefore are
extensively used in larger machines, especially of the high-speed
type.

y%‘he commutating pole makes the commutation independent
of the main field strength, and therefore permits the machines
to operate with equally good commutation over a wide voltage
range, and at low voltage, that is, low field strength, as required
for instance in boosters, ete.

50. With multiple-wound armatures, at least one commutat-
ing pole for every pair of main poles is required, while with a
series-wound armature a single commutating pole would be
sufficient for all the sets of armature brushes, if of sufficient
strength In general, however, as many commutating poles as
main poles are used.

With the position of the brushes at the neutral, as is the case
when using commutating poles, the armature reaction has no
demagnetizing component, and the only drop of voltage at load
is that due to the armature resistance drop and the distortion of
the main field, which at saturation produces a decrease of the
total flux, as shown in Fig. 96.

As is seen in Fig. 99, the magnetic flux of the commutating
pole is not symmetrical, but the spread of flux is greater at the
side of the main pole of the same polarity. As result thereof, the
total magnetic flux is slightly increased by the commutating
poles; that is, the two halves of the commutating flux on the
two sides of the brush do not quite neutralize, and the com-
mutating flux thus exerts a slight compounding action, that is,
tends to raise the voltage. This can be still further increased
by shifting the brushes slightly back and thus giving a magnet-
izing component of armature reaction. This can be done with-
out affecting commutation as long as the brushes still remain
under the commutating pole. In this manner a compounding
or even a slight over-compounding can be produced without a
series winding on the main field poles, or, inversely, by shifting
the brushes slightly forward, a demagnetizing component of
armature reaction can be introduced.



DIRECT-CURRENT COMMUTATING MACHINES. 189

In operating machines with commutating poles in multiple,
care therefore must be taken not to have the compounding
action of the commutating poles interfere with the distribution
of load; for this purpose an equalizer connection may be used
between the commutating pole windings of the different ma-
chines, and the commutating windings treated in the same way
as series coils on the main poles, that is, equalized between the
different machines to insure division of load.

51. The advantage of the commutating pole over the shift
of brushes to the edge of the next field pole, in constant poten-
tial machines, — shunt or compound wound, — thus is that the
commutating flux of the former has the right intensity at all
loads, while that of the latter is right only at one particular
load, too high below, too low above that load. In series-wound
machines, that is, machines in which the main field is excited in
serles with the armature, and thus varies in strength with the
armature current, armature reaction and field excitation are
always proportional to each other, and the distribution of mag-
netic flux at the armature circumference therefore always has
the same shape, and its intensity is proportional to the current,
except as far as saturation limits it. As the result thereof,
shifting the brushes to the edge of the field poles, as in Fig. 93,
brings them in a field which is proportional to the armature
current and thus has the proper intensity as a commutating
field. Therefore with series-wound machines commutating poles
are not necessary for good commutation, but the shifting of the
brushes gives the same result. However, in cases where the
direction of rotation frequently reverses, as in railway motors,
the direction of the shift of brushes has to be reversed with the
reversal of rotation. In railway motors this cannot be done
without objectionable complication, therefore the brushes have
to be set midway, and the use of the magnetic flux at the edge of
the next pole, as commutating flux, is not feasible. In this case
a commutating pole is used, to give, without mechanical shifting
of the brushes, the same effect which a brush shift would give.
Therefore in railway motors, especially when wound for high
voltage, as 1000 to 1500 volts, a commutating pole is sometimes
used. This commutating pole, having a series winding just
like the main pole, changes proportionally with the main pole.
When reversing the direction of rotation, however, the armature
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and the commutating poles are reversed, while the main poles
remain unchanged, or the main poles are reversed, while the
armature and the commutating poles remain unchanged; that
is, the separate commutating pole becomes necessary because
during the reversal of rotation it has to be treated differently

from the main pole.

VII. Effect of Slots on Magnetic Flux.

52. With slotted armatures the pole face density opposite the
armature slots is less than that opposite the armature teeth, due
to the greater distance of the air path in the former case. Thus,
with the passage of the armature slots across the field pole a
local pulsation of the magnetic flux in the pole face is produced,
which, while harmless with laminated field pole faces, generates
eddy currents in solid pole pieces. The frequency of this pul-
sation is extremely high, and thus the energy loss due to eddy
currents in the pole faces may be considerable, even with pul-
sations of small amplitude. If S = peripheral speed of the arma-
ture in centimeters per second, I, = pitch of armature slot (that
is, width of one slot and one tooth at armature surface), the

frequency is f, =;§’-. Or, if f = frequency of machine, n =
P

number of armature slots per pair of poles, f, = nf.
For instance, f = 33.3, n = 51, thus f, = 1700.

Under the assumption, width
7 \__—B G of slots equals width of teeth
= 2 X width of air gap, the dis-
tribution of magnetic flux at the
pole face is plotted in Fig. 100.
The drop of density opposite

l" each slot consists of two curved
.—l l I—— branches equal to thosein Fig. 90,
Fig. 100. — Effect of Slots on Flux that is, calculated by
Distribution. = __E_F______ .
VI + 1}
The average flux is 7525; that is, by cutting half the armature
surface away by slots of a width equal to twice the length of air

gap, the total flux under the field pole is reduced only in the
proportion 8000 to 7525, or about 6 per cent.
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The flux ® pulsating between 8000 and 5700 is equivalent to
a uniform flux ®, = 7525 superposed with an alternating flux
®,, shown in Fig. 101, with a maximum of 475 and a minimum
of 1825. This alternating flux ®, can, as regards production of

By
— —— C
w28
N 68:5
T~

SNV A NVAN
VAR

Fig. 101. Effect of Slots on Flux Distribution.

eddy currents, be replaced by the equivalent sine wave ®,,, that
is, a sine wave having the same effective value (or square root of
mean square). The effective value is 718.

The pulsation of magnetic flux farther in the interior of the
field-pole face can be approximated by drawing curves equi-
distant from ®,. Thus the curves ®,, ®,, ®,,, ®,, ®,,, and &,
are drawn equidistant from ®, in the relative distances 0.5, 1,
1.5, 2, 2.5, and 3 (where [, =1 is the length of air gap). They
give the effective values:

&, & ®, ®, Bys  Bys &,
718 373 184 119 91 69 57

That is, the pulsation of magnetic flux rapidly disappears
towards the interior of the magnet pole, and still more rapidly
the energy loss by eddy currents, which is proportional to the
square of the magnetic density.

53. In calculating the effect of eddy currents, the magnetizing
effect of eddy currents may be neglected (which tends to reduce
the pulsation of magnetism); this gives the upper limit of loss.

Let ® = effective density of the alternating magnetic flux,

8 = peripheral speed of armature in centimeters per
second, and
I = length of pole face along armature.

The e.m.f. generated in the pole face is then
e = SI® X 1073,
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and the current in a strip of thickness Al and one centimeter

width, ji €Al _SIBAL10™ _ S®AII0
ol ol 12
where p = resistivity of the material.

Thus the effect of eddy currents in this strip is
SU®AL 107
I
Oor per cu. ¢m. S22 101
0
that is, proportional to the square of the effective value of mag-
netic pulsation, the square of peripheral speed. and inversely

proportional to the resistivity.
Thus, assuming for instance,

S = 2000,
p =20 X 107° for cast steel,
¢ = 100 X 107° for cast iron.

we have in the above example,

Ap =elt =

H

At Distance p
from Pole ®.
Face. Cast Steel. Cast ITron.
0 718 10.3 2.06
% 373 2.78 0.56
la 184 0.677 0.135
% 119 0.283 0.057
21 91 0.166 0.033
s 69 0.095 0.019
3la 57 0.065 0.013

VIII. Armature Reaction.

54. At no load, that is, with no current in the armature cir-
cuit, the magnetic field of the commutating machine is sym-
metrical with regard to the field poles.

Thus the density at the armature surface is zero at the point
or in the range midway between adjacent field poles. This
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point, or range, is called the *neutral” point or ‘‘neutral” range
of the commutating machine.

Under load the armature current represents a m.m.f. acting in
the direction from commutator brush to commutator brush of
opposite polarity, that is, in quadrature with the field m.m.f. if
the brushes stand midway between the field poles; or shifted
against the quadrature position by the same angle by which the
commutator brushes are shifted, which angle is called the angle
of lead.

If » = turns in series between brushes per pole, and ¢ = cur-
rent per turn, the m.m.f. of the armature is §, = n? per pole.
Or, if n, = total number of turns on the armature, n, = number
of turns or circuitg in multiple, 27, = number of poles, and 7,
= total armature }urrent, the m.m.f. of the armature per pole

. nl . . .
is §, = —>% . This m.m.f. is called the armature reaction of
NpTe

the continuous-current machine.

Since the armature turns are distributed over the total pitch
of pole, that is, a space of the armature surface representing
180 deg., the resultant armature reaction is found by multiply-

+90 2

ing . with the average cos § ~ 90 ==’ and is thus
2
5, 25 _2mi
T T

When comparing the armature reaction of commutating ma-
chines with other types of machines, as synchronous machines,

. 29
etc., the resultant armature reaction %,y = == has to be used.
T

In discussing commutating machines proper, however, the
value §, = n1 is usually considered as the armature reaction.

55. The armature reaction of the commutating machine has
a distorting and a magnetizing or demagnetizing action upon the
magnetic field. The armature ampere-turns beneath the field
poles have a distorting action as discussed under ““Magnetic Dis-
tribution’” in the preceding paragraphs. The armature ampere-
turns between the field poles have no effect upon the resultant
field if the brushes stand at the neutral; but if the brushes are
shifted, the armature ampere-turns inclosed by twice the angle
of lead of the brushes have a demagnetizing action.
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Thus, if = = polearc as fraction of pole piteh, 7, = shift
of brushes as fraction of pole pitch, ¥, the m.m.f. of armature
reaction, and &, the m.m.{. of field excitation per pole, the demag-
netizing component of armature reaction is 7,%a, the distorting
component of armature reaction is %, and the magnetic den-
sity at the strengthened pole corner thus corresponds to the

m.m.f. &, +—T~§2~“ at the weakened field corner to the m.m.f.
i
F,— *5' .

IX. Saturation Curves.

56. As saturation curve or magnetic characteristic of the com-
mutating machine is understood the curve giving the generated
voltage, or terminal voltage at open circuit and normal speed,
as function of the ampere-turns per pole field excitation.

Such eurves are of the shape shown in Fig. 102 as 4. Owing
to the remanent magnetism or hysteresis of the iron part of the
magnetic circuit, the saturation curve taken with decreasing
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Fig. 102. Saturation Characteristics.

ﬁeld excitation usually does not coincide with that taken with
increasing field excitation, but is higher, and by gradually first
increasing the field excitation from zero to maximum and then
decreasing again, the looped curve in Fig. 103 is derived, giving
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as average saturation curve the curve shown in Fig. 102 as 4
and as central curve in Fig. 103.

Direct-current generators are usually operated at a point of
the saturation curve above the bend, that is, at a point where the
terminal voltage increases considerably less than proportionally
to the field excitation. This is necessary in self-exciting direct-
current generators to secure stability.

The ratio
increase of field excitation  corresponding increase of voltage
total field excitation total voltage ’
that is, d5, + _016_3,
F, e

is called saturation factor &, and is plotted in Fig. 102. Itis the
ratio of a small percentage increase in field excitation to a corre-

=

o
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/
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2

=
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Fig. 103. Saturation Curves.

AN
N

sponding percentage increase in voltage thereby produced. The

quantity 1 — 716— is called the percentage saturation of the ma-
3

chine, as it shows the approach of the machine field to magnetic
saturation.

57. Of considerable importance also are curves giving the
terminal voltage as function of the field excitation at load.
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Such eurves are called load saturation curves, and can be constant
current load saturation curve, that is, terminal voltage as func-
tion of field ampere-turns at constant full-load current through
the armature, and constant resistance load saturation curve, that
is, terminal voltage as function of field ampere-turns if the
machine cireuit is closed through a constant resistance giving
full-load current at full-load terminal voltage.

A constant-current load saturation curve is shown as B, and
a constant resistance load saturation curve as C in Fig. 102.

X. Compounding.

58. In the direct-current generator the field excitation re-
quired to maintain constant terminal voltage has to be increased
with the load. A curve giving the field excitation in am-
pere-turns per pole, as function of the load in amperes, at
constant terminal voltage, is called the compounding curve of the
machine.

The increase of field excitation required with load is due to:

1. The internal resistance of the machine, which consumes
e.m.f. proportional to the current, so that the generated e.m.f.,
and thus the field m.m.f. corresponding thereto, has to be greater
under load. If % = resistance drop in the machine as fraction

of terminal voltage,= % , the generated e.m.f. at load has to be

e (1 + k), and if F, = no-load field excitation, and k, = satu-
ration coefficient, the field excitation required to produce the
em.f. e (1 + &) is §, (1 + kskr); thus an additional excitation
of k.k:F, is required at load, due to the armature resistance.

2. The demagnetizing effect of the ampere-turns armature
reaction of the angle of shift of brushes z, requires an increase
of field excitation by 7,%.. (Section VIIL.)

3. The distorting effect of armature reaction does not change
the total m.m.f. producing the magnetic flux. If, however, mag-
netic saturation is reached or approached in a part of the mag-
netic circuit adjoining the air gap, the increase of magnetic
density at the strengthened pole corner is less than the decrease
at the weakened pole corner, and thus the total magnetic flux
with the same total m.m.f. is reduced, and to produce the same
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total magnetic flux an increased total m.m.f., that is, increase of
field excitation, is required. This increase depends upon the
saturation of the magnetic circuit adjacent to the armature
conductors.

4. The magnetic stray field of the machine, that is, that part
of the magnetic flux which passes from field pole to field pole with-
out entering the armature, usually increases with the load. This
stray field is proportional to the difference of magnetic potential
between field poles; that is, at no-load it is proportional to the
ampere-turns m.m.f. consumed in air gap, armature teeth, and
armature core. Under load, with the same generated e.m.f.,
that is, the same magnetic flux passing through the armature
core, the diffcrence of magnetic potential between adjacent field
poles is increased by the counter m.m.f. of the armature and by
saturation. Since this magnetic stray flux passes through field
poles and yoke, the magnetic density therein is increased and the
field excitation correspondingly, especially if the magnetic den-
sity in field poles and yoke is near saturation. This increase of
field strength required by the increase of density in the external
magnetic circuit, due to the increase of magnetic stray field,
depends upon the shape of the magnetic circuit, the armature
reaction, and the saturation of the external magnetic circuit.

Curves giving, with the amperes output as abscissas, the
ampere-turns per pole field excitation required to increase the
voltage proportionally to the current, are called over-compound-
ing curves. In the increase of field excitation required for over-
compounding, the effects of magnetic saturation are still more
marked.

XI. Characteristic Curves.

50. The field characteristic or regulation curve, that is, curve
giving the terminal voltage as function of the current output at
constant field excitation, is of less importance in commutating
machines than in synchronous machines, since commutating
machines are usually not operated with separate and constant
excitation, and the use of the series field affords a convenient
means of changing the field excitation proportionally to the load.
The curve giving the terminal voltage as function of current out-
put, in a compound-wound machine, at constant resistance in the
shunt field, and constant adjustment of the series field, is, how-
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ever, of importance as regulation curve of the direct-current
generator. This curve would be a straight line except for the
effect of saturation, etc., as discussed above.

XII. Efficiency and Losses.

60. The losses in a commutating machine which have to be
considered when deriving the efficiency by adding the individual
losses are:

1. Loss in the resistance of the armature, the commutator
leads, brush contacts and brushes, in the shunt field and the
series ficld with their rheostats.

2. Hysteresis and eddy currents in the iron at a voltage equal
to the terminal voltage, plus resistance drop in a generator, or
minus resistance drop in a motor.

3. Eddy currents in the armature conductors when large and
not protected.

4. Friction of bearings, of brushes on the commutator, and
windage.

5. Load losses, due to the increase of hysteresis and of eddy
currents under load, caused by the change of the magnetic dis-
tribution, as local increase of magnetic density and of stray field.

The friction of the brushes and the loss in the contact resist-
ance of the brushes are frequently quite considerable, especially
with low-voltage machines.

Constant or approximately constant losses are: friction of
bearings and of commutator brushes, and windage; hysteresis
and eddy current losses; and shunt field excitation. Losses
increasing with the load, and proportional or approximately
proportional to the square of the current: armature resistance
losses; series field resistance losses; brush contact resistance
losses; and the so-called “load-losses,” which, however, are
usually small in commutating machines.

XIII. Commutation.

61. The most important problem connected with commutating
machines is that of commutation.

Fig. 104 represents diagrammatically a commutating machine.
The e.m.f. generated in an armature coil A is zero with this coil
at or near the position of the commutator brush B,. It rises
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and reaches a maximum about midway between two adjacent
sets of brushes, B, and B,, at C, and then decreases again,
reaching zero at or about B,, and then repeats the same change
in opposite direction. The current in armature coil 4, however,
is constant during the motion of the coil from B, to B,. While
the coil A passes the brush B,, however, the current in the coil

Fig. 104. Diagram for the Study of Commutation.

A reverses, and then remains constant again in opposite direc-
tion during the motion from B, to B,. Thus, while the armature
coils of a commutating machine are the seat of a system of poly-
phase e.m.fs. having as many phases as coils, the current in these
coils is constant, reversing successively. ‘

62. The reversal of current in coil A takes place while the
gap G between the two adjacent commutator segments between
which the coil A is connected, passes the brush B,. Thus, if
l, = width of brushes, S = peripheral speed of commutator per
second in the same measure in which 7, is given, as in inches per

Ly

3 is the time during which

second if 7, is given in inches, ¢, =
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the current in A reverses. Thus, considering the reversal as a
single alternation, ¢, is a half period, and thus f, = 51? = —2§Z— is
2, w

the frequency of commutation; hence, if L = inductance of the
armature coil 4, the e.m.f. generated in the armature coil during
commutation is e, = 2 zf Lz, where 7, = current reversed, and
the energy which has to be dissipated during commutation is7?L.

The frequency of commutation/is very much higher than the
frequency of synchronous m es, and averages from 300 to
1000 cycles per second, or mo

63. In reality, however t

changes of current during com-
mutation are not sinusoidag} Rut a complex exponential func-
tion, and the resistance o¥ the commutated circuit enters the
problem as an importantNactor. In the moment when the gap
G of the armatpre coil A[¥eaches the brush B,, the coil 4 is short-
circuited by the prushand the current %, in the coil begins to
die out, or rathe nge at a rate depending upon the internal
resistance and\ thy idluctance of the coil 4 and the e.m.f. gener-
ated in the cgi\by Yhe magnetic flux of armature reaction and by
¢ flux. The higher the internal resistance the
chenge of current, and the higher the inductance
e current changes. Thus two cases have to be dis-

faster is t
the slower
tinguished!

1. No magnitic flux enters the armature at the position of
the brushes, thak is, no e.m.f. is generated in the armature coil
under commutatton, except that of its own self-inductance. In
this case the commutation is entirely determined by the induc-
tance and resistance of the armature coil A, and is called
resistance commutation.

2. Commutation takes place in an active magnetic field; that
is, in the armature during commutation an e.m.f. is generated
by its rotation through a magnectic field. This magnetic field
may be the magnetic ficld of armature reaction, or the reverse
magnetic field of a commutating pole, or the fringe of the main
field of the machine, into which the brushes are shifted. In
this case the commutation depends upon the inductance and the
resistance of the armature coil and the e.m.f. generated therein
by the main magnetic field, and if this magnetic field is a com-
mutating field, is called voltage commutation.
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In either case the resistance of the brushes and their contact
may either be negligible, as usually the case with copper brushes,
or it may be of the same or a higher magnitude than the internal
resistance of the armature coil A. The latter is usually the case
with carbon or graphite brushes.

In the former case the resistance of the short-cireuit of arma-
ture coil A under commutation is approximately constant; in
the latter case it varies from infinity in the moment of beginning
commutation down to minimum, and then up again to infinity at
the end of commutation.

64. (a.) Negligible resistance of brush and brush contact.

This is more or less approximately the case with copper
brushes.

Let 1, = current,

L = inductance,
resistance of armature coil,

ﬁ
I

l . .
t, = = = time of commutation,

S
and — e = e.m.f. generated in the armature coil by its rotation
through the magnetic field, where ¢ is negative for the magnetic
field of armature reaction and positive for the commutating field.
Denoting the current in the coil 4 at time ¢ after beginning
of commutation by ¢, the e.m.f. of self-inductance is

dr
=—L%.
& at
Thus the total e.m.f. acting in coil 4,
) dr
—e+ e =—6_L;li,
and the current is
jo—ete ¢ Ldi
r r rd
Transposing, this expression becomes
i _di
L e ny,
r

the integral of which is

rt e .
-1= log. <; + z) ~ log.c,

where log. ¢ = integration constant.
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Since at t = 0, © = 7, we have

ot = g 5),
therefore

r

-2+ ir), and i = G+ AR
r r r

and, at the end of commutation, or, ¢ = ¢,

r
e, .\ -1b e
21=(—+’Lo>e Lo —-.
r r

For perfect commutation, '
1 ="
that is, the current at the end of commutation must have reversed
and reached its full value in opposite direction.
Substituting in this last equation the value % =1, from the pre-
ceding equation, and transforming, we have

¢4
—Iz;lo r 0
[ =€
2+,
r

taking the logarithms of hoth terms,

r = + zo
Z logi
- —1,
r
and, solving the exponential equation for e, we obtain
Ty
L
S S
1—¢ L"

It is evident that the inequality ¢ > 14 must be true, otherwise
perfect commutation is not possible. ~
If

e =0,
we have .

i=1g L%
that s, the current never reverses, but merely dies out more or
less, and in the moment when the gap @ of the armature coil
leaves the brush B the current therein has to rise suddenly to
full intensity in opposite direction. This being impossible, due
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to the inductance of the coil, the current forms an are from the
brush across the commutator surface for a length of time depend-
ing upon the inductance of the armature coil.

Therefore, with low-resistance brushes, resistance commutation
is not permissible except with machines of extremely low arma-
ture inductance, that is, armature inductance so low that the

y 2
magnetic energy l"-z—j; , Which appears as spark in this case, is

harmless.

Voltage commutation is feasible with low-resistance brushes,
but requires a commutating e.m.f. e proportional to current ,;
that is, requires shifting of brushes proportionally to the load, or
a commutating pole.

In the preceding, the e.m.f. e has been assumed constant dur-
ing the commutation. In reality it varies somewhat, usually
increasing with the approach of the commutated coil to a denser
field. Tt is not possible to
consider this variation in
general, and e is thus to be

considered the average value

during commutation. (T

65. (b.) High-resistance —— 5
brush contact. |

Fig. 105 represents a brush
B commutating armature — >
coil A. '

Let r, = contact resist- Fig. 105. Brush Commutating Coil A.
ance of the brush, that is,
resistance from the brush to the commutator surface over
the total bearing surface of the brushes. The resistance of the
commutated circuit is thus internal resistance of the armature
coil 7 plus the resistance from C to B plus the resistance from
B to D.

Thus, if ¢, = time of commutation, at the time ¢ after the
beginning of the commutation, the resistance from C to B is
tiﬂand from B to D is-ti"?:ﬂ;; thus, the total resistance of the
commutated coil is

r tr

t,r {
- Lo 4 bolo _ _ LTy,
e e T
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If 4, = current in coil A before commutation, the total cur-
rent into the armature from brush B is 27,. Thus, if ¢ = current
in commutated coil, the current from B to D = %, 4 %, the
current from B to C' = 7,— 1.

Hence, the difference of potential from D to C'is

Lo 4 gy — oy, — ).
t,—1 t

The e.m.f. acting in coil 4 is

_ o Ldi
dt
and herefrom the difference of potential from D to C'is
—e— L:-Zl—; —r;
hence,
di . tro - N X

_6—Lc—lz —r =t7.i_-gi (T + 1) — —9):—0(10—-1,);
or, transposing,

Ldy . tra,(2t—1t,) brg

a Tty Tie—p %

di . 7ot > Tolgly 20—1t) _
Ldt+e+’“<r+z(to—t)+ -1 O

The further solution of this general problem becomes diffi-
cult, but even without integrating this differential equation a
number of important conclusions can be derived.

Obviously the commutation is correct and thus sparkless, if
the current entering over the brush shifts from segment to seg-
ment in direct proportion to the motion of the gap between
adjacent segments across the brush, that is, if the current den-
sity is uniform all over the contact surface of the brush. This
means that the current ¢ in the short-circuited coil varies from
+ 1,t0 — 1%, as a linear function of the time. In this case it
can be represented by

thus,

di _ 21,
dt

¢

0
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Substituting this value in the general differential equation
gives, after some transformation,

f—to+r(to—2t)—2L - 0;
0

. (2L ( t);
e=1d——r{l—2~)%
i

which gives at the beginning of commutation, ¢t = 0,

. 2L
€, =1 <T—7‘>;

0

or,

at the end of commutation, ¢ = ¢,
. 2L
e, =1, (T =+ T);
Q

that is, even with high-resistance brushes, for perfect com-
mutation, voltage commutation is necessary, and the e.m.f. e
impressed upon the commutated coil must increase during com-
mutation from e, to e,, by the above equation. This e.m.f. is
proportional to the current 7,, but is independent of the brush
resistance r,.

ResistancE COMMUTATION.

66. Herefrom it follows that resistance commutation cannot
be perfect, but that at the contact with the segment that leaves
the brush the current density must be higher than the average.
Let k; = ratio of actual current density at the moment of leav-
ing the brush to average current density of brush contact, and
considering only the end of commutation, as the most important
moment, we have

=i, 2 Ic,-—-lz ta— 2kt
For t = t,—t* this gives

0

. . .
T=—1,+ 2k;—1,
tO
while uniform current density would require

. . .
1=—1,+ 22—10.
0
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The general differential equation of resistance commutation,
e=0,1is
dv ( Tty ) Tolgle (21 —1)
LT Ut =0/ T ta—0
Substituting in this equation the value of 4 from the foregoing
equation, expanding and cancelling ¢, — ¢, we obtain

21t (ki — 1) + rity (2 ky— 1) — 2krt* — 2 kilt = 0;
hence,

= 0.

_ ty (21, + 1) )
2 (rtl + rit, — 2 — Lt)

k.

and fort = t,,
L+%
k, = b @7+ 1) gy 2 :
2 (rio— L) Toto — L
that is, k; is always > 1.

The smaller L and the larger r,, the smaller is £:; that is, the
nearer it is to 1, the condition of perfect commutation, and
the better is the commutation.

Sparkless commutation is impossible for very large values of
k; that is, when L approaches rt, or when r, is not much

b

L . . .. .
larger than . For this reason, in machines in which L cannot

0
be made small, r is sometimes made large by inserting resistors
in the leads between the armature and the commutator, so-called
“resistance’” or “preventive’ leads as used in alternating-current
commutator motors.

XIV. Types of Commutating Machines.

67. By the methods of excitation, commutating machines are

subdivided into magneto, separately excited, shunt, series, and
. ’ . T—— .

compound machines. Magneto machines and separately excited
machines are very similar in their characteristics. In either,
the field excitation is of constant, or approximately constant,
impressed m.m.f. Magneto machines, however, are little used,
except for very small sizes.

By the direction of energy transformation, commutating
machines are subdivided into generators and motors.
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Of foremost importance in discussing the different types of
machines is the saturation curve or magnetic characteristic;
that is, a curve relating terminal voltage at constant speed to
ampere-turns per pole field excitation, at open circuit. Such
a curve is shown as A in Figs. 106 and 107. It has the same
general shape as the magnetic flux density curve, except that the
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Fig. 106. Generator Saturation Curves.

AMPER

knee or bend is less sharp, due to the different parts of the mag-
netic circuit reaching saturation successively.

Thus, in order to generate voltage ac the field excitation oc
is required. Subtracting from ac in a generator, Fig. 106, or
adding in a motor, Fig. 107, the value ab = ir, the voltage con-
sumed by the resistance of the armature, commutator, ete.,
gives the terminal voltage bc at current 4, and adding to oc the
value ce = bd = 1¢ = armature reaction, or rather field excita-
tion required to overcome the armature reaction, gives the field
excitation ce required to produce the terminal voltage de at
current ©. The armature reaction 4g, corresponding to current ¢,
is calculated as discussed before, and ¢ may be called the coef-
fictent of armature reaction.

68. Such a curve, D, shown in Fig. 106 for a generator, and
in Fig. 107 for a motor, and giving the terminal voltage de at
current 7, corresponding to the field excitation oe, is called a
load saturation curve. Its points are respectively distant from
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the corresponding points of the no-load saturation curve 4 a
constant distance equal to ad, measured parallel thereto.

Curves D are plotted under the assumption that the armature
reaction is constant. Frequently, however, at lower voltage the
armature reaction, or rather the inerease of excitation required
to overcome the armature reaction g, increases, since with
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Fig. 107.—Motor Saturation Curves.

voltage commutation at lower voltage, and thus weaker field
strength, the brushes have to be shifted more to secure spark-
less commutation, and thus the demagnetizing effect of the
angle of lead increases. At higher voltage 7¢ usually increases
also, due to increase of magnetic saturation under load, caused
by the increased stray field. Thus, the load saturation curve
of the continuous-current generator more or less deviates from
the theoretical shape D towards a shape shown as G.

A. GENERATORS.
Separately excited and Magneto Generator.

69. In a separately excited or magneto machine, that is, a
machine with constant field excitation &, a demagnetication
curve can be plotted from the magnetization or saturation curve
A in Fig. 106. At current 7, the resultant m.m.f. of the ma-
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chine is §, — 1g, and the generated voltage corresponds thereto
by the saturation curve 4 in Fig. 107. Thus, in Fig. 108 a
demagnetization curve 4 is plotted with the current ob = 7 as
abscissas and the generated em.f. ab as ordinates, under the
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assumption of constant coefficient of armature reaction ¢, that
is, corresponding to curve D in Fig. 106. This curve becomes
zero at the current ¢,, which makes ¢,g = ¥,. Subtracting from
curve A in Fig. 39 the drop of voltage in the armature and
commutator resistance, ac = r, gives the external characteristic
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B of the machine as generator, or the curve relating the terminal
voltage to the current.

In Fig. 109 the same curves are shown under the assumption
that the armature reaction varies with the voltage in the way
as represented by curve G in Fig. 106.

In a separately excited or magneto motor at constant speed
the external characteristic would lic as much above the demag-
netization curve A as it lies below in a generator in Fig. 108,
and at constant voltage the speed would vary inversely pro-
portional hereto. ‘

Shunt Generator.
7o. The external or load characteristic of the shunt generator

is plotted in Fig. 110 with the current as abscissas and the
terminal voltage as ordinates, as A for constant coefficient of
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Fig. 110.—Shunt Generator Load Characteristic.

armature reaction, and as B for a coefficient of armature reac-
tion varying with the voltage jn the way as shown in G, Fig. 106.
The construction of these curves is as follows:

In Fig. 106, og is the straight line giving the field excitation
oh as function of the terminal voltage hg (the former obviously
being proportional to the latter in the shunt machine). The
open-eireuit or no-load voltage of the machine is then kq.

Drawing gl parallel to da (assuming constant coefficient of
armature reaction, or parallel to the hypothenuse of the triangle
1g, 7 at voltage og, when assuming variable armature reaction),
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then the current which gives voltage gh is proportional to gi,
that is, 7: 7, = ¢l: da, where 7, is the current at the voltage de.

As seen from Fig. 110, a maximum value of current exists
which is less if the brushes are shifted than at constant position
of brushes.

From the load characteristic of the shunt generator the
resistance characteristic is plotted in Fig. 111; that is, the de-
pendence of the terminal voltage upon the external resistance

terminal voltage
R = .
current
constant, curve B to varying armature reaction. It is seen
that at a certain definite resistance the voltage becomes zero,
and for lower resistance the machine cannot generate but loses
its excitation.

The variation of the terminal voltage of the shunt generator
with the speed at constant field resistance is shown in Fig. 112,
at no load as A4, and at constant current © as B. These curves
are derived from the preceding ones. They show that below a
certain speed, which is much higher at load than at no load, the
machine cannot generate. The lower part of curve B is unstable
and cannot be realized.

Curve A in Fig. 111 corresponds to

Series Generator.

71. In the series generator the field excitation is proportional
to the current ¢, and the saturation curve 4 in Fig. 113 can thus
be plotted with the current 7 as abscissas. Subtracting ab = r,
the resistance drop, from the voltage, and adding bd = g, the
armature reaction, gives a load saturation curve or external
characteristic B of the series generator. The terminal voltage
is zero at no load or open circuit, increases with the load,
reaches a maximum value at a certain current, and then de-
creases again and reaches zero at a certain maximum current,
the current of short-circuit.

Curve B is plotted with constant coefficient of armature reac-
tion ¢. Assuming the brushes to be shifted with the load and
proportionally to the load, gives curves C, D, and E, which are
higher at light load, but fall off faster at high load. A still
further shift of brushes near the maximum current value even
overturns the curve as shown in F. Curves £ and F correspond
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to a very great shift of brushes, and an armature demagnetizing
effect of the same magnitude as the field excitation, as realized
in arc-light machines, in which the last part of the curve is used
to secure inherent regulation for constant current.
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Fig. 113. Series Generator Saturation Curve and Load Characteristic.

The resistance characteristic, that is the dependence of the
current and of the terminal voltage of the series generator upon
the external resistance, are constructed from Fig. 113 and
plotted in Fig. 114.

B, and B, in Fig. 114 are terminal volts and amperes corre-
sponding to curve B in'Fig. 113, E, E,, and F, volts and amperes
corresponding to curves £ and F in Fig. 113.

Above a certain external resistance the series generator loses
its excitation, while the shunt generator loses its excitation
below a certain external resistance.

Compound Generator.

72. The saturation curve or magnetic characteristic 4, and
the load saturation curves D and G of the compound generator,
are shown in Fig. 115 with the ampere-turns of the shunt field
as abscissas. 4 is the same curve as in Fig. 106, while D and
@ in Fig. 115 are the corresponding curves of Fig. 106 shifted to
the left by the distance 1g,, the m.m.f. of ampere-turns of the
series field.
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At constant position of brushes the compound generator, when
adjusted for the same voltage at no load and at full load, under-
compounds at higher and over-compounds at lower voltage, and
even at open circuit of the shunt field gives still a voltage op as
series generator. When shifting the brushes under load, at lower
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voltage a second point g is reached where the machine compounds
correctly, and below this point the machine under-compounds
and loses its excitation when the shunt field decreases below a
certain value; that is, it does not excite itself as series generator.

B. Mortogs.

Shunt Motor.

73. Three speed characteristics of the shunt motor at con-
stant impressed e.m.f. ¢ are shown in Fig. 116 as 4, P, Q, corre-
sponding to the points d, p, g of the motor load saturation curve,
Fig. 107. Their derivation is as follows: At constant impressed
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Fig. 116. Shunt Motor Speed Curves, Constant Impressed e.m.f.

e.n.f. e the field excitation is constant and equals §,, and at
current ¢ the generated e.m.f. must be ¢ —7r. The resultant
field excitation is §, — g, and corresponding hereto at constant
speed the generated e.m.f. taken from saturation curve A in
Fig. 107 is e,. Since it must be e — 7r, the speed is changed in

the proportion ¢

1

At a certain voltage the speed is very nearly constant, the
demagnetizing effect of armature reaction counteracting the
effect of armature resistance. At higher voltage the speed falls,
at lower voltage it rises with increasing current.

In Fig. 117 is shown the speed characteristic of the shunt
motor as function of the impressed voltage at constant output,
that is, constant product, current times generated e.m.f. If
7 = current and P = constant output, the generated e.m.f.
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must be approximately e, = ]ft—.j, and thus the terminal voltage

e = e, + ir. Proportional hereto is the field excitation &,
The resultant m.m.f. of the field is thus § = &, — 1¢, and corre-
sponding thereto from curve 4 in Fig. 108 is derived the e.m.f. ¢,
which would be generated at constant speed by the m.m.f. 5.
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Fig. 117. Shunt Motor Speed Curve, Variable Impressed e.m.f.

Since, however, the generated e.m.f. must be e,, the speed is

changed in the proportion zl .

0
The speed rises with increasing and falls with decreasing im-
pressed e.m.f. Still further decreasing the impressed e.m.f.,
the speed reaches a minimum and then increases again, but the
conditions become unstable.

Series Motor.

74. The speed characteristic of the series motor is shown in
Fig. 118 at constant impressed e.m.f. e. A is the saturation
curve of the series machine, with the current as abscissas and at ~
constant speed. At current ¢, the generated e.m.f. must be

e — ir, and the speed is thus Z—%

times that, for which curve A4

1
is plotted, where e, = e.n.f. taken from saturation curve A.
This speed curve corresponds to a constant position of brushes
midway between the field poles, as generally used in railway
motors and other series motors. If the brushes have a constant
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shift or are shifted proportionally to the load, instead of the
saturation curve A4 in Fig. 118 a curve is to be used correspond-
ing to the position of brushes, that is, derived by adding to the
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Fig. 118. Series Motor Speed Curve.

abscissas of 4 the values 7, the demagnetizing effect of arma-
ture reaction.

The torque of the series motor is shown also in Fig. 118,
derived as proportional to A X 7, that is, eurrent X magnetic
flux.

Compound Motors.

75. Compound motors can be built with cumulative com-
pounding and with differential compounding.

Cumulative compounding is used to a considerable extent, as
in elevator motors, etc., to secure economy of current in starting
and at high loads at the sacrifice of speed regulation; that is, a
compound motor with cumulative series field stands in its speed
and torque characteristic intermediate between the shunt motor
and the series motor.

Differential compounding is used to secure constancy of speed
with varying load, but to a small extent only, since the speed
regulation of a shunt motor can be made sufficiently close, as was
shown in the preceding.
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Conclusion.

76. The preceding discussion of commutating machine types
can obviously be only very general, showing the main character-
isties of the curves, while the individual curves can be modified
to a considerable extent by suitable design of the different parts
of the machine when required to derive certain results, as, for
instance, to extend the constant-current part of the series gen-
erator; or to derive a wide range of voltage at stability, that is,
beyond the bend of the saturation curve in the shunt generator;
or to utilize the range of the shunt generator load characteristic
at the maximum current point for constant-current regulation;
or to secure constancy of speed in a shunt motor at varying
impressed e.m.f., etc.

The use of the commutating machine as direct-current con-
verter has been omitted from the preceding discussion. By
means of one or more alternating-current compensators or
auto-transformers, connected to the armature by collector
rings, the commutating machine can be used to double or halve
the voltage, or convert from one side of a three-wire system to
the other side and, in general, to supply a three-wire Edison
system from a single generator. Since, however, the direct-
current converter and three-wire generator exhibit many fea-
tures similar to those of the synchronous converter, as regards
the absence of armature reaction, the reduced armature
heating, etc., they will be discussed as an appendix to the
synchronous converter



C. ALTERNATING-CURRENT COMMUTATING MACHINES.
I. General.

Alternating-current commutating machines have so far be-
come of industrial importance mainly as motors of the series
or varying-speed type, for single-phase railroading, and to some
extent also as constant-speed motors for cases as elevators or
hoists, where efficient acceleration under heavy torque is neces-
sary. As generators, they would be of advantage for the gen-
eration of very low frequency, since in this case synchronous
machines are uneconomical, due to their very low speed, resultant
from the low frequency.

The direction of rotation of a direct-current motor, whether
shunt or series motor, remains the same at a reversal of the
impressed e.m.f., as in this case the current in the armature
circuit and the current in the field circuit and so the field mag-
netism both reverse. Theoretically, a direct-current motor
therefore could be operated on an alternating impressed e.m.f.
provided that the magnetic circuit of the motor is laminated, so
as to follow the alternations of magnetism without serious loss
of power, and that precautions are taken to have the field re-
verse simultaneously with the armature. If the reversal of field
magnetism should occur later than the reversal of armature cur-
rent, during the time after the armature current has reversed,
but before the field has reversed, the motor torque would be in
opposite direction and thus subtract; that is, the field magnetism
of the alternating-current motor must be in phase with the arma-
ture current, or nearly so. This is inherently the case with the
series type of motor, in which the same current traverses field
coils and armature windings.

Since in the alternating-current transformer the primary and
secondary currents and the primary voltage and the secondary
voltage are proportional to each other, the different circuits of
the alternating-current commutator motor may be connected
with each other directly (in shunt or in series, according to the

type of the motor) or inductively, with the interposition of a
219
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transformer, and for this purpose either a separate transformer
may be used or the transformer feature embodied in the motor,
as in the so-called repulsion type of motors. This gives to the
alternating-current commutator motor a far greater variety of
connections than possessed by the direct-current motor.

While in its general principle of operation the alternating-
current commutator motor is identical with the direct-current
motor, in the relative proportioning of the parts a great differ-
ence exists. In the direct-current motor, voltage is consumed
by the counter e.m.f. of rotation, which represents' the power
output of the motor, and by the resistance, which represents
the power loss. In addition thereto, in the alternating-current
motor voltage is consumed by the inductance, which is wattless
or reactive and therefore causes a lag of current behind the
voltage, that is, a lowering of the power-factor. While in the
direct-current motor good design requires the combination of
a strong field and a relatively weak armature, so as to reduce
the armature reaction on the field to a minimum, in the design
of the alternating-current motor considerations of power-factor
predominate; that is, to secure low self-inductance and there-
with a high power-factor, the combination of a strong armature
and a weak field is required, and necessitates the use of methods
to eliminate the harmful effects of high armature reaction.

As so far only the varying-speed single-phase commutator
motor has found an extensive use as railway motor, this type of
motor will mainly be treated in the following, and the other
types discussed in the concluding paragraphs.

II. Power-Factor.

In the commutating machine the magnetic field flux generates
the e.m.f. in the revolving armature conductors, which gives the
motor output; the armature reaction, that is, the magnetic flux
produced by the armature current, distorts and weakens the field,
and requires a shifting of the brushes to avoid sparking due to
the short-circuit current under the commutator brushes, and
where the brushes cannot be shifted, as in a reversible motor,
this necessitates the use of a strong field and weak armature to
keep down the magnetic flux at the brushes. In the alternat-
ing-current motor the magnetic field flux generates in the arma-
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ture conductors by their rotation the e.m.f. which does the work
of the motor, but, as the field flux is alternating, it also generates
in the field conductors an e.m.f. of self-inductance, which is not
useful but wattless, and therefore harmful in lowering the
power-factor, hence must be kept as low as possible.

This e.m.f. of self-inductance of the field, e,, is proportional
to the field strength ®, to the number of field turns n,, and to
the frequency f of the impressed e.m.f.

e, = 2 nfn,® 107, (1)
while the useful e.m.f. generated by the field in the armature
conductors, or “e.m.f. of rotation,” e, is proportional to the field

strength ®, to the number of armature turns », and to the
frequency of rotation of the armature, £,
e=2rfn,® 1075 2)
This later e.m.f., e, is in phase with the magnetic flux @, and
so with the current ¢, in the series motor, that is, is a power
e.m.f., while the e.m.f. of self-inductance, e,, is wattless, or in
quadrature with the current, and the angle of lag of the motor
current thus is given by
e
tan 6 = —20—
an 0 = o ©)
where i = voltage consumed by the motor resistance. Or ap-
proximately, since 4r is small compared with e (except at very
low speed),

tan 6 = 2117 @
and, substituting herein (1) and (2),
T .
tan 0 = - (5)

Small angle of lag and therewith good power-factor therefore
require high values of £, and n, and low values of f and n,.

High f, requires high motor speeds and as large number of
poles as possible. Low f means low impressed frequency; there-
fore 25 cycles is generally the highest frequency considered for
large commutating motors.

High n, and low », means high armature reaction and low
field excitation, that is, just the opposite conditions from that
required for good commutator motor design.
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Assuming synchronism, f, = f, as average motor speed,—750
revolutions with a 4-pole 25-cycle motor,—an armature reac-
tion n, equal to the field excitation n, would then give tan 6 = 1
0 = 45 deg., or 70.7 per cent power-factor; that is, with an
armature reaction beyond the limits of
( \ good motor design, the power-factor is
still too low for use.
=] The armature, however, also has a
A self-inductance; that is, the magnetic
\ flux produced by the armature current
as shown diagrammatically in Fig. 119
N y generates a reactive e.m.f. in the arma-
— ture conductors, which again lowers the
power-factor. While this armature self-
\ J inductance is low with small number
Fig, 110, Distribution of of armature turns, it becomes consid-

Main Field and Field of €F2ble when the number of armature

Armature Reaction. turns n, is large compared with the field

turns n,.
Let ®, = field reluctance, that is, reluctance of the magnetie

field circuit, and ®, = % = the armature reluctance, that is,

b= %’ = ratio of reluctances of the armature and the field mag-
1
netic circuit; then, neglecting magnetic saturation, the field flux is

o =1,
(RO
the armature flux is
) =M=m=".ﬁb¢,’ (6)

1
(Rl (R'O nO
and the e.m.f. of self-inductance of the armature circuit is
e, = 2nfn,d, 107°
2
= 2af 1 bd 10°°; @)
nO
hence, the total e.m.f. of self-inductance of the motor, or wattless
em.f., by (1) and (7) is
2 2
e, + ¢, = 2 nfd 10~ <M> ®

0



ALTERNATING-CURRENT COMMUTATING MACHINES. 223
and the angle of lag 6 is given by

tan@:g‘)_ﬁ-_ql
€

_Ln}+bn, ©
f 0 nOnl ’
or, denoting the ratio of armature turns to field turns by

_n,
q n,

tan 6 = ]4(;— + bq). (10)
0

and this is a minimum; that is, the power-factor a maximum,
for : d

pm ftan 6} = 0,
or, 1 an
QO \/5 ’
and the maximum power-factor of the motor is then given by
2
tanf, = =~ —- 12
* oV (42

Therefore the greater b is the higher the power-factor that

can be reached by proportioning field and armature so that
1
QO \/Z—)

Since b is the ratio of armature reluctance to field reluctance,
good power-factor thus requires as high an armature reluctance
and as low a field reluctance as possible; that is, as good a mag-
netic field cireuit and poor magnetic armature circuit as feasible.
This leads to the use of the smallest air gaps between field and
armature which are mechanically permissible. With an air gap
of 0.10 to 0.15 in. as the smallest safe value in railway work, b
cannot well be made larger than about 4.

Assuming, then, b = 4, gives ¢ = 2, that is, twice as many
armature turns as field turns; n, = 2 n,.

The angle of lag in this case is, by (12), at synchronism: f, = f,

tan 6, = 1,
giving a power-factor of 70.7 per cent.

It follows herefrom that it is not possible, with a mechan-
ically safe construction, at 25 cycles to get a good power-factor

L
nO
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at moderate speed, from a straight series motor, even if such a
design as discussed above were not inoperative, due to excessive
distortion and therefore destructive sparking.

Thus it becomes necessary in the single-phase commutator
motor to reduce the magnetic flux of armature reaction, that is,
increase the effective magnetic reluctance of the armature far
beyond the value of the true magnetic reluctance. This is ac-
complished by the compensating winding devised by Eickemeyer,
by surrounding the armature with a stationary winding closely
adjacent and parallel to the armature winding, and energized
by a current in opposite direction to the armature current, and
of the same m.m.f., that is, the same number of ampere-turns,
as the armature winding.

Every single-phase commutator motor thus comprises a field
winding F, an armature winding 4, and a compensating wind-
ing C, usually located in the pole faces of the field, as shown in
Figs. 120 and 121.

The compensating winding C is either connected in series (but
in reversed direction) with the armature winding, and then has

F
~
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& T c
/D)
\ 7
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Fig. 120. Circuits of Fig. 121. Massed Field Winding
Single-Phase Commu- and Distributed Compensating
tator Motor. Winding.

the same number of effective turns, or it is short-circuited upon
itself, thus acting as a short-circuited secondary with the arma-
ture winding as primary, or the compensating winding is ener-
gized by the supply current, and the armature short-circuited as
secondary. The first case gives the conductively compensated
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series motor, the second case the inductively compensated series
motor, the third case the repulsion motor.

In the first case, by giving the compensating winding more
turns than the armature, over-compensation, by giving it less
turns, under-compensation, is produced. In the other two cases
always complete (or practically complete) compensation results,
irrespective of the number of turns of the winding, as primary
and secondary currents of a transformer always are opposite in
direction, and of the same m.m.f. (approximately).

With a compensating winding C of equal and opposite m.m.f.
to the armature winding A4, the resultant armature reaction is
zero, and the field distortion, therefore, disappears; that is, the
ratio of the armature turns to field turns has no direct effect on
the commutation, but high armature turns and low field turns
can be used. The armature self-inductance is reduced from
that corresponding to the armature magnetic flux &, in Fig. 119
to that corresponding to the magnetic leakage flux, that is, the
magnetic flux passing between armature turns and compensat-
ing turns, or the “slot inductance,”” which is small, especially if
relatively shallow armature slots and compensating slots are used.

The compensating winding, or the “ecross field,” thus fulfils
the twofold purpose of reducing the armature self-inductance
to that of the leakage flux, and of neutralizing the armature
reaction and thereby permitting the use of very high armature
ampere-turns. Theoretically, that is, if there were no leakage
flux, both purposes would be accomplished by the same number
of ampere-turns of the compensating winding, equal to the
ampere-turns of the armature proper. Practically, this is approx-
imately the case even where the magnetic leakage flux exists,
except in the case of motors of very small pole piteh and small
number of armature and compensating slots per pole, as is the
case with high-frequency commutator motors. In the latter
case, minimum self-inductance occurs at a number of compen-
sating ampere-turns lower than the number of armature ampere-
turns, that is, at under-compensation.

The main purpose of the compensating winding thus is to
decrease the armature self-inductance; that is, increase the effec-
tive armature reluctance and thereby its ratio to the field reluc-

tance, b, and thus permit the use of a much higher ratio, ¢ = %‘;
0
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before maximum power-factor is reached, and thereby a higher
power-factor.

Even with compensating winding, with increasing ¢, ulti-
mately a point is reached where the armature self-inductance
equals the field self-inductance, and beyond this the power-
factor again decreases. It becomes possible, however, by the
use of the compensating winding, to reach, with a mechanically
good design, values of b as high as 16 to 20.

Assuming b = 16 gives, substituted in (11) and (12),
that is, four times as many armature turns as field turns, n, =
4 n, and f

. tan §, = 5};;.

hence, at synchronism,
fo=F :tan b6, = 0.5, or 8 per cent power-factor.

At double synchronism, which about represents maximum motor
speed at 25 cycles,

Jo=2f :tan 6, = 0.25, or 98 per cent power-factor;

that is, very good power-factors can be reached in the single-
phase commutator motor by the use of a compensating wind-
ing, far higher than are possible with the same air gap in
polyphase induction motors.

III. Field Winding and Compensating Winding.

The purpose of the field winding is to produce the maximum
magnetic flux ® with the minimum number of turns n,. This
requires as large a magnetic section, especially at the air gap, as
possible. Hence, a massed field winding with definite polar pro-
jections of as great pole arc as feasible, as shown in Fig. 121,
gives a better power-factor than a distributed field winding.

The compensating winding must be as closely adjacent to the
armature winding as possible, so as to give minimum leakage
flux between armature conductors and compensating vonduc-
tors, and therefore is a distributed winding, located in the field
pole faces, as shown in Fig. 121.

The armature winding is distributed over the whole circum-
ference of the armature, but the compensating winding only in
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the field pole faces. With the same ampere-turns in armature
and compensating winding, their resultant ampere-turns are
equal and opposite, and therefore neutralize, but locally the two
windings do not neutralize, due to the difference in the distri-
bution curves of their m.m.fs. The m.m.f. of the field winding
is constant over the pole faces, and from one pole corner to the
next pole corner reverses in direction, as shown diagrammat-
ically by F in Fig. 122, which is the development of Fig. 121.
The m.m.f. of the armature is a maximum at the brushes, mid-
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Fig. 122. Distribution of m.m.f. in Compensated Motor.

way between the field poles, as shown by A in Fig. 122, and
from there decreases to zero in the center of the field pole. The
m.m.f. of the compensating winding, however, is constant in the
space from pole corner to pole corner, as shown by C in Fig. 122,
and since the total m.m.f. of the compensating winding equals
that of the armature, the armature m.m.f. is higher at the
brushes, the compensating m.m.f. higher in front of the field
poles, as shown by curve R in Fig. 122, which is the difference
between A and C; that is, with complete compensation of the
resultant armature and compensating winding, locally under-
compensation exists at the brushes, over-compensation in front
of the field poles. The local under-compensated armature reac-
tion at the brushes generates an e.m.f. in the coil short-circuited
under the brush, and therewith a short-circuit current of commu-
tation and sparking. In the conductively compensated motor,
this can be avoided by over-compensation, that is, raising the
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flat top of the compensating m.m.f. to the maximum armature
m.m.f., but this results in a lowering of the power-factor, due to
the self-inductive flux of over-compensation, and therefore is
undesirable.

To get complete compensation even locally requires the com-
pensating winding to give the same distribution curve as the
armature winding, or inversely. The former is accomplished
by distributing the compensating winding around the entire
circumference of the armature, as shown in Fig. 123. This,
however, results in bringing the field coils further away from the
armature surface, and so increases the
magnetic stray flux of the field winding,
that is, the magnetic flux, which passes
through the field coils, and there pro-
duces a reactive voltage of self-induct-
ance, but does not pass through the
armature eonductors, and so does not
work; that is, it lowers the power-factor,
just as over-compensation would do.
The distribution curve of the armature
winding can, however, be made equal to
that of the compensating winding, and
Fig. 123. Completely Dis.  therewith local complete compensation

tributed Compensating Secured, by using a fractional pitch

Winding. armature winding of a pitch equal to the

pole arc. In this case, in the space
between the pole corners, the currents are in opposite direction
in the upper and the lower layer of conductors in each armature
slot, as shown in Fig. 124, and thus neutralize magnetically ; that
is, the armature reaction extends only over the space of the
armature circumference covered by the pole are, where it is
neutralized by the compensating winding in the pole face.

To produce complete compensation even locally, without
impairing the power-factor, therefore, requires a fractional-pitch
armature winding, of a pitch equal to the field pole arc, or some
equivalent arrangement.

Historically, the first compensated single-phase commutator
motors, built about twenty years ago, were Prof. Elihu Thomson’s
repulsion motors. In these the field winding and compensat-
ing winding were massed together in a single coil, as shown
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diagrammatically in Fig. 125. Repulsion motors are still
occasionally built in which field and compensating coils are
combined in a single distributed winding, as shown in Fig. 126.
Soon after the first repulsion motor, conductively and induc-

Fig. 124. Fractional Pitch Arma- Fig. 125. Repulsion Motor with
ture Winding. Massed Winding.

~
&

-:K-::' ([
b

: Fig. 127.  Eickemeyer
Fig. 126. Repulsion Motor Inductively Compen-
with Distributed Winding. sated Series Motor.

tively compensated series motors were built by Eickemeyer, with
a massed field winding and a separate compensating winding,
or cross coil, either as single coil or turn or distributed in a num-
ber of coils or turns, as shown diagrammatically in Fig. 127, and
by W. Stanley.

For railway motors, separate field coils and compensating
coils are always used, the former as massed, the latter as dis-
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tributed winding, since in reversing the direction of rotation
either the field winding alone must be reversed or armature
and compensating winding arc reversed while the field winding
remains unchanged.

1V. Types of Varying-Speed Single~-Phase Commutator Motors.

The armature and compensating windings are in inductive
relations to each other. In the single-phase commutator motor
with series characteristic, armature and compensating windings
therefore can be connected in series with each other, or the
supply voltage impressed upon the one, the other closed upon
itself as secondary circuit, or a part of the supply voltage im-
pressed upon the one, and another part upon the other circuit,
and in either of these cases the field winding may be connected
in series either to the compensating winding or to the armature
winding. This gives the motor types, denoting the armature by
4, the compensating winding by C, and the field winding by F.

Primary.  Secondary.

1. A+C+F ... Conductively compensated
series motor. Fig. 128,

2. A+F C Inductively compensated
series motor. Fig. 129.

3. 4 C+F Inductively compensated

series motor with second-
ary excitation, or in-
verted repulsion motor.

Fig. 130.
4. C+F 4 Repulsion motor. Fig. 131.
5. C A+F  Repulsion motor with sec-
ondary excitation. Fig.
132.
6. A+F,C ... Series repulsion motors.
7. A,C+F Figs. 133, 134.

Since in all these motor types all three circuits are connected
directly or inductively in series with each other, they all have
the same general characteristics as the direct-current series
motor; that is, a speed which increases with a decrease of load,
and a torque per ampere input which increases with increase



Fig. 134.
Figs. 128-134. Types of Alternating Current Commutating Motors.
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of current, and therefore with decrease of speed, and the differ-
ent motor types differ from each other only by their commuta-
tion as affected by the presence or absence of a magnetic flux
at the brushes, and indirectly thereby in their efficiency as
affected by commutation losses.

In the conductively compensated series motor, by the choice
of the ratio of armature and compensating turns, over-com-
pensation, complete compensation, or under-compensation can
be produced. In all the other types, armature and compen-
sating windings are in inductive relation, and the compensation
therefore approximately complete.

A second series of motors of the same varying speed charac-
teristics results by replacing the stationary field coils by arma-
ture excitation, that is, introducing the current, either directly
or by transformer, into the armature by means of a second set
of brushes at right angles to the main brushes. Such motors
are used to some extent abroad. They have the disadvantage
of requiring two sets of brushes, but the advantage that their
power-factor can be controlled and above synchronism even
leading current produced. Fig. 135 shows diagrammatically
such a motor, as designed by
Winter-Eichberg-Latour, the so-
called compensated repulsion
motor. In this case compen-
sated means compensated for
power-factor.

The voltage which can be
used in the motor armature is
limited by the commutator: the
I'ig. 135. Type of Alternating Cur- voltage per commutator segment

rent Commutating Motor. is limited by the problem of
sparkless commutation, the

number of commutator segments from brush to brush is limited
by mechanical consideration of commutator speed and width
of segments. In those motor types in which the supply current
traverses the armature, the supply voltage is thus limited to
values even lower than in the direct-current motor, while in the
repulsion motor (4 and 5), in which the armature is the second-
ary circuit, the armature voltage is independent of the supply
voltage, so can be chosen to suit the requirements of commuta-
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tion, while the motor can be built for any supply voltage for
which the stator can economically be insulated.
Alternating-current motors as well as direct-current series
motors can be controlled by series parallel connection of two or
more motors. Further control, as in starting, with direct-
current motors is carried out by rheostat, while with alternating-
current motors potential control, that is, a change of supply
voltage by transformer or auto-transformer, offers a more effi-
cient method of control. By changing from one motor type to
another motor type, potential control can be used in alternat-
ing-current motors without any change of supply voltage, by
appropriately choosing the ratio of turns of primary and second-
ary circult. For instance, with an armature wound for half
the voltage and thus twice the current as the compensating

winding (ratlo of turns 772 = 2), a change of connection from
1

type 3 to type 2, or from type 5 to type 4, results in doub-
ling the field current and therewith the field strength. A
change of distribution of voltage between the two circuits, in
types 6 and 7, with 4 and C wound for different voltages,
gives the same effect as a change of supply voltage, and there-
fore is used for motor control.

In those motor types in which a transformation of power
occurs between compensating winding C and armature winding
A, a transformer flux exists in the direction of the brushes,
that is, at right angles to the field flux. In general, therefore,
the single-phase commutator motor contains two magnetic
fluxes in quadrature position with each other, the main flux or
field flux @, in the direction of the axis of the field coils, or at
right angles to the armature brushes, and the quadrature flux,
or transformer flux, or commutating flux, ®,, in line with the
armature brushes, or in the direction of the axis of the compen-
sating winding, that is, at right angles (electrical) with the field
flux.

The field flux ® depends upon and is in phase with the field
current, except as far as it is modified by the magnetic action of
the short-circuit current in the armature coil under the commu-
tator brushes.

In the conductively compensated series motor, 1, the quad-
rature flux is zero at complete compensation, and in the direc-
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tion of the armature reaction with under-compensation, in
opposition to the armature reaction at over-compensation, but
in either case in phase with the current and so approximately
with the field.

In the other motor types, whatever quadrature flux exists
is not in phase with the main flux, but as transformer flux is due
to the resultant m.m.f. of primary and secondary circuit.

In a transformer with non-inductive or nearly non-inductive
secondary circuit, the magnetic flux is nearly 90 deg. in time
phase behind the primary current, a little over 90 deg. ahead of
the secondary current, as shown in transformer diagram, Fig. 136.

In a transformer with inductive secondary, the magnetic flux
is less than 90 deg. behind the primary current, more than
90 deg. ahead of the secondary current, the more so the higher
is the inductivity of the secondary circuit, as shown by the
transformer diagram, Fig. 137.

Herefrom it follows that—

In the inductively compensated series motor, 2, the quad-
rature flux is very small and practically negligible, as very
little voltage is consumed in the low impedance of the secondary
circuit C; whatever flux there is, lags behind the main flux.

In the inductively compensated series motor with secondary
excitation, or inverted repulsion motor, 3, the quadrature flux
®, is quite large, as a considerable voltage is required for the
field excitation, especially at moderate speeds and therefore
high currents, and this flux ®, lags behind the field flux @, but
this lag is very much less than 90 deg., since the secondary cir-
cuit is highly inductive; the motor field thus corresponding to
the conditions of the transformer diagram, Fig. 137. As result
hereof, the commutation of this type of motor is very good,
flux ®, having the proper phase and intensity required for a com-
mutating flux, as will be seen later, but the power-factor is poor.

In the repulsion motor, 4, the quadrature flux is very con-
siderable, since all the voltage consumed by the rotation of the
armature is induced in it by transformation from the compen-
sating winding, and this quadrature flux ®, lags nearly 90 deg.
behind the main flux ®, since the secondary circuit is nearly
non-inductive, especially at speed.

In the repulsion motor with secondary excitation, 5, the
quadrature flux ®, is also very large, and practically constant,
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corresponding to the impressed e.m.f., but lags considerably less
than 90 deg. behind the main flux ®, the secondary circuit being
inductive, since it contains the field coil F. The lag of the flux
@, increases with increasing speed, since with increasing speed
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Figs. 136-137. Transformer Diagram, Non-Induective and Inductive Load.

the e.m.f. of rotation of the armature increases, the e.m.f. of
self-inductance of the field decreases, due to the decrease of cur-
rent, and the circuit thus becomes less inductive.

The series repulsion motors 6 and 7, give the same phase
relation of the quadrature flux ®, as the repulsion motors, 5
and 6, but the intensity of the quadrature flux ®, is the less
the smaller the part of the supply voltage which is impressed
upon the compensating winding.
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V. Commutation.

In the commutator motor, the current in each armature coil
or turn reverses during its passage under the brush. In the
armature coil, while short-circuited by the commutator brush,
the current must die out to zero and then increase again to its
original value in opposite direction. The resistance of the
armature coil and brush contact accelerates, the self-inductance
retards the dying out of the current, and the former thus assists,
the latter impairs commutation. If an e.m.f. is generated in
the armature coil by its rotation while short-circuited by the
commutator brush, this e.m.f. opposes commutation, that is,
retards the dying out of the current, if due to the magnetic flux
of armature reaction, and assists commutation by reversing
the armature current, if due to the magnetic flux of over-com-
pensation, that is, a magnetic flux in opposition to the armature
reaction.

Therefore, in the direct-current commutator motor with high
field strength and low armature reaction, that is, of negligible
magnetic flux of armature reaction, fair commutation is pro-
duced with the brushes set midway between the field poles, —
that is, in the position where the armature coil which is being
commutated encloses the full field flux and therefore cuts no
flux and has no generated e.m.f., —by using high-resistance
carbon brushes, as the resistance of the brush contact, increas-
ing when the armature coil begins to leave the brush, tends to
reverse the current. Such “resistance commutation” obviously
cannot be perfect; perfect commutation, however, is produced
by impressing upon the motor armature at right angles to the
main field, that is, in the position of the commutator brushes, a
magnetic field opposite to that of the armature reaction and
proportional to the armature current. Such a field is produced
by over-compensation or by the use of a commutating pole or
interpole.

As seen in the foregoing, in the direct-current motor the
counter e.m.f. of self-inductance of commutation opposes the
reversal of current in the armature coil under the commutator
brush, and this can be mitigated in its effect by the use of high-
resistance brushes, and overcome by the commutating field of
over-compensation. In addition hereto, however, in the alter-
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nating-current commutator motor an e.m.f. is generated in the
coil short-circuited under the brush, by the alternation of the
magnetic flux, and this e.m.f., which does not exist in the direct-
current motor, makes the problem of commutation of the alter-
nating-current motor far more difficult. In the position of
commutation no e.m.f. is generated in the armature coil by its
rotation through the magnetic field, as in this position the coil
encloses the maximum field flux; but as this magnetic flux is
alternating, in this position the e.m.f. generated by the alter-
nation of the flux enclosed by the coil is a maximum, This
“e.m.f. of alternation’ lags in time 90 deg. behind the magnetic
flux which generates it, is proportional to the magnetic flux and
to the frequency, but is independent of the speed, hence exists
also at standstill, while the “e.m.f. of rotation’’—which is a max-
imum in the position of the armature coil midway between the
brushes, or parallel to the field flux —is in phase with the field
flux and proportional thereto and to the speed, but independ-
ent of the frequency. In the alternating-current commutator
motor, no position therefore exists in which the armature coil
is free from a generated e.m.f., but in the position parallel to
the field, or midway between the brushes, the e.m.f. of rota-
tion, in phase with the field flux, is a maximum, while the
e.m.f. of alternation is zero, and in the position under the com-
mutator brush, or enclosing the total field flux, the em.f. of
alternation, in electrical space quadrature with the field flux, is
a maximum, the e.m.f. of rotation absent, while in any other
position of the armature coil its generated e.m.f. has a com-
ponent due to the rotation —a power e.m.f. —and a component
due to the alternation — a reactive e.m.f. The armature coils
of an alternating-current commutator motor, therefore, are the
seat of a system of polyphase e.m.fs., and at synchronism the
polyphase e.m.fs. generated in all armature coils are equal, above
synchronism the e.m.f. of rotation is greater, while below syn-
chronism the e.m.f. of alternation is greater, and in the latter case
the brushes thus stand at that point of the commutator where
the voltage between commutator segments is a maximum.
This e.m.f. of alternation, short-circuited by the armature coil in
the position of commutation, if not controlled, causes a short-
circuit current of excessive value, and therewith destructive
sparking; hence, in the alternating-current commutator motor
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it is necessary to provide means to control the short-circuit
current under the commutator brushes, which results from the
alternating character of the magnetic flux, and which does not
exist in the direct-current motor; that is, in the alternating-
current motor the armature coil under the brush is in the
position of a short-circuited secondary, with the field coil as
primary of a transformer; and as in a transformer primary and sec-
ondary ampere-turns are approximately equal, if #», = number of
field turns per pole and ¢ = field current, the current in a single
armature turn, when short-circuited by the commutator brush,
tends to become 7,=n1, that is, many times full-load current; and
as this current isin opposition, approximately, to the field current,
it would demagnetize the field; that is, the motor field van-
ishes, or drops far down, and the motor thus loses its torque.
Especially is this the case at the moment of starting; at speed,
the short-circuit current is somewhat reduced by the self-induc-
tance of the armature turn. That is, during the short time
during which the armature turn or coil is short-circuited by the
brush the short-circuit current cannot rise to its full value, if
the speed is considerable, but it is still sufficient to cause destruc-
tive sparking.

Various means have been proposed and tried to mitigate or
eliminate the harmful effect of this short-circuit current, as high
resistance or high reactance introduced into the armature coil
during commutation, or an opposing e.m.f. either from the out-
side, or by a commutating field.

High-resistance brush contact, produced by the use of very
narrow carbon brushes of high resistivity, while greatly improv-
ing the commutation and limiting the short-circuit current so
that it does not seriously demagnetize the field and thus cause
the motor to lose its torque, is not sufficient, for the reason that
the resistance of the brush contact is not high enough and also
isnot constant. The brush contact resistance is not of the nature
of an ohmic resistance, but more of the nature of a counter
e.m.f.; that is, for large currents the potential drop at the brushes
becomes approximately constant, as seen from the volt-ampere
characteristics of different brushes given in Figs. 138 and 139.
Fig. 138 gives the voltage consumed by the brush contact of
a copper brush, with the current density as abscissas, while
Fig. 139 gives the voltage consumed by a high-resistance carbon
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brush, with the current density in the brush as absecissas. It
is seen that such a resistance, which decreases approximately
inversely proportional to the increase of current, fails in limit-
ing the current just at the moment where it is most required,
that is, at high currents.
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Fig. 138. E.m.f. Consumed at Contact of Copper Brush.
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Fig. 139. E.m.f. Consumed at Contact of High-resistance Carbon Brush.
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CoMMUTATOR LEADS.

Good results have been reached by the use of metallic resist-
ances in the leads between the armature and the commutator.
As shown diagrammatically in Fig. 140 as C, each commutator
segment connects to the armature A by a high non-inductive resist-
ance B, and thus two such resistances are always in the cireuit of
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the armature coil short-circuited under the brush, but also one
or two in series with the armature main circuit, from brush to
brush. While considerable power may therefore be consumed
in these high-resistance leads, nevertheless the efficiency of the
motor is greatly increased by their use; that is, the reduction in
the loss of power at the commutator by the reduction of the
short-circuit current usually is far greater than the waste of

7 7

Z § 7

Fig. 140. Commutation with Resistance Leads.

power in the resistance leads. To have any appreciable effect,
the resistance of the commutator lead must be far higher than
that of the armature coil to which it connects. Of the e.m.f.
of rotation, that is, the useful generated e.m.f., the armature
resistance consumes only a very small part, a few per cent only.
The e.m.f. of alternation is of the same magnitude as the e.m.f.
of rotation,—higher below, lower above synchronisin. With a
short-circuit current equal to full-load current, the resistance of
the short-circuit coil would consume only a small part of the
generated e.m.f. of alternation, and to consume the total e.m.f.
the short-circuit current therefore would have to be about as
many times larger than the normal armature current as the
useful generated e.m.f. of the motor is larger than the resistance
drop in the armature. Long before this value of short-circuit
current is reached the magnetic field would have disappeared
by the demagnetizing force of the short-circuit current, that is,
the motor would have lost its torque.

The ratio of the maximum e.m.f. of alternation e, at the
brushes to the maximum e.m.f. of rotation e, midway between
the brushes, is the ratio of frequency of alternation, f, to frequency
of rotation, f,, or e, + ¢, = f+ f,. The mean value of the

e.m.f. of rotation, per armature coil, then is 2eo, and, assuming %1-)
T
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as the fraction of the generated voltage consumed by the arma-
ture resistance, and r,= resistance per armature coil, the volt-
age consumed by the resistance of the armature coil at normal
current ¢ would be 19
ir=="e, (13)
pr
If then r, is the total resistance of the short-circuit under the
brush, armature coil, brush contact, and resistance leads re-
quired to limit the short-circuit current to ¢ times the arma-
ture current, the total voltage of alternation is consumed by
current ¢, = gt, in resistance r,, if

: qiry = ey; (14)
hence, dividing, 12
qa, pme
121,
===, 15
pef (15)
and
=pf
r, = r; 16
' ° " 2qf, (16)
hence, if at synchronism, f, = f, the resistance drop in the arma-
ture is 5 per cent, or p = (—)-16—5 = 20, and the short-circuit cur-
rent should be limited to twice the armature current, ¢ = 2,
r, =15.7r;

the resistance of the two leads and brush contact thusis 27, =
r,—r = 14.7 r, and each resistance lead and brush contact thus
about 7 times the resistance of the armature coil to which it
connects.

The current 7, in the resistance lead, however, is twice the
armature current ¢, and the heat produced in the resistance lead,
1,’r,, therefore is about 30 times that produced in the armature
coil. The space available for the resistance lead, however, is
less than that available for the armature coil.

It is obvious herefrom that it is not feasible to build these
resistance leads so that each lead can dissipate continuously, or
even for any appreciable time, without rapid self-destruction,
the heat produced in it while in circuit.
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‘When the motor is revolving, even very slowly, this is not neces-
sary, since each resistance lead is only a very short time in cir-
cuit, during the moment when the armature coils connecting to it
are short-circuited by the brushes; that is, if #, = number of

armature turns from brush to brush, the lead is onlyfTof the

time in circuit, and though excessive current densities in mate-
rials of high resistivity are used, the heating is moderate. In
starting the motor, however, if it does not start instantly, the
current continues to flow through the same resistance leads, and
thus they are overheated and destroyed if the motor does not
start promptly. Hence care has to be taken not to have such
motors stalled for any appreciable time with voltage on.

The most serious objection to the use of high-resistance leads,
therefore, is their liability to self-destruction by heating if the
motor fails to start immediately, as for instance when putting the
voltage on the motor before the brakes are released, as is done
when starting on a steep up-grade to keep the train from start-
ing to run back.

Thus the advantages of resistance commutator leads are the
improvement in commutation resulting from the reduced short~
circuit current, and the absence of a series demagnetizing effect
on the fleld at the moment of starting, which would result from
an excessive short-circuit current under the brush, and such
leads are therefore extensively used ; their disadvantage, however,
is that when they are used the motor must be sure to start
immediately by the application of voltage, otherwise they are
liable to be destroyed.

It is obvious that even with high-resistance commutator leads
the commutation of the motor cannot be as good as that of the
motor on direct-current supply; that is, such an alternating-
current motor inherently is more or less inferior in commutation
to the direct-current motor, and to compensate for this effect
far more favorable constants must be chosen in the motor
design than permissible with a direct-current motor, that is, a
lower voltage per commutator segment and lower magnetic
flux per pole, hence a lower supply voltage on the armature,
and thus a larger armature current and therewith a larger com-
mutator, etc.

The insertion of reactance instead of resistance in the leads
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connecting the commutator segments with the armature eoils of
the single-phase motor also has been proposed and used for
limiting the short-circuit current under the commutator brush.

Reactance has the advantage over resistance, that the voltage
consumed by it is wattless and therefore produces no serious heat-
ing and reactive leads of low resistance thus are not liable to self-
destruction by heating if the motor fails to start immediately.

On account of the limited space available in the railway
motor considerable difficulty, however, is found in designing suffi-
ciently high reactances which do not saturate and thus decrease
at larger currents.

At speed, reactance in the armature coils is very objectionable
in retarding the reversal of current, and indeed one of the most
1mportant problems in the design of commutating machines is to
give the armature coils the lowest possible reactance. Therefore
the insertion of reactance in the motor leads interferes seriously
with the commutation of the motor at speed, and thus requires
the use of a suitable commutating or reversing flux, that is, a
magnetic field at the commutator brushes of sufficient strength
to reverse the current, against the self-inductance of the arma-
ture coil, by means of an e.m.f. generated in the armature coil
by its rotation. This commutating flux thus must be in phase
with the main current, that is, a flux of over-compensation.
Reactive leads require the use of a commutating flux of over-
compensation to give fair commutation at speed.

CounTER E.M.FS. IN CommuTATED COIL.

Theoretically, the correct way of eliminating the destructive
effect of the short-circuit current under the commutator brush
resulting from the e.m.f. of alternation of the main flux would
be to neutralize the e.m.f. of alternation by an equal but oppo-
site e.m.f. inserted into the armature coil or generated therein.
Practically, however, at least with most motor types, consider-
able difficulty is met in producing such a neutralizing e.m.f. of
the proper intensity as well as phase. Since the alternating
current has not only an intensity but also a phase displace-
ment, with an alternating-current motor the production of com-
mutating flux or commutating voltage is more difficult than
with direct-current motors in which the intensity is the only
variable.
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By introducing an external e.m.f. into the short-circuited coil
under the brush it is not possible entirely to neutralize its e.m.f.
of alternation, but simply to reduce it to one-half. Several
such arrangements were developed in the early days by Eicke-
meyer, for instance the arrangement shown in Fig. 141, which

represents the development

N of a commutator. The com-

mutator consists of alternate

live segments S and dead

B FBa s § segments §’, that is, seg-
FZITTITTIVIPI BT EL ments not connected to
armature coils, and shown
shaded in Fig. 141. Two
sets of brushes on the com-
mutator, the one, B,, ahead
in position from the other,
B,, by one commutator seg-
ment, and connected to the
first by a coil N, contain-

Fig. 141. Commutation with External D& 1 e'm_'f‘ ?qual l_n phase,

em.f. but half in intensity, and

opposite, to the e.m.f. of

alternation of the armature coil; that is, if the armature coil
contains a single turn, coil N is a half turn located in the main

field space; if the armature coil A contains m turns, % turns in

the main field space are used in coil N. The dead segments S’
are cut between the brushes B, and B,, so as not to short-
circuit between the brushes.

In this manner, during the motion of the brush over the com-
mutator, as shown by Fig. 142 in its successive steps, in position.

1 there is current through brush B ;

2 there is current through both brushes B, and B,, and the
armature coil A is closed by the counter e.m.f. of coil N,
that is, the difference 4 — N is short-circuited;

3 there is current through brush B,;

4 there is current through both brushes B, and B,, and the
coil N is short-circuited ;

5 the current enters again by brush B,;

thus alternately the coil N of half the voltage of the armature
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coil A, or the difference between 4 and N is short-circuited,
that is, the short-circuit current reduced to one-half.

Complete elimination of the short-circuit current can be pro-
duced by generating in the armature coil an opposing e.m.f.
This e.m.f. of neutralization, however, cannot be generated
by the alternation of the magnetic flux through the coil, as this

8, 8,/ /B,

A A A Ll L LT T T LT T

Fig. 142. Commutation by External e.m f.

would require a flux equal but opposite to the full field flux
traversing the coil, and thus destroy the main field of the motor.
The hneutralizing e.m.f., therefore, must be generated by the
rotation of the armature through the commutating field, and
thus can oceur only at speed; that is, neutralization of the
short-cireuit current is possible only when the motor is revolving,
but not while at rest.

The e.m.f. of alternation in the armature coil short-circuited
under the commutator brush is proportional to the main field
®, to the frequency f, and is in time quadrature with the main
field, being generated by its rate of change; hence, it can be
represented by ¢, = 2 7f® 10§, (17)
The e.m.f. e, generated by the rotation of the armature coil through
a commutating field @’ is, however, in time phase with the field
which produces it; and since e, must be equal and in phase with
e, to neutralize it, the commutating field ®’, therefore, must be
in time phase with e, hence in time quadrature with ®; that is,
the commutating field @’ of the motor must be in time quadra-
ture with the main field ® to generate a neutralizing voltage e,
of the proper phase to oppose the e.m.f. of alternation in the
short-circuited coil. This e.m.f. e, is proportional to its gen-
erating field ®’, and to the speed, or frequency of rotation, f,,

hence is e, = 2xf,® 10, (18)
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and from e, = ¢, it then follows that
= 3‘<I>J:; (19)
Y

that is, the commutating field of the single-phase motor must
be in time quadrature behind and proportional to the main
field, proportionl to the frequency and inversely proportional
to the speed; hence, at synchronism, f, = f, the commutation
field equals the main field in intensity, and, being displaced there-
from in quadrature both in time and in space, the motor thus
must have a uniform rotating field, just as the induction motor.

Above synchronism, f, > f, the commutating field & is less
than the main fleld; below synchronism, however, f, < f, the
commutating fleld must be greater than the main field to give
complete compensation. It obviously is not feasible to in-
crease the commutating field much beyond the main field, as
this would require an increase of the iron section of the motor
beyond that required to do the work, that is, to carry the main
field flux. At standstill & should be infinitely large, that is,
compensation is not possible.

Hence, by the use of a commutating field in time and space
quadrature, in the single-phase motor the short-circuit current
under the commutator brushes resulting from the e.m.f. of alter-
nation can be entirely eliminated at and above synchronism,
and more or less reduced below synchronism, the more the
nearer the speed is to synchronism, but no effect can be pro-
duced at standstill. In such a motor either some further
method, as resistance leads, must be used to take care of the
short-circuit current at standstill, or the motor designed so that
its commutator can carry the short-circuit current for the small
fraction of time when the motor is at standstill or running at
very low speed.

The main field ® of the series motor is approximately inversely
proportional to the speed f,, since the product of speed and field
strength, f,®, is proportional to the e.m.f. of rotation, or useful
e.m.f. of the motor, hence, neglecting losses and phase displace-
ments, to the impressed e.m.f., that is, constant. Substituting

therefore ® = A ®,, where &, = main field at synchronism, into
0

equation (19),
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¥ = o, (7{) (20)

that is, the commutating field is inversely proportional to the
square of the speed; for instance, at double synchronism it should
be one-quarter as high as at synchronism, ete.

Of the quadrature field ®” only that part is needed for com-
mutation which enters and leaves the armature at the position
of the brushes; that is, instead of producing a quadrature field
&’ in accordance with equation
(20), and distributed around the
armature periphery in the same
manner as the main field @, but
in quadrature position thereto, a
local commutating field may be
used at the brushes, and produced
by a commutating pole or commu-
tating coil, as shown diagrammati-
cally in Fig. 143 as K, and K.
The excitation of this commu-
tating coil K then would have
to be such as to give a magnetic
air-gap density ®’, relative to
that of the main field, ®, by the same equations (19) and (20):

Fig. 143. Commutation with
Commutating Poles.

i
® ](Bf

s, Q{)

As the alternating flux of a magnetic circuit is proportional to
the voltage which it consumes, that is, to the voltage impressed
upon the magnetizing coil, and lags nearly 90 deg. behind it,
the magnetic flux of the commutating poles K can be produced
by energizing these poles by an e.m.f. e, which is varied with
the speed of the motor, by equation

e=e, (j.l—()z, (22)

where ¢, is its proper value at synchronism.

Since ® lags 90 deg. behind its supply voltage e, and also lags
90 deg. behind ®, by equation (2), and so behind the supply
current and, approximately, the supply e.m.f. of the motor, the

1)
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voltage, e, required for the excitation of the commutating poles
is approximately in phase with the supply voltage of the motor;
that is, a part thereof can be used, and is varied with the speed
of the motor. .

Perfect commutation, however, requires not merely the elimi-
nation of the short-circuit current under the brush, but requires
a reversal of the load current in the armature coil during its
passage under the commutator brush. To reverse the current,
an e.m.f. is required proportional but opposite to the current
and therefore with the main field; hence, to produce a reversing
e.m.f. in the armature coil under the commutator brush a second
commutating field is required, in phase with the main field and
approximately proportional thereto.

The commutating field required by a single-phase commutator
motor to give perfect commutation thus consists of a component
in quadrature with the main field, or the neutralizing component,
which eliminates the short-circuit current under the brush,
and a component in phase with the main ficld, or the reversing
component, which reverses the main current in the armature
coil under the brush; and the resultant commuytating field thus
must lag behind the main field, and so approximately behind the
supply voltage, by somewhat less than 90 deg., and have an
intensity varying approximately inversely proportional to the
square of the speed of the motor.

Of the different motor types discussed under IV, the series
motors, 1 and 2, have no quadrature field, and therefore can
be made to commutate satisfactorily only by the use of com-
mutator leads, or by the addition of separate commutating
poles. The inverted repulsion motor, 3, has a quadrature field,
which decreases with increase of speed, and therefore gives a
better commutation than the series motors, though not perfect,
as the quadrature field does not have quite the right intensity.

The repulsion motors, 4 and 5, have a quadrature field, lag-
ging nearly 90 deg. behind the main field, and thus give good
commutation at those speeds at which the quadrature field has
the right intensity for commutation. However, in the repul-
sion motor with secondary excitation, 5, the quadrature field is
constant and independent of the speed, as constant supply volt-
age is impressed upon the commutating winding C, which pro-
duces the quadrature field, and in the direct repulsion motor, 4,
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the quadrature field increases with the speed, as the voltage
consumed by the main field F deereases, and that left for the
compensating winding C thus inereases with the speed, while
to give proper commutating flux it should decrease with the
square of the speed. It thus follows.that the commutation of
the repulsion motors improves with increase of speed, up to that
speed where the quadrature field is just right for commutating
field,—which is about at synchronism,—but above this speed
the commutation rapidly becomes poorer, due to the quadrature
field being far in excess of that required for commutating.

In the series repulsion motors, 6 and 7, a quadrature field
also exists, just as in the repulsion motors, but this quadrature
field depends upon that part of the total voltage which is im-
pressed upon the commutating winding C, and thus can be
varied by varying the distribution of supply voltage between the
two circuits; hence, in this type of motor, the commutating flux
can be maintained through all (higher) speeds by impressing
the total voltage upon the compensating circuit and short-cir-
cuiting the armature circuit for all speeds up to that at which
the required commutating flux has decreased to the quadrature
flux given by the motor, and from this speed upwards only a
part of the supply voltage, inversely proportional (approximately)
to the square of the speed, is impressed upon the compensating
circuit, the rest shifted over to the armature circuit. The differ-
ence between 6 and 7 is that in 6 the armature circuit is
more inductive, and the quadrature flux therefore lags less
behind the main flux than in 7, and by thus using more or less
of the field coil in the armature circuit its inductivity can be
varied, and therewith the phase displacement of the quadra-
ture flux against the main flux adjusted from nearly 90 deg.
lag to considerably less lag, hence not only the proper inten-
sity but also the exact phase of the required commutating flux
produced.

As seen herefrom, the difference between the different motor
types of IV is essentially found in their different actions re-
garding commutation.

It follows herefrom that by the selection of the motor type
quadrature fluxes ®, can be impressed upon the motor, as com-
mutating flux, of intensities and phase displacements against
the main flux ®, varying over a considerable range.
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VI. Motor Characteristics.

The single-phase commutator motor of varying speed or series
characteristic comprises three circuits, the armature, the com-
pensating winding, and the field winding, which are connected in
series with each other, directly or indirectly.

The impressed e.m.f. or supply voltage of the motor then
consists of the components:

1. The e.m.f. of rotation e,, or voltage generated in the arma-
ture conductors by their rotation through the magnetic field @.
This voltage is in phase with the field ¢ and therefore approxi-
mately with the current ¢, that is, is power e.m.f., and is the
voltage which does the useful work of the motor. It is propor-
tional to the speed or frequency of rotation f,, to the field strength
®, and to the number of effective armature turns n,,

e, = 2xfn,d107°. (23)

The number of effective armature turns n,, with a distributed
winding, is the projection of all the turns on their resultant direc-
tion. With a full-pitch winding of n series turns from brush to
brush, the effective number of turns thus is

ks

n, = m[avg cos]+ 1= T%m (24)

With a fractional pitch winding of the pitch of = degrees, the
effective number of turns is

IR

+3 2 . T
_r=_msing (25)
2. The e.m.f. of alternation of the field, e,, that is, the voltage
generated in the field turns by the alternation of the magnetic
flux ®, produced by them and thus enclosed by them. This vol-
tage is in quadrature with the field flux ¢ and thus approximately
with the current 7, is proportional to the frequency of the im-
pressed voltage f, to the field strength ®, and to the number of

T
n, = m;r[a,vg cos]

[N}

fleld turns ., _ 2 japn,® 10, (26)
3. Theimpedance voltage of the motor,
¢ =17 @27)
and Z =r—1jz,

where r = total effective resistance of field coils, armature with
commutator and brushes, and compensating winding, z = total
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self-inductive reactance, that is, reactance of the leakage flux
of armature and compensating winding — or the stray flux
passing locally between the armature and the compensating
conductors — plus the self-inductive reactance of the field, that
is, the reactance due to the stray field or flux passing between
field coils and armature.

In addition hereto, z comprises the reactance due to the
quadrature magnetic flux of incomplete compensation or over-
compensation, that is, the voltage generated hy the quadrature
flux @ in the difference between armature and compensating
conductors, n, — n, or n,— n,.

Therefore the total supply voltage E of the motor is

E=e +e+¢
=27nfn,® 107 — 2 jafn,® 10+ (r—jzx)I.  (28)

Let, then, R = magnetic reluctance of field circuit, thus

b = ml the magnetic field flux, when assuming this flux as

R
in phase with the excitation J, and denoting

2 nfn,21078

20, (30)
as the effective reactance of field inductance, corresponding to
the e.m.f. of alternation,

S = L ratio of speed to frequency, or speed
as fraction of synchronism,

(31)
¢ = M= ratio of effective armature turns to
) field turns;
substituting (30) and (31) in (28),
E= CS:COZ — 1z, I+ —jn)]
=[(r +cSz) —j(z+ 2)1I; . (32)
or, :
_ P
[ - (r+ceSzy) —7 (@ + ) (33)
and, in absolute values,
° (34)

7= .
NV (r + ¢Sz, + (x + x,)?
The power-factor is given by

i 7
tan 6 ey (35)
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The useful work of the motor is done by the e.m.f. of rotation,
B, = c8z,1,
and, since this e.m.f. £, is in phase with the current [, the useful
work, or the motor output (inclusive friction, ete.), is
P=E]I=cSx7
cSre

T+ S+ (T + ) (36)
and the torque of the motor is
P 2
= g‘ = CI
2
CT.€ @n

- (r+ cSz)*+(x + xo)z'
For instance, let

= 200 volts, ¢ = oo 4,
n’o

Z=r—jr=0.02-0.067 x,=0.08;
then
10,000
=——————n
V(L + 16 8)*+ 49
1+16 S’
7

amp.,

cot 0 =

32,000 S
1+ 168) + 49’
_ 32,000 .
(141687 +49

The behavior of the motor at different speeds is best shown by
plotting 7, p = cos 4, P and D as ordinates with the speed S as
abscissas, as shown in Fig. 144.

In railway practice, by a survival of the practice of former
times, usually the constants are plotted with the current I as -
abscissas, as shown in Fig. 145, though obviously this arrange-
ment does not as well illustrate the behavior ot the motor.

Graphically, by starting with the current I as zero axis OI, the
motor diagram is plotted in Fig. 146.

The voltage consumed by the resistance r is OE, == ir, in phase
with OI; the voltage consumed by the reactance z is OF, = iz,
and 90 deg. ahead of OI. OEF; and OE, combine to the voltage

consumed by the motor impedance, OF’ = .

P = inkw.,

D in syn. kw.
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Combining OF’ = iz, OF, = e,, and OE, = e, thus gives the
terminal voltage OF = e of the motor, and the phase angle
EOI = 6.

In this diagram, and in the preceding approximate calcula-
tion, the magnetic flux ® has been assumed in phase with the
current 1.

In reality, however, the equivalent sine wave of magnetic
flux & lags behind the equivalent sine wave of exciting current I

ol E

l o i 'iE1

|

E I

ExL"' \\\\ !
Efp————m= St et E,
\\\\\\ \\
TSNS \
<)

E

Fig. 146. Single-Phase Commutator Motor Vector Diagram.

by the angle of hysteresis lag, and still further by the power
consumed by eddy currents, and, especially in the commutator
motor, by the power consumed in the short-circuit current under
the brushes, and the vector O therefore is behind the current
vector OI by an angle 6,, which is small in a motor in which the
short-circuit current under the brushes is eliminated and the
eddy currents are negligible, but may reach considerable values
in the motor of poor commutation.

__Assuming then, in Fig. 147, 0% lagging behind OI by angle 6,
OE, is in phase with O®, hence lagging behind OI; that is, the
e. mf of rotation is not enmrely a power e.m.f., but contains a
wattless lagging component. The e.m.f. of alternation, OE,, is
90 deg. ahead of O®, hence less than 90 deg. ahead of OI, and
therefore contains a power component representing the power
consumed by hysteresis, eddy currents, and the short-circuit
current under the brushes.

Completing now the diagram, it is seen that the phase angle ¢
is reduced, that is, the power-factor of the motor increased by
the increased loss of power, but is far greater than corresponding
thereto. Itis the result of the lag of the e.m.f. of rotation, which
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produces a lagging e.m.f. component, partially compensating
for the leading e.m.f. consumed by self-inductance, a lag of the
e.m.f. being equivalent to a lead of the current.

As the result of this feature of a lag of the magnetic flux ®,
by producing a lagging e.m.f. of rotation and thus compensating

E,

o)

-

-
-~

Fig. 147. Single-Phase Commutator Motor Diagram with Phase
Displacement between Flux and Current.

for the lag of current by self-inductance, single-phase motors
having poor commutation usually have better power-factors,
and improvement in commutation, by eliminating or reducing
the short-circuit current under the brush usually causes a slight
decrease in the power-factor, by bringing the magnetic flux &
more nearly in phase with the current I.

Inversely, by increasing the lag of the magnetic flux @, the
phase angle can be decreased and the power-factor improved.
Such a shift of the magnetic flux ® behind the supply current ¢
can be produced by dividing the current ¢ into components 7’
and ¢”, and using the lagging component for field excitation.
This is done most conveniently by shunting the field by a non-
inductive resistance. Let r, be the non-inductive resistance in
shunt with the field winding, of reactance z, + z,, where z, is
that part of the self-inductive reactance x due to the field coils,
The current 7 in the field is lagging 90 deg. behind the current
+” in a non-inductive resistance, and the two currents have the

Y4
ratio f’,—, = E—_f—- hence, dividing the total current OI in
0 1
this proportion into the two quadrature components or and
01”, in Fig. 148, gives the magnetic flux O in phase with OF,
and so lagging behind O, and then the e.m.f. of rotation is 0,
the e.m.f. of alternation OE, and combining OF , OF, and OE’
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gives the impressed e.m.f. OE, nearer in phase to OI than with
O® in phase with OL
In this manner, if the e.m.fs. of self-inductance are not too
large, unity power-factor can be produced, as shown in Fig. 149.
Let OI = total current, OE’ = impedance voltage of the
motor, OF = impressed e.m.f. or supply voltage, and assumed
in phase with OI. OFE then
o T must be the resultant of OF
B\ and of OE,, the voltage of ro-
tation plus thatof alternation,

9 —=>— and resolving therefore OF,
T into two components O, and

1,,/,,/" OE, in quadrature with each

- other, and proportional re-

E, spectively to the e.m.f. of

Fig. 148. Single-Phase Commutator rOta‘thn an(_l the e.m.f. of al-
Motor Improvement of Power-Factor ternaﬂn, glves the magnetic
by InL:roduction of lagging em.f. of fluyx O® in phase with the
Rotation. ean.f. of rotation OE,, and

the component of current in the field O/’ and in the non-
inductive resistance OI”, in phase and in quadrature respec-
tively with O®, which combined make up the total current. The
projection of the e.m.f. of rotation OE, on OI then is the
power component of the e.m.f., which does the work of the
motor, and the quadrature projection of OF, is the compen-
sating component of the e.m.f. of rotation, which neutralizes
the wattless component of the e.m.f. of self-inductance.

Obviously such a compensation involves some loss of power
in the non-inductive resistance r, shunting the field coils, and as
the power-factor of the motor usually is sufficiently high, such
compensation is rarely needed.

In motors in which some of the circuits are connected in series
with the others the diagram is essentially the same, except that
a phase displacement exists between the secondary and the
primary current. The secondary current I, of the transformer
lags behind the primary current I, slightly less than 180 deg.;
that is, considered in opposite direction, the secondary current
leads the primary by a small angle 6, and in the motors with
secondary excitation the field flux @, being in phase with the
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field current I, (or lagging by angle 6, behind it), thus leads the
primary current I, by angle 6, (or angle 8, — 6,). As a lag of
the magnetic flux ® increases, and a lead thus decreases the
power-factor, motors with secondary field excitation usually have
a slightly lower power-factor than motors with primary field

Fig. 149. Single-Phase Commutator Motor. Unity Power-Factor
Produced by Lagging e.m.f. of Rotation.

excitation, and therefore, where desired, the power-factor may
be improved by shunting the field with a non-inductive resist-
ancer, Thus forinstance, if in Fig. 150 OI, = primary current,
OI, = secondary current, OF,, in phase with 01, is the e.m.f.
of rotation, in the case of the secondary field excitation, and
OE,, in quadrature ahead of OI,, is the e.m.f. of alternation,
while OF’ is the impedance voltage, and OL,, O, and OF’ com-
bined give the supply voltage OF, and EOI = 6 the angle of lag.

Shunting the field by a non-inductive resistance r,, and thus
resolving the secondary current OI, into the components o1/
in the field and OI,” in the non-inductive resistance, gives the
diagram Fig. 151, where 8, = 09 = angle of lag of magnetic
field.

The action of the commutator in an alternating-current motor,
in permitting compensation for phase displacement and thus
allowing a control of the power-factor, is very interesting and
important, and can also be used in other types of machines, as
induction motors and alternators, by supplying these machines
with a commutator for phase control.
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A lag of the current is the same as a lead of the e.m.f., and in-
versely a leading current inserted into a circuit has the same
effect as a lagging em.f. inserted. The commutator, however,
produces an e.m.f. in phase with the current. Exeiting the field
by a lagging current in the field, a lagging e.m.f. of rotation is

Ey

Fig. 150. Single-Phase Commutator Motor Diagram with Secondary
Excitation.

Fig.151. Single-Phase Commutator Motor with Secondary Excitation Power-
Factor Improved by Shunting Field Winding with Non-Inductive Circuit.

produced which is equivalent to a leading current. As it is
easy to produce a lagging current by self-inductance, the com-
mutator thus affords an easy means of producing the equivalent
of a leading current. Therefore the alternating-current com-
mutator is one of the important methods of compensating for
lagging currents. Other methods are the use of electrostatic or
electrolytic condensers and of overexcited synchronous machines.

Based on this principle, a number of designs of induction
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motors and other apparatus have been developed, using the
commutator for neutralizing the lagging magnetizing current
and the lag caused by self-inductance, and thereby producing
unity power-factor or even leading currents. So far, however,
none of them has come into extended use.

This feature, however, explains the very high power-factors
feasible in single-phase commutator motors even with consider-
able air gaps, far larger than feasible in induction motors.

VII. Efficiency and Losses.

The losses in single-phase commutator motors are essentially
the same as in other types of machines:

(a.) Friction losses, —air friction or windage, bearing friction
and commutator brush friction, and also gear losses or other
mechanical transmission losses.

(b.) Core losses, as hysteresis and eddy currents. These are of
two classes, — the alternating core loss, due to the alternation of
the magnetic flux in the main field, quadrature field, and arma-
ture; and the rotating core loss, due to the rotation of the arma-
ture through the magnetic field. The former depends upon the
frequency, the latter upon the speed.

(c.) Commutation losses, as the power consumed by the short-
circuit current under the brush, by arcing and sparking, where
such exists.

(d.) v°rlosses in the motor circuits,—the field co1ls, the compen-
sating winding, the armature and the brush contact resistance.

(e.) Load losses, mainly represented by an effective resistance,
that is, an increase of the total effective resistance of the motor
beyond the ohmic resistance.

Driving the motor by mechanical power and with no voltage
on the motor gives the friction and the windage losses, exclusive
of commutator friction, if the brushes are lifted off the com-
mutator, inclusive, if the brushes are on the commutator.
Energizing now the field by an alternating current of the rated
frequency, with the commutator brushes off, adds the core losses
to the friction losses; the increase of the driving power then
measures the rotating core loss, while a wattmeter in the field
exciting circuit measures the alternating core loss.

Thus the alternating core loss is supplied by the impressed
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electric power, the rotating core loss by the mechanical driving
power.

Putting now the brushes down on the commutator adds the
commutation losses.

The ohmic resistance gives the #°r losses, and the difference
between the ohmic resistance and the effective resistance, calcu-
lated from wattmeter readings with alternating current in the
motor circuits at rest and with the field unexcited, represents the
load losses.

However, the different losses so derived have to be corrected
for their mutual effect. For instance, the commutation losses
are increased by the current in the armature; the load losses are
less with the field excited than without, ete.; so that this method
of separately determining the losses can give only an estimate of
their general magnitude, but the exact determination of the
efficiency is best carried out by measuring electric input and
mechanical output.

VIII. Discussion of Motor Types.

Varying-speed single-phase commutator motors can be divided
into two classes, namely, compensated series motors and repul-
sion motors. In the former, the main supply current is through
the armature, while in the latter the armature is closed upon
itself as secondary circuit, with the compensating winding as
primary or supply circuit. As the result hereof the repulsion
motors contain a transformer flux, in quadrature position to
the main flux, and lagging behind it, while in the series motors
no such lagging quadrature flux exists, but in quadrature
position to the main flux, the flux either is zero — complete
compensation — or in phase with the main flux — over- or
under-compensation.

A. CompENSATED SERIES MOTORS.

Series motors give the best power-factors, with the excep-
tion of those motors in which by increasing the lag of the field
flux a compensation for power-factor is produced, as discussed
in V. The commutation of the series motor, however, is equally
poor at all speeds, due to the absence of any commutating flux,
and with the exception of very small sizes such motors there-
fore are inoperative without the use of either resistance leads or
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commutating poles. With high-resistance leads, however, fair
operation is secured, though obviously not of the same class with
that of the direct-current motor; with commutating poles or coils
producing a local quadrature flux at the brushes good results
have been produced abroad.

Of the two types of compensation, conductive compensation,
1, with the compensating winding connected in series with the
armature, and inductive compensation, 2, with the compensated
winding short-circuited upon itself, inductive compensation
necessarily is always complete or practically complete com-
pensation, while with conductive compensation a reversing
flux can be produced at the brushes by over-compensation, and
the commutation thus somewhat improved, especially at speed,
at the sacrifice, however, of the power-factor, which is lowered
by the increased self-inductance of the compensating winding.
On the short-circuit current under the brushes, due to the e.m.f.
of alternation, such over-compensation obviously has no helpful
effect. Inductive compensation has the advantage that the
compensating winding is not connected with the supply circuit,
can be made of very low voltage, or even of individually short-
circuited turns, and therefore larger conductors and less insula-
tion used, which results in an economy of space, and therewith
an increased output for the same size of motor. Therefore
inductive compensation is preferable where it can be used. It
is not permissible, however, in motors which are required to
operate also on direct current, since with direct-current supply
no induction takes place and therefore the compensation fails,
and with the high ratio of armature turns to field turns, without
compensation, the field distortion is altogether too large to give
satisfactory commutation, except in small motors.

The inductively compensated series motor with secondary
excitation, or inverted repulsion motor, 3, takes an intermedi-
ary position between the series motors and the repulsion motors;
it is a series motor in so far as the armature is in the main supply
circuit, but magnetically it has repulsion motor characteristics,
that is, contains a lagging quadrature flux. As the field exci-
tation consumes considerable voltage, when supplied from the
compensating winding as secondary circuit, considerable voltage
must be generated in this winding, thus giving a corresponding
transformer flux. With increasing speed and therewith decreas-



262 ELEMENTS OF ELECTRICAL ENGINEERING.

ing current, the voltage consumed by the field coils decreases,
and therewith the transformer flux which generates this voltage.
Therefore the inverted repulsion motor contains a transformer
flux which has approximately the intensity and the phase re-
quired for commutation; it lags behind the main flux, but less
than 90 deg., thus contains a component in phase with the main
flux, as reversing flux, and decreases with increase of speed.
Therefore the commutation of the inverted repulsion motor is
very good, far superior to the ordinary series motor, and it can
be operated without resistance leads; it has, however, the serious
objection of a poor power-factor, resulting from the lead of the
field flux against the armature current, due to the secondary
excitation, as discussed in V. To make such a motor satis-
factory in power-factor requires a non-inductive shunt across
the field, and thereby a waste of power. For this reason it has
not come into commercial use.

B. RerpurLsioN MoTORS.

Repulsion motors are characterized by a lagging quadrature
flux, which transfers the power from the compensating winding
to the armature. At standstill, and at very low speeds, repulsion
motors and series motors are equally unsatisfactory in commu-
tation; while, however, in the series motors the commutation
remains bad (except when using commutating devices), in the
repulsion motors with increasing speed the commutation rapidly
improves, and becomes perfect near synchronism. As the result
hereof, under average railway conditions a much inferior com-
mutation can be allowed in repulsion motors at very low speeds
than in series motors, since in the former the period of poor
commutation lasts only a very short time. While, therefore,
series motors cannot be satisfactorily operated without resistance
leads (or commutating poles), in repulsion motors resistance
leads are not necessary and not used, and the excessive
current density under the brushes in the moment of starting
permitted, as it lasts too short a time to cause damage to the
commutator.

As the transformer field of the repulsion motor is approx-
imately constant, while the proper commutating field should
decrease with the square of the speed, above synchronism the
transformer field is too large for commutation, and at speeds
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considerably above synchronism — 50 per cent and more —the
repulsion motor becomes inoperative because of excessive
sparking. At synchronism, the magnetic field of the repulsion
motor is a rotating field, like that of the polyphase induction
motor.

Where, therefore, speeds far above synchronism are required,
the repulsion motor cannot be used ; but where synchronous speed
is not much exceeded the repulsion motor is preferred because
of its superior commutation. Thus when using a commutator
as auxiliary device for starting single-phase induection motors
the repulsion motor type is used. For high frequencies, as 60
cycles, where peripheral speed forbids synchronism being greatly
exceeded, the repulsion motor is the only type to be seriously
considered.

Repulsion motors also may be built with primary and sec-
ondary excitation. The latter usually gives a better commuta-
tion, because of the lesser lag of the transformer flux, and
therewith a greater in-phase component, that is, greater reversing
flux, especially at high speeds. Secondary excitation, however,
gives a slightly lower power-factor.

A combination of the repulsion motor and series motor types
is the series repulsion motor, 6 and 7. In this only a part of
the supply voltage is impressed upon the compensating wind-
ing and thus transformed to the armature, while the rest of the
supply voltage is impressed directly upon the armature, just as
in the series motor. As result thereof the transformer flux of
the series repulsion motor is less than that of the repulsion motor,
in the same proportion in which the voltage impressed upon the
compensating winding is less than the total supply voltage.
Such a motor, therefore, reaches equality of the transformer
flux with the commutating flux, and gives perfect commutation
at a higher speed than the repulsion motor, that is, above
synchronism. With the total supply voltage impressed upon the
compensating winding, the transformer flux equals the com-
mutating flux at synchronism. At n times synchronous speed

the commutating flux should be 1—1—2 of what it is at synchronism,

and by impressing 1—1-2 of the supply voltage upon the compen-

sating winding, the rest on the armature, the transformer flux
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is reduced to }L; of its value, that is, made equal to the required

commutating flux at n times synchronism.

In the series repulsion motor, by thus gradually shifting the
supply voltage from the compensating winding to the arma-
ture and thereby reducing the transformer flux, it can be
maintained equal to the required commutating flux at all speeds
from synchronism upwards; that is, the series repulsion motor
arrangement permits maintaining the perfect commutation,
which the repulsion motor has near synchronism, for all higher
speeds.

With regard to construction, no essential difference exists
between the different motor types, and any of the types can be
operated equally well on direct current by connecting all three
circuits in series. In general, the motor types having primary
and secondary circuits, as the repulsion and the series repulsion
motors, give a greater flexibility, as they permit winding the
circuits for different voltages, that is, introducing a ratio of
transformation between primary and secondary circuit. Shift-
ing one motor element from primary to secondary, or inversely,
then gives the equivalent of a change of voltage or change of
turns. Thus a repulsion motor in which the stator is wound
for a higher voltage, that is, with more turns, than the rotor or
armature, when connecting all the circuits in series for direct-
current operation, gives a direct-current motor having a greater
field excitation compared with the armature reaction, that is,
the stronger field which is desirable for direct-current operation
but not permissible with alternating current.

In general, the constructive differences between motor types
are mainly differences in connection of the three circuits. For
instance, let F = field circuit, A = armature circuit, C = com-
pensating circuit, 7' = supply transformer, B = resistance used in
starting and at very low speeds. Connecting, in Fig. 152, the
armature A between field F and compensating winding C.
With switch 0 open the starting resistance is in circuit; closing
switch 0 short-circuits the starting resistance and gives the
running conditions of the motor.

With all the other switches open the motor is a conductively
compensated series motor.

Closing 1 gives the inductively compensated series motor.
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Closing 2 gives the repulsion motor with primary excitation.

Closing 3 gives the repulsion motor with secondary excitation.

Closing 4 or 5 or 6 or 7 gives the successive speed steps of
the series repulsion motor with armature excitation.

F
Fig. 152. Alternating-Current Commutator Motor Arranged to Operate
either as Series or Repulsion Motor.

Connecting, in Fig. 153, the field F between armature 4 and
compensating winding C, the resistance B is again controlled
by switch 0.

All other switches open gives the conductively compensated
series motor.

Fig. 153. Alternating-Current Commutator Motor Arranged to
Operate either as Series or Repulsion Motor.

Switeh 1 closed gives the inductively compensated series
motor.

Switch 2 closed gives the inductively compensated series
motor with secondary excitation, or inverted repulsion motor.

Switch 3 closed gives the repulsion motor with primary
excitation.



266 ELEMENTS OF ELECTRICAL ENGINEERING.

Switches 4 to 7 give the different speed steps of the series
repulsion motor with primary excitation.

Opening the connnection at z and closing at y (as shown in
dotted line), the steps 3 to 7 give respectively the repulsion
motor with secondary excitation and the successive steps of
the series repulsion motor with armature excitation.

Still further combinations can be produced in this manner,
as for instance, in Fig. 152, by closing 2 and 4, but leaving 0
open, the field F is connected across a constant potential supply,
in series with resistance R, while the armature also receives con-
stant voltage, and the motor then approaches a finite speed, that
is, has shunt motor characteristic, and in starting, the main field
F and the quadrature field AC are displaced in phase, so give
a rotating or polyphase field (unsymmetrical).

To discuss all these motor types with their in some instances
very interesting characteristics obviously is not feasible. In
general, they can all be classified under series motor, repulsion
motor, shunt motor, and polyphase induction motor, and com-
binations thereof.

IX. Other Commutator Motors.

Most of the development on single-phase commutator motors
has taken place in the direction of varying speed motors for
railway service. In other directions commutators have been
applied to alternating-current motors and such motors devel-
oped —

(a.) For limited speed, or of the shunt motor type, that is,
motors of similar characteristic as the single-phase railway
motor, except that the speed does not indefinitely increase with
decreasing load but approaches a finite no-load value. Sev-
eral types of such motors have been developed, as stationary
motors for elevators, variable-speed machinery etc., usually of
the single-phase type.

By impressing constant voltage upon the field the magnetic
field flux is constant, and the speed thus reaches a finite limit-
ing value at which the e.m.f. of rotation of the armature through
the constant field flux consumes the impressed voltage of the
armature. By changing the voltage supply to the field different
speeds can be produced, that is, an adjustable speed motor.
The main problem in the design of such motors is to get the
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field excitation in phase with the armature current and thus
produce a good power-factor. '

(b.) Adjustable-speed polyphase induction motors. In the
secondary of the polyphase induction motor an e.m.f. is gen-
erated which, at constant impressed e.m.f. and therefore ap-
proximately constant flux, is proportional to the slip from
synchronism. With short-circuited secondary the motor closely
approaches synchronism. Inserting resistance into the second-
ary reduces the speed by the voltage consumed in the second-
ary. As this is proportional to the current and thus to the
load, the speed control of the polyphase induction motor by
resistance in the secondary gives a speed which varies with the
load, just as the speed control of a direct-current motor by resist-
ance in the armature circuit; hence, the speed is not constant,
and the operation at lower speeds inefficient. Inserting, how-
ever, a constant voltage into the secondary of the induction
motor the speed is decreased if this voltage is in opposition, and
is increased if this voltage is in the same direction as the sec-
ondary generated e.m.f., and in this manner a speed control can
be produced. If ¢ = voltage inserted into the secondary, as
fraction of the voltage which would be induced in it at full
frequency by the rotating field, then the polyphase induction
motor approaches at no load and runs at load near to the
speed (1 —¢) or (1 + ¢) times synchronism, depending upon
the direction of the inserted voltage.

Such a voltage inserted into the induction motor secondary
must, however, have the frequency of the motor secondary
currents, that is, of slip, and therefore can be derived from the
full frequency supply circuit only by a commutator revolving
with the secondary. If ¢f is the frequency of slip, then (1 —¢) f
is the frequency of rotation, and thus the frequency of com-
mutation, and at frequency f impressed upon the commutator
the effective frequency of the commutated current is f —(1—c) f
= ¢f, or the frequency of slip, as required.

Thus the commutator affords a means of inserting voltage into
the secondary of induction motors and thus varying its speed.

However, while these commutated currents in their resultant
give the effect of the frequency of slip, they actually consist of
sections of waves of full frequency, that is, meet the full station-
ary impedance in the rotor secondary, and not the very much
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lower impedance of the low-frequency currents in the ordinary
induction motor.

If therefore the brushes on the commutator are set so that the
inserted voltage is in phase with the voltage generated in the
secondary, the power-factor of the motor is very poor. Shift-
ing the brushes, by a phase displacement between the generated
and the inserted voltage, the secondary currents can be made
to lead, and thereby compensate for the lag due to self-inductance
and unity power-factor produced. This, however, is the case
only at one definite load, and at all other loads either over-
compensation or under-compensation takes place, resulting in
poor power-factor, either lagging or leading. Such a polyphase
adjustable-speed motor thus requires shifting of the brushes with
the load or other adjustment, to maintain reasonable power-
factor, and for this reason has not been used.

(¢) Power-factor compensation. The production of an alter-
nating magnetic flux requires wattless or reactive volt-amperes,
which are proportional to the frequency. Exciting an induction
motor not by the stationary primary but by the revolving
secondary, which has the much lower frequency of slip, reduces
the volt-amperes excitation in the proportion of full frequency
to frequency of slip, that is, to practically nothing. This can
be done by feeding the exciting current into the secondary by
commutator. If the secondary contains no other winding but
that connected to the commutator, the exciting current from
the commutator still meets full open magnetic circuit inductance,
and the motor thus gives a poor power-factor. If, however, in
addition to the exciting winding, fed by the commutator, a
permanently short-circuited winding is used, as a squirrel-cage
winding, the exciting impedance of the former is reduced to
practically nothing by the short-circuit winding coincident with
it, and so by over-excitation unity power-factor or even leading
current can be produced. The presence of the short-circuited
winding, however, excludes this method from speed control, and
such a motor (Heyland motor) runs near synchronism just as the
ordinary induction motor, differing merely by the power-factor.

This method of excitation by feeding the alternating current
through a commutator into the rotor has been used very success-
fully abroad in the so-called “compensated repulsion motor”
of Winter-Eichberg. This motor differs from the ordinary
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repulsion motor merely by the field coil F in Fig. 154 being
replaced by a set of exciting brushes G in Fig. 155, at right angles

to the main brushes of the armature, that is, located so that the
m.m.f. of the current between the brushes ¢ magnetizes in the

—
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Fig. 155. Winter-Eichberg Motor.

same direction as the field coils F in Fig. 154. Usually the excit-
ing brushes are supplied by a transformer or compensator, so as
to vary the excitation and thereby the speed.

This arrangement then lowers the e.m.f. of self-inductance of
field excitation of the motor from that corresponding to full
frequency in the ordinary repulsion motor to that of the fre-
quency of slip, hence to a negative value above synchronism; so
that hereby a compensation for lagging current can be produced
above synchronism, and unity power-factor or even leading
currents produced.



D. SYNCHRONOUS CONVERTERS.
I. General.

110. For long-distance transmission, and to a certain extent
also for distribution, alternating currents, either polyphase or
single-phase, are extensively used. For many applications,
however, as especially for electrolytic work, direct currents are
required, and are usually preferred also for electrical railroad-
ing and for low-tension distribution on the Edison three-wire
system. Thus, where power is derived from an alternating
system, transforming devices are required to convert from
alternating to direct current. This can be done either by a
direct-current generator driven by an alternating synchronous
or induction motor, or by a single machine consuming alternat-
ing and producing direet current in one and the same armature.
Such a machine is called a converter, and combines, to a certain
extent, the features of a direct-current generator and an alter-
nating synchronous motor, differing, however, from either in
other features.

Since in the converter the alternating and the direct current
are in the same armature conductors, their e.m.fs. stand in a
definite relation to each other, which is such that in practically
all cases step-down transformers are necessary to generate the
required alternating voltage.

Comparing thus the converter with the combination of syn-
chronous or induction motor and direct-current generator, the
converter requires step-down transformers, the synchronous
motor, if the alternating line voltage is considerably above
10,000 volts, generally requires step-down transformers also,
with voltages of 1000 to 10,000 volts, however, usually the
synchronous motor and frequently the induction motor can be
wound directly for the line voltage and stationary transformers
saved. Thus on the one side we have two machines with or
generally without stationary transformers, on the other side
a single machine with transformers.

270
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Regarding the reliability of operation and first cost, obviously
a single machine is preferable.

Regarding efficiency, it is sufficient to compare the converter
with the synchronous-motor-direct-current-generator set, since
the induction motor is inherently less efficient than the syn-
chronous motor. The efficiency of stationary transformers of
large size varies from 97 per cent to 98 per cent, with an average
of 97.5 per cent. That of converters or of synchronous motors
varies between 91 per cent and 95 per cent, with 93 per cent as
average, and that of the direct-current generator between 90 per
cent and 94 per cent, with 92 per cent as average. Thus the
converter with its step-down transformers will give an average
‘efficiency of 90.7 per cent, a direct-current generator driven by
synchronous motor with step-down transformers an efficiency
of 83.4 per cent, without step-down transformers an efficiency of
85.6 per cent. Hence the converter is more efficient.

Mechanically the converter has the advantage that no transfer
of mechanical energy takes place, since the torque consumed by
the generation of the direct current and the torque produced by
the alternating current are applied at the same armature con-
ductors, while in a direct-current generator driven by a syn-
chronous motor the power has to be transmitted mechanically
through the shaft.

II. Ratio of e.m.fs. and of Currents.

1x1. In its structure the synchronous converter consists of
a closed-circuit armature, revolving in a direct-current excited
field, and connected to a segmental commutator as well as to
collector rings. Structurally it thus differs from a direct-
current machine by the addition of the collector rings, from
certain (now very little used) forms of synchronous machines by
the addition of the segmental commutator.

In consequence hereof, regarding types of armature windings
and of field windings, etc., the same rule applies to the converter
as to all commutating machines, except that in the converter the
total number of armature coils with a series-wound armature,
and the number of armature coils per pair of poles with a
multiple-wound armature, must be divisible by the number of
phases.

Regarding the wave-shape of the alternating counter-gen-
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erated e.m.f., similar considerations apply as for a synchronous
machine with closed-circuit armature; that is, the generated
e.m.f. usually approximates a sice wave, due to the multi-tooth
distributed winding.

Thus, in the following, only those features will be discussed
in which the synchronous converter differs from the commu-
tating machines and synchronous machines treated in the pre-
ceding chapters.

Fig. 156 represents diagrammatically the commutator of a
direet-current machine with the armature coils A connected to
adjacent commutator bars. The brushes are B,B,, and the field
poles F.F,. .

If now two oppositely located points a,a, of the commutator
are connected with two collector rings D,D,, it is obvious that
the e.m.f. between these points
a,a,, and thus between the col-
lector rings DD, will be a
maximum . in the moment
when the points a,a, coincide
with the brushes B B,, and is
in this moment equal to the
direct voltage E of this ma-
chine. While the points a,a,
2 move away from this position,
Fig. 156. Single-Phase Converter Com- the difference of potential be-

mutator. tween a, and a, decreases and
becomes zero in the moment where a,a, coincide with the
direction of the field poles F/ F,. In this moment the differ-
ence in potential between o, and a, reverses and then increases
again, reaching equality with E, but in opposite direction, when
a, and a, coincide with the brushes B, and B,; that is, between
the collector rings D, and D, an alternating voltage is produced
whose maximum value equals the direct-current electromotive
force E, and which makes a complete period for every revolution
of the machine (in a bipolar converter, or 7, periods per revo-
lution in a machine of 2 n, poles).

Hence, this alternating e.m.f. is

e = E sin 2 =ft,
where f = frequency of rotation, Z = e.m.f. between brushes
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of the machine; thus, the effective value of the alternating

e.m.f. is
E

V3
112. That is, a direct-current machine produces between
two collector rings connected with two opposite points of the

1

commutator an alternating e.m.f. of _\_/1_{_) X the direct-current

]

voltage, at a frequency equal to the frequency of rotation.
Since every alternating-current generator is reversible, such a
direct-current machine with two collector rings, when supplied

with an alternating e.m.f. of —13— X the direct-current.voltage at
v

the frequency of rotation, will run as synchronous motor, or
if at the same time generating direct current, as synchronous
converter.

Since, neglecting losses and phase displacement, the output
of the direct-current side must be equal to the input of the alter-
nating-current side, and the alternating
voltage in the single-phase converter is

L_ X E, the alternating current must be

V2
= V2 X I, where I = direct-current output.
If now the commutator is connected to a

157), at the points a, and a, midway be-
tween a, and a,, it is obvious that between
D, and D, an alternating voltage of thesame _~ ~ °*
frequency and intensity will be produced as F‘%‘ 157. ~Four-Phace
. onverter Commu-

between D, and D,, but in quadrature there- ;.
with, since at the moment where a, and a,
coincide with the brushes B,B, and thus receive the maxi-
mum difference of potential, a, and @, are at zero points of
potential.

Thus connecting four equidistant points a,, a,, a,, a, of the
direct-current generator to four collector rings D,, D,, D,, D,,
gives a four-phase converter, of the e.m.f.

E = —\—/l—é- E per phase.
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The current per phase is (neglecting losses and phase displace-
ment)

_ L,
V3
since the alternating power, 2 E,I, must equal the direct-current

power, EI.
Connecting three equidistant points of the commutator to
three collector rings as in Fig. 158 gives a three-phase converter.
113. In Fig. 159 the three e.m.fs. between the three collector
rings and the neutral point of the three-phase system (or ¥
voltages) are represented by the vectors OE,, OF,, OF,, thus

)

Es
Fig.159. E.m.f. Diagram
of Three-Phase Con-
verter.

- Fig. 158, Thre;,—Phase Syn-
chronous Converter.
the e.m.f. between the collector rings or the delta voltages by

vectors E,E,, E,B,, and E,E,. The em.f. OF, is, however,
nothing but half the em.f. E, in Fig. 156, of the single-phase

converter, that is, = 2——\117/—-_2_ Hence the Y voltage, or voltage

between collector ring and neutral point or center of the three-
phase voltage triangle, is

E
S
and thus the delta voltage is
' EV3

E' =E A3 =""2=(.612E.
! 242 .

Since the total three-phase power 3 I,E, equals the total
continuous-current power I, it is
I IE  2V2
1 == ee—
3E, 3

I=.9431.
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In general, in an nm-phase converter, or converter in which
n equidistant points of the commutator (in a bipolar machine,
or n equidistant points per pair of poles in a multipolar machine
with multiple-wound armature), are connected to = collector
rings, the voltage between any collector ring and the common
neutral, or star voltage, is

__E
bo2ve .
consequently the voltage between two adjacent collector rings,
or ring voltage, is

EsinZ
T n
no 2

since%;—r is the angular displacement between two adjacent col-

)

E’ =2 E sin

lector rings, and herefrom the current per line, or star current, is
found as ~ ‘
2v27T

n

I =

1 )

and the current from line to line, or from collector ring to adja-
cent collector ring, or ring current, is

== }\/é I .

T
n SN —
n

II

114. As seen in the preceding, in the single-phase converter
consisting of a closed-circuit armature tapped at two equidistant

1
points to the two collector rings, the alternating voltage is NG

times the direct-current voltage, and the alternating-current
\/2 times the direct current. While such an arrangement of
the single-phase converter is the simplest, requiring only two
collector rings, it is undesirable especially for larger machines,
on account of the great total and especially local I*r heating
in the armature conductors, as will be shown in the following,
and due to the waste of e.m.f., since in the circuit from collector
ring to collector ring the e.m.fs. generated in the coils next to
the leads are wholly or almost wholly opposite to each other.
The arrangement which I have called the two-circuit single-
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phase converter, and which is diagrammatically shown in Fig. 160,
is therefore preferable. The step-down transformer 7' con-
tains two independent secondary coils A and B, of which, one,
A, feeds into the armature over conductor rings D,D, and
leads a,a,, the other, B, over collector rings D,D, and leads a,a,,

=

Fig. 160. Two-Circuit Single-Phase Converter.

as a

so that the two circuits a,a, and a,a, are in phase with each
other, and each spreads over 120 deg. arc instead of 180 deg.
arc as in the single-circuit single-phase converter.

In consequence thereof, in the two-circuit single-phase con-
verter the alternating counter-generated e.m.f. bears to the con-
tinuous current e.m.f. the same relation as in the three-phase
converter, that is,

V3

E, =——FE =0.612E,
22
and from the equality of alternating- and direct-current power,
21,E, = IE,

it follows that each of the two single-phase supply currents is
/2
I' =—1=0.8171.
V3

It is seen that in this arrangement one-third of the armature,
from a, to a, and from a, to a,, carries the direct current only,
the other two-thirds, from a, to @, and from a, to a,, the differ-
ential current.

A six-phase converter is usually fed from a three-phase system
by three transformers or one three-phase transformer. These
transformers can either have each one secondary coil only of

twice the star or Y voltage, = :%-, which connects with its two

terminals two collector rings leading to two opposite points of
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the armature, or each of the stepdown transformers contains
two independent secondary coils, and each of the two sets of
secondary coils is connected in three-phase delta or ¥, but the
one set of coils reversed with regard to each other, thus giving
two three-phase systems which join to a six-phase system.

For further arrangements of six-phase transformation, see
“Theory and Calculation of Alternating-Current Phenomena,”
fourth edition, Chapter XXXVI.

The table below gives, with the direct-current voltage and
direct current as unit, the alternating voltages and currents of
the different converters.

FE ) : . %
gl 22 =29 @ 3 2
gl §£8 EES a N |
NN N N
50| o8 | § & o = = 3
37| wE | o®m | 8 L a S 2
= | g3 2] = 3 a F o
[=} @R [31) 3 = 17} = R
Volts between col- __1___ 1_ ._1_: __1__ ;_ 1 __l__
lector ring and 2V3 | 2V3 | 2v3 | 2V3 | 2VT | 2V3 | V3
neutral point .. =0.354|=0.354|=0 354|=0 354|=0 354|=0 354|=0 354
1 V3 | V3 1
Volts between ad- = —= — —_— s —
jacent collector V3 | 2v3 | 23 243 _
rings...... ...... 1.0{=0 707|=0 612{=0.612| ¥=05 |=0.354] 0 183 V3
Al 1i \_/..-2... .2_\1_5 —1_. ﬁ 2'\/2
mperes per line . V3 7 5 7 3 =
1.0{=1.414|=0 817|=0 943{=0.707|=0.472| 0236 V5
— _ — 2
A bet V3 | 2V3 V3 X
mperes etween o -—7= —_— = o
jacent lines V3 3 | 3V3 3 in <
adia ) =1 414|=0.817|=0.545| $=0.5 [=0.472| 0 455|5"n

These currents give only the power component of alternating
currént corresponding to the direct-current output. Added
thereto is the current required to supply the losses in the machine,
that is, to rotate it, and the wattless component if a phase dis-
placement is produced in the converter.

III. Variation of the Ratio of Electromotive Forces.

115. The preceding ratios of e.m.fs. apply strictly only to the
generated e.m.fs. and that under the assumption of a sine wave
of alternating generated e.m.f. :

The latter is usually a sufficiently close approximation, since
the armature of the converter is a multitooth structure, that is,

contains a distributed winding.



278 ELEMENTS OF ELECTRICAL ENGINEERING.

The ratio between the difference of potential at the commu-
tator brushes and that at the collector rings of the converter
usually differs somewhat from the theoretical ratio, due to the
e.m.f. consumed in the converter armature, and in machines
converting from alternating to continuous current, also due to
the shape of the impressed wave.

When converting from alternating to direct current, under
load the difference of potential at the commutator brushes is
less than the generated direct e.m.f., and the counter-generated
alternating e.m.f. less than the impressed, due to the voltage
consumed by the armature resistance.

If the current in the converter is in phase with the impressed
e.m.f., armature self-inductance has. little effect, but reduces
the counter-generated alternating e.m.f. below the impressed
with a lagging and raises it with a leading current, in the same
way as in a synchronous motor.

Thus in general the ratio of voltages varies somewhat with
the load and with the phase relation, and with constant im-
pressed alternating e.m.f. the difference of potential at the com-
mutator brushes decreases with increasing load, decreases with
decreasing excitation (lag), and increases with increasing excita-
tion (lead).

When converting from direct to alternating current the reverse
is the case.

The direct-current voltage stands in definite proportion only
to the maximum value of the alternating voltage (being equal
to twice the maximum star voltage), but to the effective value
(or value read by voltmeter) only in so far as the latter depends

. 1 . . .
upon the former, being = —=maximum value with a sine wave.

V2

Thus with an impressed wave of e.m.f. giving a different ratio
of maximum to effective value, the ratio between direct and
alternating voltage is changed in the same proportion as the ratio
of maximum to effective; thus, for instance, with a flat-topped
wave of impressed e.m.f., the maximum value of alternating
impressed e.m.f., and thus the direct voltage depending there-
upon, are lower than with a sine wave of the same effective
value, while with a peaked wave of impressed e.m.f. they are
higher, by as much as 10 per cent in extreme cases.

In determining the wave shape of impressed e.m.f. at the con-
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verter terminals, not only the wave of generated generator
e.m.f., but also that of the converter counter-generated e.m.f.,
may be instrumental. Thus, with a converter connected
directly to a generating system of very large capacity, the im-
pressed e.m.f. wave will be practically identical with the gener-
ator wave, while at the terminals of a converter connected to the
generator over long lines with reactive coils or inductive regu-
lators interposed, the wave of impressed e.m.f. may be so far
modified by that of the counter e.m.f. of the converter as to
resemble the latter much more than the generator wave, and
thereby the ratio of conversion may be quite different from that
corresponding to the generator wave.

Furthermore, for instance, in three-phase converters fed by
ring or delta connected transformers, the star e.m.f. at the con-
verter terminals, which determines the direct voltage, may
differ from the star e.m.f. impressed by the generator, by con-
taining different third and ninth harmonics, which cancel when
compounding the star voltages to the delta voltage, and give
identical delta voltages, as required.

Hence, the ratios of e.m.fs. given in Section II have to be
corrected by the drop of voltage in the armature, and have to
be multiplied by a factor which is v/2 times the ratio of effective
to maximum value of impressed wave of star e.m.f. (V2 being
the ratio of maximum to effective of the sine wave on which the
ratios in Section IT were based), that is, by the ““ form factor”
of the e.m.f. wave.

With an impressed wave differing from sine shape, there is a
current of higher frequency, but generally of negligible mag-
nitude, through the converter armature, due to the difference
between impressed and counter e.m.f. wave.

IV. Armature Current and Heating.

116. The current in the armature conductors of a converter
is the difference between the alternating-current input and the
direct-current output.

In Fig. 161, a,, a, are two adjacent leads connected with the
collector rings D,, D, in an n-phase converter. The alternating
e.m.f. between a, and a,, and thus the power component of the
alternating current in the armature section between a, and a,,
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will reach a maximum when this section is midway between
the brushes B, and B,, as shown in Fig. 161.

The direct current in every armature coil reverses at the moment
when the coil passes under brush B, or B,, and is thus a rectangu-
lar alternating current as shown in
Fig. 162 as /. At the moment when
the power component of the alter-
nating current is a maximum, an
armature coil d midway between
two adjacent alternating leads a,
and a, is midway between the
y; brushes B, and B,, as in Fig. 161,

. B, and is thus in the middle of its rec-
F b ;:;ureDggiﬁgff; Ss;zg}s;gf tangular continuous-current wave,
nous Converters. and consequently in this coil the
power component of the alternat-

ing current and the rectangular direct current are in phase
with each other, but opposite, as shown in Fig. 162 as I, and I,
and the actual current is their difference, as shown in Fig. 163.

!

I
Fig. 162. Direct Current and Alternating Current in Armature

Coil d, Fig. 161.
/ N
— N\ /

Fig. 163. Resultant Current in Coil d, Fig. 161.

In successive armature coils the direct current reverses suc-
cessively; that is, the rectangular currents in successive arma-
ture coils are successively displaced in phase from each other;
and since the alternating current is the same in the whole sec-
tion a, a,, and in phase with the rectangular current in the coil d,
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it becomes more and more out of phase with the rectangular
current when passing from coil d towards a, or a,, as shown in
Figs. 164 to 167, until the maximum phase displacement be-
tween alternatmg and rectangular current is reached at the

alternating leads a, and a,, and is equal to = o

117. Thus, if E = direct voltage, and I = direct current, in
an armature coil displaced by angle = from the position d, mid-
way between two adjacent leads of the n-phase converter, the

direct current is 31 for the half period from 0 to z, and the alter-

nating current is ~
/2T sin (0 — 1),
where

I INV?2

. T
7 s —
n

is the effective value of the alternating current. Thus, the actual
current in this armature coil is

= 4/2 I sin (0—1—)—%

=_I_[4sin (a—f)_I]
. T .
7 sin —
n

In a double-current generator, instead of the minus sign, a
plus sign would connect the alternating and the direct current
in the parenthesis

The effective value of the resultant converter current thus is:

1 e - 3 — 2
oV
| .

7 s —
n

=Z\/ 8 _,_1__160051:.

2 P . T

n? sin?~ Nz sin —
n n

Since QI- is the current in the armature coil of a direct-current
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_/

Fig. 164. Alternating Current and Direct Current in Coil between
d and @, or a, Fig. 161.

A N A 7
\1\_/1/

Fig. 165. Resultant of Currents Given in Fig. 164.

\

¥ 7

Fig. 166. Alternating Current and Direct Current in Coil between
d and ¢, or a,, Fig. 161.

-

VT

Fig. 167. Resultant of Currents Shown in 166.
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generator of the same output, we have

I, T 8 16 cos 7
=2 = 20T
T I-l 2 27z+1 . 7
=| n’sin® = nx sin —

2_, n n

the ratio of the power loss in the armature coil resistance of the
converter to that of the direct-current generator of the same
output, and thus the ratio of coil heating.

This ratio is a maximum at the position of the alternating

T .
leads, = = o and is

16 cos =

Tm™ - +1-
n? sin® - nr sin =
n n
It is a minimum for a coil midway between adjacent alter-
nating leads, = = 0, and is

- 8 ,q__16

2 227 1
n’ sin® — nw sin —
n n

Integrating over = from 0 (coil d) to ﬁ,tha,t is, over the whole
phase or section a, a,, we have

r=2 " dge= 8 +1-1§,
Tl n’sin”;:

the ratio of the total power loss in the armature resistance of
an n-phase converter to that of the same machine as direct-
current generator at the same output, or the relative armature
heating.

Thus, to get the same loss in the armature conductors, and
consequently the same heating of the armature, the current in
the converter, and thus its output, can be increased in the pro-

portion L over that of the direct-current generator.

AT
The calculation for the two-circuit single-phase converter is
somewhat different; since in this in one-third of the armature
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the I°r loss is that of the direct-current output, and only in the
2z . .

other two-thirds — or an are 13— — is there alternating current.

Thus in an armature coil displaced by angle = from the center of

this latter section the resultant current is

fy= V3 sin (0 —7) — L
If(4 . |
= ~{—sn (0 —7)—1¢,
2{ VA
giving the effective value

1_\/1f pgp = Ly/LL 16
5V 3 m/.g_cosr,

thus, the relative heating is

1 2=H_ 16
T,—(T’) 3 T3 cos T,

2
with the minimum value at = = 0, it is
11 16 .
== ———=0.7
0T o
and with the maximum value at v = §’ it is
11 8
== ———==218;
™ 3 V3
the average current heating in two-thirds of the armature is
™ 48 . =
I‘—-— Td——————:sm—-
A
4 2%- =1.236;
3 =

in the remaining third of the armature, T, = 1, thus the average
is
= 2T ; r
= 1.151,

and therefore the rating is

L _ o093,

vT
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By substituting for 7 in the general equations of current heat-
ing and rating based thereon, numerical values, we get the
following table:

2 =g g . g
. =21 = =7 E 2 % = .
a @ & (= & @ & 8
[ 2 P ] 2 3 4 6 12
7 100{045|0700.225 .20 0.19 | 0.187
VMoo e 1.00 | 300|218 1.20 .73 1 0 42 | 0.24 [0 187
T 1.00 | 137 | 1.157) 0 555 37 | 0 26 | 0 20
Rating (by mean
arm. heating), | 1.00 | 0 85| 093 | 1.34 | 1 64| 1.96 | 2 24 | 2.31

As seen, in the two-circuit single-phase converter the arma-
ture heating is less, and more uniformly distributed, than in the
single-circuit single-phase converter.

118. A very great gain is made in the output by changing
from three-phase to six-phase, but relatively little by still
further increasing the number of phases.

In these values, the small power component of current supply-
ing the losses in the converter has been neglected.

These values apply only to the case where the alternating
current is in phase with the supply voltage, that is, for unity
power-factor of supply. If, however, the current lags, or leads,
by the time angle 6, then the alternating current and direct
current are not in opposition in the armature coil d midway
between adjacent leads, Fig. 161, and the resultant current is
a minimum and of the shape shown in Fig. 163, at a point
of the armature winding displaced from mid position d by
angle v = 0. At the leads the displacement between alternating

current and direct current then is not ;—:Z, butz + 0 at the one,

:r; — 6 at the other lead, and thus at the other side of the same

lead. The resultant current is thus increased at the one, de-
creased at the other lead, and the heating changed accordingly.
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For instance, in a quarter-phase converter at zero phase dis-
placement, the resultant current at the lead would be as shown in

Fig. 168, 7’:; = 45 deg., while at 30 deg. lag the resultant currents
in the two coils adjacent to the commutator lead are displaced
respectively by % + 0 =75 deg. and by % — 6 = 15 deg., and

so of very different shape, as shown by Figs. 169 and 170, giv-
ing very different local heating. Phase displacement thus in-
creases the heating at the one, decreases it at the other side of
each commutator lead.

Let again,

= direct current per commutator brush.

The effective value of the alternating power current in the

armature winding, or ring current, corresponding thereto, is

_IVE

. T
n s -
n

Il

Let pI’ = total power current, allowing for the losses of power
in the converter; gl = reactive current in the converter, assumed
as positive when lagging, as negative when leading, and sI’ =

total current, where s = V/p* + ¢’ is the ratio of total current to
the load current, that is, power current corresponding to the

|
direct-current output, and 9~ tan 0 is the time lag of the

supply current; p is a quantity slightly larger than 1, by the
losses in the converter, or slightly smaller than 1 in an inverted
converter.

The actual current in an armature coil displaced in position
by angle z from the middle position d between the adjacent
collector leads, then, is

i, =V2I {psin (8 —7)—qcos (B— )} —

DTN

~[psin (f—7)—geos (8 —7)]-1|

1
2 nsin=
n
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N AR /4
f /

A7

o

Fig. 168. Quarter-Phase Converter Unity Power Factor, Armature
Current at Collector Lead.

Fig. 169. Quarter-Phase Converter Phase Displacement 30 Degrees,
Armature Current at Collector Lead.

A
/-

Fig. 170. Quarter-Phase Converter Phase Displacement 30 Degrees,
Armature Current at Collector Lead.
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and, therefore, its effective value is

1_\/ i

14 8(p* +
\ n? sin’

/ 8¢ 16 s cos (t— 0
1+ — ( ) )
n* sin® = zn sin =
\ n

and herefrom the relative heating in an armature coil displaced
by angle « from the middle between adjacent commutator leads:

°) 16 (pcos t + ¢sin 1)

l\')l
S

. T
=n sin -
n

Il
WO~

SRE

2 .
e 14 8s  16scos (= 0);

s o7 .=
n® sin® — 7N sin -~
n n

this gives at the leads, or for = = F ;—r,

T
8¢ 163005(—7;—1- 6)

Tm= 1 +
2 2 s . E
n® sin® = N sin
n n
T
3¢ 16800s<-—0)
S n
rm’ =1 -+ — .
n? sin® > amsin =
- . (2 —
n n

Averaging from — %to + ;—; gives the mean current-heating of

the converter armature.
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—14 8¢’ _l_ngosﬁ

n? sin? = =
n
S +¢) 16

IL

=1+
n? sin? =
n

119. This gives for
Three-phase, n = 3:
=1+ 1.185¢ — 1.955s cos (r — ),
rm =14+ 11858 — 1.955s cos (60 + 6),
I' =1+ 1.185s — 1.620 p.

Quarter-phase, n=4:
=14+ — 1795 s cos (r — 6),
Tm =14 ¢ ~ 1.795s cos (45 + 6),
r=1+¢§ —1.620 p.

Six-phase, n = 6:
7. =1+ 0.889 8 — 1.695 s cos (z — 8),
rm =14 0.889 & — 1.695 s cos (30+ 6),
F=1 + 0.889 ¢ — 1.62 p,
«-phase, n =
fr=7an=0I=1 +08108 —1.62scos @
=1+ 0.810§ — 1.62 p.

Choosing p = 1.04, that is, assuming 4 per cent loss in friction
and windage, core loss and field excitation, — the #° loss of the
armature is not included in p, as it is represented by a drop of
direct-current voltage below that corresponding to the alternat-
ing voltage, and not by an increase of the alternating current
over that corresponding to the direct current — we get, for dif-
ferent phase angles from 6 = 0 deg. to § = 60 deg., the values
given below:

8

6= 0 10 20 30 40 50 60
=P 104 105 1108 120 136 162  2.08
cos 8
g=ssinf =
react. cur. 0184 0379 060 0.876 124  1.80
power cur.
tan 6 = 0 0176 0364 0577 0839 1192 1.732
Three-phase:
Ym = 1.62 208 270 3.5 519  8.16
1.26
Y = 1.00 080 068 070 099 2.6

T = 0.60 0.64 0.77 1.02 1.51 2.43 4.45



290 ELEMENTS OF ELECTRICAL ENGINEERING.

6 = 0 10 20 30 40 50 60
Quarter-phase:
Ym = 1.02 1.39 1.88 2.64 3.87 6.30
076
Ym' = 0.55 0.43 0.38 0.42 0.73 1.71
T= 0.40 0.43 0.54 0.75 1.16 1.94 3.64
Six-phase:
Ym = 0.62 0.88 1.27 1.86 2.85 4.85
0.44
Ym' = 0.31 0.24 0.25 0.38 0.75 1.79
T = 0.28 0.31 0.41 0.60 0.97 1.65 3.17
oo -phase:
Ym=vm'=T=0.20 0.22 0.32 0.49 0.82 1.45 2.82

120. The values are shown graphically in Figs. 171 and 172,

with tan ¢ = reagtive current as abscissas, and 7= as ordinates
energy current
in Fig. 171, T as ordinates in Fig. 172.

As seen, with increasing phase displacement, irrespectively
whether lag or lead, the average as well as the maximum arma-
ture heating very greatly increases. This shows the necessity
of keeping the power-factor near unity at full load and overload,
and when applied to phase control of the voltage by converter,
means that the shunt field of the converter should be adjusted so
as to give a considerable lagging current at no load, so that the
current comes into phase with the voltage at about full load.
It therefore is very objectionable in this case to adjust the con-
verter for minimum current at no load, as occasionally done by
ignorant engineers, since such wrong adjustment would give con-
siderable leading current at load, and therewith unnecessary
armature heating.

It must be considered, however, that above values are referred
to the direct-current output, and with increase of phase angle
the alternating-current input, at the same output, increases,
and the heating increases with the square of the current. Thus
at 60 deg. lag or lead, the power-factor is 0.5, and the alternating-
current input thus twice as great as at unity power-factor, corre-
sponding to four times the heating. It is interesting therefore
to refer the armature heating to the alternating-current input,
that is, compare the heating of the converter with that of a
synchronous motor of the same alternating-current input. This

is given by T
1= ’52

-
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and, for p = 1.04, gives the following values:

0= 0 10 20 30 40 50 60
tan 0= 0 - 0.176 0.364 0.577 0.839 1.192 14.32
Three-phase:

T, = 0.555 0.57 0.63 0.71 0.82 0.93 1.03
Quarter-phase:

T, = 0.37 0.385 0.44 0.52 0.63 0.74 0.84
Six-phase:

r, = 0.26 0.28 0.335 0.42 0.52 0.63 0.73
« -phase:

r, = 0.1850.197 0.26 0.3¢ 0.44 0.55 0.65

It is seen that, compared with the total alternating-current
input, the armature heating increases much less with increasing
phase displacement, and is almost always much lower than the
heating of the same machine at the same input and phase angle,
when running a synchronous motor, as shown in Fig. 173.

T PER-{

SYNGHRONOUS MOTOR HEATING L cene
=
= — 90 1
s =1"1 50
v&‘k‘é’]'/ =l =0
L] A e ] LA 60
<
— RO P g P
o - 50
| SEle L
R P 40
LT
— = 30
1 ||
LEAJTWE CURRERT| PERCENT, 20
°1F FULL L0AD POWER CURRENT 10
10 90 30 4o sp 60 70 b s 1do tlo 190 140 140 1 0160170

Fig. 173. Average I*r Heating in Converter Armature Expressed in
Per Cent of Synchronous Motor I Heating at the Same Power-
Factor

V. Armature Reaction.

121. The armature reaction of the polyphase converter is the
resultant of the armature reactions of the machine as direct-
current generator and as synchronous motor. If the com-
mutator brushes are set at right angles to the field poles or
without lead or lag, as is usually done in converters, the direct-
current armature reaction consists in a polarization in quadra-
ture behind the field magnetism. The armature reaction due
to the power component of the alternating current in a synchro-
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nous motor consists of a polarization in quadrature ahead of
the field magnetism, which is opposite to the armature reaction
as direct-current generator.

Let m = total number of turns on the bipolar armature or per
pair of poles of an n-phase converter, I = direct current, then the
m
2 ’
total armature ampere-turns, or polarization, = %{ . Since, how-
ever, these ampere-turns are not unidirectional, but distributed
over the whole surface of the armature, their resultant is

number of turns in series between the brushes= hence the

ml +3
§ = — avg. cos

2 -3
and, since

”

I

RIS

avg. cos

-7
we have § = ml_ direct-current polarization of the converter
T
(or direct-current generator) armature.
. m
In an n-phase converter the number of turns per phase = n

The current per phase, or current between two adjacent leads

(ring current), is ) NGY -
I = ;
. T
7 8in =
n
hence, the ampere-turns per phase,
ml’ 2 ml )
o . T
n? sin -
n

These ampere-turns are distributed over’% of the circumference

of the armature, and their resultant is thus

n

ml’ +5
1= —n—avg. cOS% '

and, since -
avg. cos § * =
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we have
2l

e

F, = = resultant polarization,

in effective amperc-turns of one phase of the converter.
The resultant m.m.f. of n equal m.m.fs. of effective value of
,» thus maximum value of %,V2, acting under equal angles

T

SR

, and displaced in phase from each other by 7%‘of a period, or
2
phase angle‘?", is found thus:

~ Drs
Let F.= §,V/2 sin(O —5—7;—> = onc of the m.m.fs. of phase

o

217 . . . X .
angle 0 = 177;3, acting in the direction = = ——;— ; that is, the
zero point of onec of the m.m.fs. F, is taken as zero point
of time 0, and the direction of this m.m.f. as zero point of direc-
tion .

The resultant m.m.f. in any direction < is thus

n .
F = 2%’9 cos<r+ %E)
1

n - o -/
= FV2 27, sin(ﬂ——k cos(r - = ”)
1

n n

_ 3‘1\/22i{sin(0 + T —4—;5>+ sin (0 — r)}
-~ 1

FVIK . . 4i7r) .
bl T —_ S -0
) {%Lmn(()-{- T " + n sin (0 )}

and, since " 4

2isin<0 T —-ﬂ>= 0,

1
we have ~

5 =&g—‘2—\—/—2sin 0= );
that is, the resultant m.m.f. in any direction ¢ has the phase

0 =,
and the intensity, B
nF A2

ff'=-——1é~'—:
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thus revolves in space with uniform velocity and constant in-
tensity, in synchronism with the frequency of the alternating
current.
Since in the converter,
\2m]

)

we have

the resultant m.m.f. of the power component of the alternating
current in the n-phase converter.

This m.m.f. revolves synchronously in the armature of the
converter; and since the armature rotates at synchronism, the
resultant m.m.f. stands still in space, or, with regard to the field
poles, in opposition to the direct-current polarization. Since
it is equal thereto, it follows that the resultant armature reac-
tions of the direct current and of the corresponding power
component of the alternating current in the synchronous con-
verter are equal and opposite, thus neutralize each other, and
the resultant armature polarization equals zero. The same is
obviously the case in an inverted converter, that is, a machine
changing from direct to alternating current.

122. The conditions in a single-phase converter are different,
however. At the moment when the alternating current = 0,
the full direct-current rcaction exists. At the moment when
the alternating current is a maximum, the reaction is the differ-
ence between that of the alternating and of the direct current;
and since the maximum alternating current in the single-phase
converter equals twice the direct current, at this moment the
resultant armature reaction is equal but opposite to the direct-
current reaction.

Hence, the armature reaction oscillates with twice the fre-
quency of the alternating current, and with full intensity, and
since it is in quadrature with the field excitation, tends to shift
the magnetic flux rapidly across the field poles, and thereby
tends to cause sparking and power losses. This oscillating
reaction is, however, reduced by the damping effect of the
magnetic field structure. It is somewhat less in the two-circuit
single-phase converter.



296 ELEMENTS OF ELECTRICAL ENGINEERING.

Since in consequence hereof the commutation of the single-
phase converter is not as good as that of the polyphase con-
verter, in the former usually voltage commutation has to be
resorted to; that is, a commutating pole used, or the brushes
shifted from the position mid-way between the field poles; and
in the latter case the continuous-current ampere-turns inclosed
by twice the angle of lead of the brushes act as a demagnetizing
armature reaction, and require a corresponding increase of the
field excitation under load.

123. Since the resultant main armature reactions neutralize
each other in the polyphase converter, there remain only —

1. The armature reaction due to the small power component
of current required to rotate the machine, that is, to cover the
internal losses of power, which is in quadrature with the field
excitation or distorting, but of negligible magnitude.

2. The armature reaction due to the wattless component of
alternating current where such exists.

3. An effect of oscillating nature, which may be called a
higher harmonic of armature reaction.

The direct current, as rectangular alternating current in the
armature, changes in phase from coil to coil, while the alternating
current is the same in a whole section of the armature between
adjacent leads.

Thus while the resultant reactions neutralize, a local effect
remains which in its relation to the magnetic field oscillates
with a period equal to the time of motion of the armature through
the angle between adjacent alternating leads; that is, double
frequency in a single-phase converter (in which it is equal in
magnitude to the direct-current reaction, and is the oscillating
armature reaction discussed above), sextuple frequency in a
three-phase converter, and quadruple frequeney in a four-
phase converter.

The amplitude of this oscillation in a polyphase converter is
small, and its influence upon the magnetic field is usually neg-
ligible, due to the damping effect of the field spools, which act
like a short-circuited winding for an oscillation of magnetism.

A polyphase converter on unbalanced circuit can be con-
sidered as a combination of a balanced polyphase and a single-
phase converter; and since even single-phese converters operate
quite satisfactorily, the effect of unbalanced circuits on the
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polyphase converter is comparatively small, within reasonable
limits.

Since the armature reaction of the direct current and of the
alternating current in the converter neutralize each other, no
change of field excitation is required in the converter with
changes of load.

Furthermore, while in a direct-current generator the arma-
ture reaction at given field strength is limited by the distortion
of the field caused thereby, this limitation does not exist in a
converter; and a much greater armature reaction can be safely
used in converters than in direct-current generators, the dis-
tortion being absent in the former.

The practical limit of overload capacity of a converter is usu-
ally far higher than in a direct-current generator, since the arma-
ture heating is relatively small, and since the distortion of field,
which causes sparking on the commutator under overloads in a
direct-current generator, is absent in a converter.

The theoretical limit of overload — that is, the overload at
which the converter as synchronous motor drops out of step
and comes to a standstill —is usually far beyond reach at
steady frequency and constant impressed alternating voltage,
while on an alternating circuit of pulsating frequency or droop-
ing voltage it obviously depends upon the amplitude and period
of the pulsation of frequency or on the drop of voltage.

VI. Reactive Currents and Compounding.

124. Since the polarization due to the power component of
the alternating current as synchronous motor is in quadrature
ahead of the field magnetization, the polarization or magnetizing
effect of the lagging component of alternating current is in
phase, that of the leading component of alternating current in
opposition to the ficld magnetization; that is, in the converter
no magnetic distortion exists, and no armature reaction at all
if the current is in phase with the impressed e.m.f., while the
armature reaction is demagnetizing with a leading and mag-
netizing with a lagging current.

Thus if the alternating current is lagging, the field excitation
at the same impressed e.m.f. has to be lower, and if the alter-
nating current is leading, the field excitation has to be higher,
than required with the alternating current in phase with the
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e.m.f. Inversely, by raising the field excitation a leading
current, or by lowering it a lagging current, can be produced in
a converter (and in a synchronous motor).

Since the alternating current can be made magnetizing or
demagnetizing according to the field excitation, at constant
impressed alternating voltage, the field excitation of the con-
verter can be varied through a wide range without noticeably
affecting the voltage at the commutator brushes; and in con-
verters of high armature reaction and relatively weak field, full
load and overload can be carried by the machine without any
field excitation whatever, that is, by exciting the field by armature
reaction by the lagging alternating current. Such converters
without field excitation, or reaction converters, must always run
with more or less lagging current, that is, give the same reaction
on the line as induction motors, which, as known, are far more
objectionable than synchronous motors in their reaction on the
alternating system, and therefore they are no longer used.

Conversely, however, at constant impressed alternating volt-
age the direct-current voltage of a converter cannot be varied
by varying the field excitation (except by the very small amount
due to the change of the ratio of conversion), but a change of
field excitation mercly produces wattless currents, lagging or
magnetizing with a decrease, leading or demagnetizing with an
increase of field excitation. Thus to vary the continuous-
current voltage of a converter usually the impressed alternating
voltage has to be varied. This can be done either by potential
regulator or compensator, that is, transformers of variable ratio
of transformation, or by the effect of wattless currents on self-
inductance. The latter method is especially suited for con-
verters, due to their ability of producing wattless currents by
change of field excitation.

The e.m.f. of self-inductance lags 90 deg. behind the current;
thus, if the current is lagging 90 deg. behind the impressed e.m.f.,
the e.m.f. of self-inductance is 180 deg. behind, or in opposition
to, the impressed e.m.f., and thus reduces it. If the current is
90 deg. ahead of the e.m.f., the e.m.f. of self-inductance is in
phase with the impressed e.m.f., thus adds itself thereto and
raises it. Therefore, if self-inductance is inserted into the lines
between converter and constant-potential generator, and a watt-
less lagging current is produced by the converter by a decrease
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of its field excitation, the e.m.f. of self-inductance of this lagging
current in the line lowers the alternating impressed voltage at
the converter and thus its direct-current voltage; and if a watt-
less leading current is produced by the converter by an increase
of its field excitation, the e.m.f. of self-inductance of this leading
current raises the impressed alternating voltage at the converter
and thus its direct-current voltage.

125. In this manner, by self-inductance in the lines leading to
the converter, its voltage can be varied by a change of field
excitation, or conversely its voltage maintained constant at
constant generator voltage or even constant generator excita-
tion, with increasing load and thus increasing resistance drop
in the line; or the voltage can even be increased with increasing
load, that is, the system over-compounded.

The change of field excitation of the converter with changes
of load can be made automatic by the combination of shunt and
series field, and in this manner a converter can be compounded
or even over-compounded similarly to a direct-current generator.
While the effect is the same, the action, however, is different;
and the compounding takes place not in the machine as with a
direct-current generator, but in the alternating lines leading to
the machine, in which self-inductance becomes essential.

As the reactance of the transmission line is rarely sufficient
to give phase control over a wide range without excessive reac-
tive currents, it is customary, especially at 25 cycles, to insert
reactive coils into the leads between the converter and its step-
down transformers, in those cases in which automatic phase
control by converter series fields is desired, as in power trans-
mission for suburban and interurban railways, etc. Usually
these reactive coils are designed to give at full-load current a
reactance voltage equal to about 15 per cent of the converter
supply voltage, and therefore capable of taking care of about
10 per cent line drop at good power factors.

VII. Variable Ratio Converters (‘ Split Pole ) Converters.

126. With a sine wave of alternating voltage, and the com
mutator brushes set at the magnetic neutral, that is, at right
angles to the resultant magnetic flux, the direct voltage of a
converter is constant at constant impressed alternating voltage.
It equals the maximum value of the alternating voltage between
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two diametrically opposite points of the commutator, or “dia-
metrical voltage,” and the diametrical voltage is twice the voltage
between alternating lead and neutral, or star or ¥ voltage of
the polyphase system.

A change of the direct voltage, at constant impressed alter-
nating voltage, can be produced —

Either by changing the position angle between the commu-
tator brushes and the resultant magnetic flux, so that the direct
voltage between the brushes is not the maximum diametrical
alternating voltage but only a part thereof,

Or by changing the maximum diametrical alternating voltage,
at constant effective impressed voltage, by wave-shape distortion
by the superposition of higher harmonies.

In the former case, only a reduction of the direct voltage
below the normal value can be produced, while in the latter
case an increase as well as a reduction can be produced, an
increase if the higher harmonics are in phase, and a reduction
if the higher harmonics are in opposition to the fundamental
wave of the diametrical or ¥ voltage.

A. VARIABLE RaTIO BY A CHANGE OF THE POSITION ANGLE
BETWEEN COMMUTATOR BRUSHES AND RESULTANT Mac-
NETIC FLUX.

127. Let, in the commutating machine shown diametrically
in Fig. 174, the potential difference, or alternating voltage
between one point @ of the armature winding and the neutral 0
(that is, the Y voltage, or half the diametrical voltage), be
represented by the sine wave, Fig. 176. This potential differ-
ence is a maximum, e, when a stands at the magnetic neutral,
at A or B.

If, therefore, the brushes are located at the magnetic neutral,
A and B, the voltage between the brushes is the potential
difference between A and B, or twice the maximum Y voltage,
2 e, as indicated in Fig. 176. If now the brushes are shifted by
an angle © to position C and D, Fig. 175, the direct voltage
between the brushes is the potential difference between C' and
D, or 2 e cos © with a sine wave. Thus, by shifting the brushes
from the position 4, B, at right angles with the magnetic flux,
to the position E, F, in line with the magnetic flux, any direct



SYNCHRONOUS CONVERTERS. 301

voltage between 2 e and 0 can be produced, with the same wave
of alternating voltage a.

As seen, this variation of direct voltage between its maximum
value and zero, at constant impressed alternating voltage, is inde-
pendent of the wave shape, and thus can be produced whether
the alternating voltage is a sine wave or any other wave.

Fig. 174. Diagram
of Commutating
Machine with
Brushes in the Fig. 175. E.m.f. Variation
Magnetic Neutral. by Shifting the Brushes.

Fig. 176. - Sine Wave of e.m. f.

It is obvious that, instead of shifting the brushes on the com-
mutator, the magnetic field poles may be shifted, in the opposite
direction, by the same angle, as shown in Fig. 177, 4, B, C.

Instead of mechanically shifting the field poles, they can be
shifted electrically, by having each field pole consist of a num-
ber of sections, and successively reversing the polarity of these
sections, as shown in Fig. 178, 4, B, C, D.
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Instead of having a large number of field pole sections,
obviously two sections are sufficient, and the same gradual
change can be brought about by not merely reversing the sec-
tions but reducing the excitation down to zero and bringing it up
again in opposite direction, as shown in Fig. 179, 4, B, C, D, E.

Fig. 179. E.m.. Variation by Shifting Flux Distribution.
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In this case, when reducing one section in polarity, the other
section must be increased by approximately the same amount,
to maintain the same alternating voltage.

When changing the direct voltage by mechanieally shifting
the brushes, as soon as the brushes come under the field pole
faces, self-inductive sparking on the commutator would result
if the iron of the field poles were not kept away from the brush
position by having a slot in the field poles, as indicated in dotted
line in Fig. 175 and Fig. 177, B. With the arrangement in
Figs. 175 and 177, this is not feasible mechanically, and these
arrangements are, therefore, unsuitable. It is feasible, how-

Fig. 180. Variable Ratio or Split-Pole Converter.

ever, as shown in Figs. 178 and 179, that is, when shifting the
resultant magnetic flux electrically, to leave a commutating
space between the polar projections of the field at the brushes, as
shown in Fig. 179, and thus secure as good commutation as in
any other commutating machine.

Such a variable-ratio converter, then, comprises an armature
4, Fig. 180, with the brushes B, B’ in fixed position and field
poles P, P’ separated by interpolar spaces C, €’ of such width as
required for commutation. Each field pole consists of two parts,
P and P,, usually of different relative size, separated by a nar-
row space, DD’, and provided with independent windings. By
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varying, then, the relative excitation of the two polar sections
P and P, an effective shift of the resultant field flux and a
corresponding change of the direct voltage is produced.

As this method of voltage variation does not depend upon the
wave shape, by the design of the field pole faces and the piteh
of the armature winding the alternating voltage wave can be
made as near a sine wave as desired. Usually not much atten-
tion is paid hereto, as experience shows that the usual distributed
winding of the commutating machine gives a sufficiently close
approach to sine shape.

Armature Reaction and Commutation.

128. With the brushes in quadrature position to the resultant
magnetic flux, and at normal voltage ratio, the direct-current
generator armature reaction of the converter equals the syn-
chronous motor armature reaction of the power component of the
alternating current, and at unity power-factor the converter
thus has no resultant armature reaction, while with a lagging
or leading current it has the magnetizing or demagnetizing
reaction of the wattless component of the current.

If by a shift of the resultant flux from quadrature position
with the brushes, by angle z, the direct voltage is reduced by
factor cos 7, the direct current and therewith the direct-current

armature reaction are increased, by factor as by the law

cos 7

of conservation of energy the direct-current output must equal
the alternating-current input (neglecting losses). The direct-
current armature reaction & therefore ceases to be equal to the
armature reaction of the alternating energy current &, but is

1.
greater by factor '

F= S0 .

cos T

The alternating-current armature reaction &, at no phase dis-
placement, is in quadrature position with the magnetic flux.
The direct-current armature reaction %, however, appears in the
position of the brushes, or shifted against quadrature position
by angle =; that is, the direct-current armature reaction is not in
opposition to the alternating-current armature reaction, but
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differs therefrom by angle =, and so can be resolved into two
components, a component in opposition to the alternating-cur-
rent armature reaction &, that is, in quadrature position with
the resultant magnetic flux,

§’=Fcost =9,

that is, equal and opposite to the alternating-current armature
reaction, and thus neutralizing the same; and a component in
quadrature position with the alternating-current armature reac-
tion &, or in phase with the resultant magnetic flux, that is,
magnetizing or demagnetizing,

§ = Fsin r = F tan 7;

that is, in the variable-ratio converter the alternating-current
armature reaction at unity power-factor is neutralized by a
component of the direct-current armature reaction, but a result-
ant armature reaction ' remains, in the direction of the result-
ant magnetic field, that is, shifted by angle (90 — ) against
the position of brushes. This armature reaction is magnetizing
or demagnetizing, depending on the direction of the shift of the
field 7. ~

It can be resolved into two components, one at right angles

with the brushes,
§/' =7 cost=F,sinr,
and one, in line with the brushes,
g, = ¢ sin v = Fsin’z = F sin vtan,
as shown diagrammatically in Figs. 181 and 182.

There exists thus a resultant armature reaction in the direc-
tion of the brushes, and thus harmful for commutation, just as
in the direct-current generator, except that this armature reac-
tion in the direction of the brushes is only §,’ = & sin®s, that is,
sin’t of the value of that of a direct-current, generator.

The value of ,” can also be derived directly, as the difference
between the direct-current armature reaction § and the com-
ponent of the alternating-current armature reaction, in the
direction of the brushes, ¥, cos 7, that is,

F/ =F —F cost =9 (1 —cos’t) = Fsin’t = F sinrtan .

129. The shift of the resultant magnetic flux, by angle r,
gives a component of the m.m.f. of field excitation " = Fsin ,
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Diagram of m.m.fs. in Split-Pole Converter.

Fig. 181.
T
/h\\
/ ~<
/ \\\ 17 N
/ Fi-g,
/
/
/
/
/
/
/
//
o
Fil &
S [fG
N
3
FHe '\) T b
//
<4 Vs
N (_br
A T,
X
Diagram of m.m.fs. in Split-Pole Converter

Fig. 182.
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(where §7 = m.m.f. of field excitation), in the direction of the
commutator brushes, and either in the direction of armature
reaction, thus interfering with commutation, or in opposition
to the armature reaction, thus improving commutation.

If the magnetic flux is shifted in the direction of armature
rotation, that is, that section of the field pole weakened towards
which the armature moves, as in Fig. 181, the component F/
of field excitation at the brushes is in the same direction as the
armature reaction, §,’, thus adds itself thereto and impairs the
commutation, and such a converter is hardly operative. In this
case the component of armature reaction, ’, in the direction of
the field flux is magnetizing.

If the magnetic flux is shifted in opposite direction to the
armature reaction, that is, that section of the field pole weakened
which the armature conductor leaves, as in Fig. 182, the com-
ponent F/’ of field excitation at the brushes is in opposite
direction to the armature reaction §,’, therefore reverses it, if
sufficiently large, and gives a commutating or reversing flux @,
that is, improves commutation so that this arrangement is used
in such converters. In this case, however, the component of
armature reaction, ¥, in the direction of the field flux is de-
magnetizing, and with increasing load the field excitation has
to be increased by ¥ to maintain constant flux. Such a con-
verter thus requires compounding, as by a series field, to take
care of the demagnetizing armature reaction.

If the alternating current is not in phase with the field, but
lags or leads, the armature reaction of the lagging or leading
component of current superimposes upon the resultant arma-
ture reaction ¥, and increases it — with lagging current in Fig.
181, leading current in Fig. 182 — or decreases it — with lagging
current in Fig. 182, leading current in Fig. 181 —, and with lag
of the alternating current, by phase angle # = 7, under the
conditions of Fig. 182, the total resultant armature reaction
vanishes, that is, the lagging component of synchronous motor
armature reaction compensates for the component of the direct-
current reaction, which is not compensated by the armature reac-
tion of the power component of the alternating current. It is
interesting to note that in this case, in regard to heating, out-
put based thereon, etc., the converter equals that of one of nor-
mal voltage ratio.
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B. VAriABLE RATiO BY CHANGE OF WAVE SHAPE OF THE
Y VovrTaGe.

130. If in the converter shown diagrammatically in Fig. 183
the magnetic flux disposition and the pitch of the armature
winding are such that the potential difference between the point
a of the armature and the neutral 0,
or the Y voltage, is a sine wave, Fig.
184 A, then the voltage ratio is nor-
mal. Assume, however, that the
voltage curve a differs from sine
shape by the superposition of some
higher harmonics: the third harmonie
in Figs. 184 B and C; the fifth har-
monic in Figs. 184 D and E. If, then,
these higher harmonics are in phase
with the fundamental, that is, their
maxima coincide, as in Figs. 184 B
and D, they increase the maximum
of the alternating voltage, and

. . . thereby the direct voltage; and if
F < 183. Variable Ratio Con- 1 .o }armonies are in opposition

erter by Changing Wave R -

Shape of the Y e.m.f. to the fundamental, as in Figs. 184

C and E, they decrease the maxi-
mum alternating and thereby the direct voltage, without appre-
ciably affecting the effective value of the alternating voltage.
For instance, a higher harmonic of 30 per cent of the fundamen-
tal increases or decreases the direct voltage by 30 per cent, but
varies the effective alternating voltage only by +/1 + 0.3 =
1.044, or 4.4 per cent.’

The superposition of higher harmonics thus offers a means of
increasing as well as decreasing the direct voltage, at constant
alternating voltage, and without shifting the angle between the
brush position and resultant magnetic flux.

Since, however, the terminal voltage of the converter does
not only depend on the generated e.m.f. of the converter, but
also on that of the generator, and is a resultant of the two
e.m.fs. in approximately inverse proportion to the impedances
from the converter terminals to the two respective generated
e.m.fs., for varying the converter ratio only such higher har-
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monics can be used which may exist in the ¥ voltage without
appearing in the converter terminal voltage or supply voltage.

In general, in an n-phase system an nth harmonic existing
in the star or ¥ voltage does not appear in the ring or delta
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Fig. 184. Superposition of Harmonics to Change the e.m.f. Ratio.

voltage, as the ring voltage is the combination of two star volt-
ages displaced in phase by 13_0 degrees for the fundamental, and

thus by 180 degrees, or in opposition, for the nth harmonic.
Thus, in a three-phase system, the third harmonic can be intro-
duced into the Y voltage of the converter, as in Figs. 184 B and
C, without affecting or appearing in the delta voltage, so can
be used for varying the direct-current voltage, while the fifth
harmonic cannot be used in this way, but would reappear and
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Fig. 185. Transformer Connections for Varying the e.m.f. Ratio by
Superposition of the Third Harmonic.

cause a short-circuit current in the supply voltage, hence should
be made sufficiently small to be harmless.

131. The third harmonic thus can be used for varying the
direct voltage in the three-phase converter diagrammatically
shown in Fig. 185 A, and also in the six-phase converter with
double-delta connection, as shown in Fig. 185 B, or double-Y
connection, as shown in Fig. 185 C, since this consists of two
separate three-phase triangles of voltage supply, and neither
of them contains the third harmonic. In such a six-phase con-



SYNCHRONOUS CONVERTERS. 311

verter with double-Y connection, Fig. 185 C, the two neutrals,
however, must not be connected together, as the third harmonic
voltage exists between the neutrals. In the six-phase converter
with diametrical connections, the third harmonic of the ¥ voltage
appears in the terminal voltage, as the diametrical voltage is
twice the Y voltage. In such a converter,if the primaries of the
supply transformers are connected in delta, as in Fig. 185 D, the
third harmonic is short-circuited in the primary voltage triangle,
and thus produces excessive currents, which cause heating and
interfere with the voltage regulation, therefore, this arrangement
is not permissible. If, however, the primaries are connected in
Y, as in Fig. 185 E, and either three separate single-phase trans-
formers, or a three-phase transformer with three independent
magnetic circuits, is used, as in Fig. 186, the triple frequency

RIRRR RN

e .
< d

%

<%

Fig. 186. Shell Type Transformer.

voltages in the primary are in phase with each other between
the line and the neutral, and thus, with isolated neutral, cannot
produce any current. With a three-phase transformer as shown
in Fig. 187, that is, in which the magnetic circuit of the third
harmonic is open, triple frequency currents can exist in the
secondary and this arrangement therefore is not satisfactory.

In two-phase converters, higher harmonics can be used for
regulation only if the transformers are connected in such a
manner that the regulating harmonic, which appears in the
converter terminal voltage, does not appear in the transformer
terminals, that is, by the connection analogous to Figs. 185 E
and 186.

Since the direct-voltage regulation of a three-phase or six-
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phase converter of this type is produced by the third harmonie,
the problem is to design the magnetic circuit of the converter
so as to produce the maximum third harmonic, the minimum
fifth and seventh harmonics.

If ¢ = interpolar space, thus (1 —¢) = pole are, as fraction
of pitch, the wave shape of the voltage generated between the

e

3 !

Fig. 187. Core Type Transformer.

Fig. 188. Y e.m.f. Wave.

point @ of a full-pitch distributed winding — as generally used
for commutating machines — and the neutral, or the induced ¥
voltage of the system is a triangle with the top cut off for dis-
tance ¢, as shown in Fig. 188, when neglecting magnetic spread
at the pole corners.

If then e, = voltage generated per armature turn while in front
of the field pole (which is proportional to the magnetic density
in the air gap), m = series turns from brush to brush, the max-
imum voltage of the wave shown in Fig. 188 is

E, =me, (1 —q);
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developed into a Fourier series, this gives, as the equation of the
voltage wave a, Fig. 188,

(2n— D=
8 En @ . CcOs

2
T RS T @n-1p

or, substituting for £, and denoting

cos (2n—1) 6;

_ 8 me,
A===

H

2n—1

2, CO0Ss qr

e=A4 - <2n_—l?—cos(2n—1)0

L

T
25COb 5q§cos 56

9

1 7
+4gcos7 qzcos76 +}.

Thus the third harmonic is a positive maximum for ¢ = 0,
or 100 per cent pole arc, and a negative maximum for ¢ = %,
or 33.3 per cent pole arc.

For maximum direct voltage, ¢ should therefore be made as
small, that is, the pole arc as large, as commutation permits.
In general, the minimum permissible value of ¢ is about 0.15
to 0.20.

The fifth harmonic vanishes for ¢ = 0.20 and ¢ = 0.60, and
the seventh harmonic for ¢ = 0.143, 0.429, and 0.714.

For small values of ¢, the sum of the fifth and seventh har-
monics is a minimum for about ¢ = 0.18, or 82 per cent pole are.
Then for ¢ = 0.18, or 82 per cent pole are,

e, = A {0.960 cos 0 + 0.0736 cos 3 6 + 0.0062 cos 5 6
—0.008Lcos7 0 + . ..}
= 0.960 A {cos 6 + 0.0766 cos 3 6 + 0.0065 cos 5
—0.0084 cos 76 + .. .};

that is, the third harmonic is less than 8 per cent, so that not
much voltage rise can be produced in this manner, while the
fifth and seventh harmonics together are only 1.3 per cent, thus
negligible.

132. Better results are given by reversing or at least lowering
the flux in the center of-the field pole. Thus, dividing the pole

= A{cosqgcosﬂ —l—lcos 3q§cos$0+
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face into three equal sections, the middle section, of 27 per cent
pole are, gives the voltage curve ¢ = 0.73 thus,

e, = A4 {0.411 cos 0 —0.1062 cos 3 § + 0.0342 cos 5 ¢
—0.00385¢cos 70 ...}

= 0411 4 {cos 0 —0.258 cos 3 0 + 0.083 cos 5 ¢
—0.0085¢c087 6 . . .}.

The voltage curves given by reducing the pole center to one-
half intensity, to zero, reversing it to half intensity, to full
intensity, and to such intensity that the fundamental disappears,
then are given by:

Center part
of pole
density.

(1) fulle=e, =0.960 A {cos 0+0.077 cos 3 6
+0.0065 cos 5 0 —0.0084 cos 76 . . .}

(2) 0.5, e=¢e,— 0.5¢, =0.755 A {cos +0.168 cos 3 ¢
—0.0144 cos 5 6 —0.0085¢c0os 76 . . .}
@) 0, e=e —e, =0.549 A{cos 6 +0.328 cos 3 ¢
—0.053 cos 5 0 —0.084 cos 70 . . .}

(4) —0.5 e=¢c,—15e, =0.344 4 {cos 0+0.680 cos 3 0
—0.131 cos 5 0 —0.0084 cos 76 . . .}
(5)—full,e =e,—2¢ =0.138 A {cos 0+2.07 cos 30
—0.45¢c0s 56 —0.008cos 76 . . .}
(6) —1.17,e=¢,— 2.34 ¢,=0.322 4 {cos 36 —0.227 cos 5 0. . .}.

It is interesting to note that in the last case the fundamen-
tal frequency disappears and the machine is a generator of
triple frequency, that is, produces or consumes a frequency
equal to three times synchronous frequency. In this case the
seventh harmonic also disappears, and only the fifth is appre-
ciable, but could be greatly reduced by a different kind of pole
arc. From above table follows:

n @ @ @ (5) (6)  mnormal
Maximum funda-

mental alter-+0.960 0.755 0.549 0.344 0.138 0 0.960

nating volts. ..

Direct volts..... 1.033 0.883 0.743' 0.578 0.423 0.322 0.960

133. It is seen that a considerable increase of direct voltage
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beyond the normal ratio involves a sacrifice of output, due to
the decrease or reversal of a part of the magnetic flux, whereby
the air-gap section is not fully utilized. Thus it is not advis-
able to go too far in this direction.

By the superposition of the third harmonic upon the funda-
mental wave of the Y voltage, in a converter with three sections
per pole, thus an increase of direct voltage over its normal
voltage can be produced by lowering the excitation of the middle
section and raising that of the outside sections of the field pole,
and also inversely a decrease of the direct voltage below its
normal value by raising the excitation of the middle section
and decreasing that of the outside sections of the field poles;
that is, in the latter case making the magnetic flux distribution
at the armature periphery peaked, in the former case by making
the flux distribution flat topped or even double peaked.

Armature Reaction and Commutation.

134. In such a split-pole converter let p equal ratio of direct
voltage to that voltage which it would have, with the same
alternating impressed voltage, at normal voltage ratio, where
p > 1 represents an over-normal, p < 1 a subnormal direct
voltage. The dircet current, and thereby the direct-current
armature reaction, then is changed from the value which it

would have at normal voltage ratio, by the factor %), as the

product of direct volts and amperes must be the same as at
normal voltage ratio, being equal to the alternating power
input minus losses.

With unity power-factor, the direct-current armature reac-
tion & in a converter of normal voltage ratio is equal and opposite,
and thus neutralized by the alternating-current armature reac-
tion &, and at a change of voltage ratio from normal, by factor

p, and thus change of direct current by factor % - The direct-

current armature reaction thus is

5=
P
hence, leaves an uncompensated resultant.

As the alternating-current armature reaction at unity power-
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factor is in quadrature with the magnetic flux, and the direct-
current armature reaction in line with the brushes, and with
this type of converter the brushes stand at the magnetic neutral,
that is, at right angles to the magnetic flux, the two armature
reactions are in the same direction in opposition with each other,
and thus leave the resultant, in the direction of the commutator
brushes,
¥ =5 —§,

=, (1 "'p)-

The converter thus has an armature reaction proportional
to the deviation of the voltage ratio from normal.

135. If p > 1, or over-normal direct voltage, the armature
reaction is negative, or motor reaction, and the magnetic flux
produced by it at the commutator brushes thus a commutating
flux. If p < 1, or subnormal direct voltage, the armature
reaction is positive, that is, the same as in a direct-current gen-
erator, but less in intensity, and thus the magnetic flux of arma-
ture reaction tends to impair commutation. In a direct-current
generator, by shifting the brushes to the edge of the field poles,
the field flux is used as reversing flux to give commutation. In
this converter, however, decrease of direet voltage is produced by
lowering the outside sections of the field poles, and the edge of
the field may not have a sufficient flux density to give commuta-
tion, with a considerable decrease of voltage below normal, and
thus a separate commutating pole is required. Preferably this
type of converter should be used only for raising the voltage,
for lowering the voltage the other type, which operates by a
shift of the resultant flux, and so gives a component of the main
field flux as commutating flux, should be used, or a combination
of both types.

With a polar construction consisting of three sections, this
can be done by having the middle section at low, the outside
sections at high excitation for maximum voltage, and, to de-
crease the voltage, raise the excitation of the center section, but
instead of lowering both outside sections, leave the section in the
direction of the armature rotation unchanged, while lowering
the other outside section twice as much, and thus produce, in
addition to the change of wave shape, a shift of the flux, as
represented by the scheme Fig. 189.
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Magnetic Density.

Pole section ... 1 2 3 i 4 ¥
Max. voltage ..+ @® 0 +® -® 0 —-®
+3® +i8@ +® 3@ —-1®& —@&

+1® +3@ +8 —1® 38 —-@®

0 +&® +® 0 -8 —-@®

Min. voltage ... -3 ® +1}® +@® +3i8 -li® —-@®

Where the required voltage range above normal is not greater
than can be produced by the third harmonic of a large pole are

g Ly, Ll

Fig. 189. Three-Section Pole for Variable Ratio Converter.

Sl Sl ] L

<

Fig. 190. Two-Section Pole for Variable Ratio Converter.

W

with uniform density, this combination of voltage regulation
by both methods can be carried out with two sections of the
field poles, of which the one (towards which the armature moves)
is greater than the other, as shown in Fig. 190, and the variation
then is as follows:

Magnetic Density.

Pole section . ..... 1 2 1 2!
Max. voltage .. ... + ®& + ® - ® - ®
16  + 16 ~ 16 —11®
0 11® 0 ~1®
Min. voltage ..... -i®8 + 1Li® +1i® —-11®

Heating and Rating.

136. The distribution of current in the armature conductors
of the variable-ratio converter, the wave form of the actual
or differential current in the conductors, and the effect of the
wattless current thereon, are determined in the same manner as
in the standard converter, and from them are calculated the local
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heating in the individual armature turns and the mean armature
heating.

In an m-phase converter of normal voltage ratio, let E,=
direct voltage; I, = direct current; E° = alternating voltage
between adjacent collector rings (ring voltage), and I° = alter-
nating current between adjacent collector rings (ring current);
then, as seen in the preceding,

E,sin >
o - n
B \//5 ’ (1)

~

and as by the law of conservation of energy, the output must
equal the input, when neglecting losses,

poLV2
nsin~ 2
n

where I° is the power component of the current corresponding
to the direct-current output.

The voltage ratio of a converter can be varied —

(a.) By the superposition of a third harmonic upon the
star voltage, or diametrical voltage, which does not appear in
the ring voltage, or voltage between the collector rings of the
converter.

(b.) By shifting the direction of the magnetic flux.

(@) can be used for raising the direct voltage as well as for
lowering it, but is used almost always for the former purpose,
since when using this method for lowering the direct voltage
commutation is impaired.

(b) can be used only for lowering the direct voltage.

It is possible, by proportioning the relative amounts by which
the two methods contribute to the regulation of the voltage,
to maintain a proper commutating field at the brushes for all
loads and voltages. Where, however, this is not done, the
brushes are shifted to the edge of the next field pole, and into
the fringe of its field, thus deriving the commutating field.

137. Insuch a variable-ratio converter let, then, ¢ = intensity
of the third harmonic, or rather of that component of it which
is in line with the direct-current brushes, and thus does the
voltage regulation, as fraction of the fundamental wave. 1 is
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chosen as positive if the third harmonic increases the maximum
of the fundamental wave (wide pole arc) and thus raises the
direct voltage, and negative when lowering the maximum of
the fundamental and therewith the direct voltage (narrow pole
are).

p; = loss of power in the converter, which is supplied by the
current (friction and core loss) as fraction of the alternating
input (assumed as 4 per cent in the numerical example).

7, = angle of brush shift on the commutator, counted positive
in the direction of rotation.

g, = angle of time lag of the alternating current (thus negative
for lead).

7, = angle of shift of the resultant field from the position at
right angles to the mechanical neutral (or middle between the
pole corners of main poles and auxiliary poles), counted positive
in the direction opposite to the direction of armature rotation,
that is, positive in that direction in which the field flux has been
shifted to get good commutation, as discussed in the preceding
article.

Due to the third harmonic £, and the angle of shift of the field
flux, 74, the voltage ratio differs from the normal by the factor

(1 + t) cos tq,
and the ring voltage of the converter thus is
EO
b= (14 1) cos za’ ®)
hence, by (1),

. T
E, sin~
n

E =—
V2 (1 +t) cos 7, @

and the power component of the ring current corresponding to
the direct-current output thus is, when negelecting losses, from

), I' =11 +1)cos
=I,,\/2(1+t)cosra )

.7 ®
nsin =

n

Due to the loss o, in the converter, this current is increased by

(1 + p) in a direct converter, or decreased by the factor
(1 — p) in an inverted converter.
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The power component of the alternating current thus is

I, =01+ p)
]\/Q(I-I-t) (1 + p) cos 7,
0 b

(6)

7 sin e
n

where p; may be considered as negative in an inverted converter.
With the angle of lag 8,, the reactive component of the current
18 I, =1 tan 6,
and the total alternaling ring current is
I
J= "1
cos 0,
IQ\/2(1+t)(1+pI)cos-ra 7
= b) ( )

. T
nsin ~ cos 0,
n

or, introducing for simplicity the abbreviation
po (Lt ) (14 po) cos %

cos 6, ®)

it is ~
I= Ik V2 (9)

nsin”

n

138. Let, in Fig. 191, 4’04 represent the center line of the
magnetic field structure.

The resultant magnetic field lux O® then leads OA by angle
®0A = 1,.

The resultant m.m.f. of the alternating power current I, is OT,
at right angles to O, and the resultant m.m.f. of the alternatmg
reactive current I, is Olz, in opposition to O®, while the total
alternating current I is OI, lagging by angle 6, behind OI,.

The m.m.f. of direct—current armature reaction is in the direc-
tion of the brushes, thus lagging by angle = behind the position
OB, where BOA = 90 deg., and given by 0I,

The angle by which the direct-current m.m.f. OI, lags in space
behind the total alternating m.m.f. OI thus is, by Flg 191,

Ty, =0, — % — . 10)
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If the alternating m.n.f. in a converter coincides with the
direct-current m.m.f., the alternating current and the direct cur-
rent are in phase with each other in the armature coil midway

AI

Fig. 191. Diagram of Variable Ratio Converter.

between adjacent collector rings, and the current heating thus
a minimum in this eoil.

Due to the lag in space, by angle t,, of the direct-current
m.m.f. behind the alternating current m.m.f., the reversal of the

PN —
/ \\
V4 \ /
Fig. 192. Alternating and Direct Current in a Coil Midway between
Adjacent Collector Leads.

direct current is reached in time before the reversal of the alter-
nating current in the armature coil; that is, the alternating
current lags behind the direct current by angle 6, = 7, in the
armature coil midway between adjacent collector leads, as
shown by Fig. 192, and in an armature coil displaced by angle =
from the middle position between adjacent collector leads the
alternating current thus lags behind the direct current by angle
(z + 6,), where t is counted positive in the direction of armature
rotation (Fig. 193).
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The alternating current in armature coil ¢ thus can be ex-
pressed by

i=IN2sn (0 — < —0,); (11)
hence, substituting (9),
) .
z’=—i"—]”:sin (0—7—4,), 12)
n sin =
n

D N

Fig. 193. Alternating and Direct Current in a Coil at the Angle 7 from
the Middle Position.

and as the direct current in this armature coil is %’, and opposite

to the alternating current ¢, the resultant current in the arma-
ture coil 7 is

sin (0—© — 0,) — 1‘, (13)

and the ratio of heating, of the resultant current 7, compared

with the current é—° of the same machine as direct-current gen-

erator of the same output, thus is
2 4% .
—~£]‘L—3= 7tsm(()—v:——ﬁo)—-l
Qe

Averaging (14) over one half-wave gives the relative heating
of the armature coil = as

R L AR
Tf"ﬁ[ <Ln>2d0—75‘[,

2

(14)

7 sin—
n

koino—<—0) —1]2(10. (15)
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Integrated, this gives

r = 8 & n 1__16kcos (rj— 0,)

2 22 .
n° sim” - 7N sin —
n n

(16)

139. Herefrom follows the local heating in any armature
coil 7, in the coils adjacent to the leads by substituting = = + =,
n

and also follows the average armature heating by averaging

7. fromz = ~Ztoz =+Z.
n n
The average armature heating of the n-phase converter there-
fore is T
2n "
= j:’_f 7oy
n
or, integrated,
e 8k +1__16k(;osﬁn. an
n?sin? =
n

This is the same expression as found for the average armature
heating of a converter of normal voltage ratio, when operating
with an angle of lag 6, of the alternating current, where & denotes
the ratio of the total alternating current to the alternating
power current corresponding to the direct-current output.

In an n-phase variable ratio converter (split-pole converter),
the average armature heating thus is given by

2
I 8k +1_16kczos 00, as)

. T
n? sin? -
n

where

_ (A+1) (1+p) cos ta
k= cos 0, » ®

0,=0,—t@—w; (10)

and ¢ = ratio of third harmonic to fundamental alternating
voltage wave; p; = ratio of loss to output; 8, = angle of lag of
alternating current; 7, = angle of shift of the resultant mag-
netic field in opposition to the armature rotation, and 7, = angle
of shift of the brushes in the direction of the armature rotation.
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140. For a three-phase converier, equation (18) gives (n = 3)

32k
== —1.621 kcos 0
r o7 +1 cos 0, l (19)
= 1.185 k* + 1 — 1.621 k cos 4,
For a six-phase converter, equation (18) gives (n = 6)
8k 5
=— —1.62 0
r 9 +1—-1.621% cos 8, } 20)
= 0.889 k* + 1 —1.621 k cos 0.

For a converter of normal voltage ratio,
it =0, 7, = 0,
using no brush shift,

Ty = 0,
when neglecting the losses,
D= 0,
it is
h=—t,
cos 0,
6, =10,
and equations (19) and (20) assume the form:
Three-phase:
r =218 601
cos® 4,
Six-phase:
r =889 621
cos® 6,

The equation (18) is the most general equation of the relative
heating of the synchronous converter, including phase displace-
ment 0, losses p;, shift of brushes z;, shift of the resultant mag-
netic flux 7., and the third harmonie &.

While in a converter of standard or normal ratio the armature
heating is a minimum for unity power-factor, this is not in gen-
eral the case, but the heating may be considerably less at same
lagging current, more at leading current, than at unity power-
factor, and inversely.

141. It is interesting therefore to determine under which con-
ditions of phase displacement the armature heating is a minimum
so as to use these conditions as far as possible and avoid con-
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ditions differing very greatly therefrom, as in the latter case
the armature heating may become excessive.

Substituting for & and 6, from equations (8) and (10) into
equation (18) gives

2 2 2
re14 3AF A+ p)ieos’s

P Y
n” sin’ = cos® 6,
n

16 (1+ 1) (1+p1) cos 74 €0s (0, — 74 — T5)
7* cos 0,

. (19)
Substituting

2 gin Z = m, (20)
T n

which is a constant of the converter type, and is for a three-
phase converter, m, = 0.744; for a six-phase converter, m, =
0.955 and rearranging, gives
2 2 2
r—1 +_SE(I—H) (1+2p1) cos® 7,
o3 m

"17‘2 (14 t) (14 py) cos 75 cos (to+ 5)
8 (1+t)* (1+p)*cos® 7,
2 2

4

—%-2 (L+0) (1+ 1) €08 asin (4 7) tan 6, (21)

+ tan’d,

I' is a minimum for the value 6, of the phase displacement,

given by
dr

dtan 0, 0,

and this gives, differentiated,

m? sin (1o + ) )
(L+2) (1+p) cos 7,

Equation (22) gives the phase angle 6,, for which, at given
74, Tp, ¢ and p, the armature heating becomes a minimum.

Neglecting the losses py, if the brushes are not shifted, =, = 0,
and no third harmonic exists, { = 0,

tan 6,/ = mA tan 7,

where m? = 0.544 for a three-phase, 0.912 for a six-phase con-
verter.

tand, = (22)
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For a six-phase converter it thus is approximately 6,) = 1,
that is, the heating of the armature is a minimum if the alter-
nating current lags by the same angle (or nearly the same angle)
as the magnetic flux is shifted for voltage regulation.

From equation (22) it follows that energy losses in the con-
verter reduce the lag 8, required for minimum heating; brush
shift increases the required lag; a third harmonie, ¢, decreases
the required lag if additional, and increases it if subtractive.

Substituting (22) into (21) gives the minimum armature heat-
ing of the converter, which can be produced by choosing the
proper phase angle 8, for the alternating current. It is then, after
some transpositions,

_ 81+t 1A+ p)cosza]
Po—1+z23[ - ] 21+t A+

COS 7, €0S (1g + Tp) — m? sin? (7, + Tb)%

—1 -87’? g 1— [(1“) aﬂ“;pl) COS % gos (z, + rb)]zg (23)

The term T, contains the constants ¢, p;, 7, 7 only in the
square under the bracket and thus becomes a minimum if this
square vanishes, that is, if between the quantities ¢, p, ., w
such relations exists that

14+t A +mp)cos 7,
m2

— cos (tq + 75)= 0. (24)

142. Of the quantities £, pi, 7, t; 2 and 7 are determined
by the machine design. ¢ and w,, however, are equivalent to
each other, that is, the voltage regulation can be accomplished
either by the flux shift z, or by the third harmonic ¢, or by both,
and in the latter case can be divided between 7, and ¢ so as to
give any desired relations between them.

Equation (24) gives
. 1_m’cos (ta + 75)
(1 + preosz,)’
and by choosing the third harmonic ¢ as function of the angle of
flux shift. z,, by equation (25), the converter heating becomes a
minimum, and is 8 m?

ry =1 _? ; (26)

(25)

s
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hence, T'? = 0.551 for a three-phase converter, (27)
T = 0.261 for a six-phase converter. (28)
Substituting (25) into (22) gives
tan 0, = tan (z.+ <);

0, = 7 + w; (29)

or, in other words, the converter gives minimum heating T ° if
the angle of lag 6, equals the sum of the angle of flux shift 7, and
of brush shift .

It follows herefrom that, regardless of the losses, p;, of the
brush shift =, and of the amount of voltage regulation required,
that is, at normal voltage ratio as well as any other ratio, the
same minimum converter heating T'° can be secured by dividing
the voltage regulation between the angle of flux shift z, and
the third harmonic ¢ in the manner as given by equation (25),
and operating at a phase angle between alternating current and
voltage equal to the sum of the angles of flux shift 7, and of brush
shift 7; that is, the heating of the split-pole converter can be
made the same as that of the standard converter of normal
voltage ratio.

Choosing p; = 0.04, or 4 per cent loss of current, equation
(25) gives, for the three-phase and for the six-phase converter:

(@) no brush shift (= = 0):

ty = 0.467,

t = 0.123; (80)
that is, in the three-phase converter this would require a third
harmonic of 46.7 per cent, which is hardly feasible; in the six-
phase converter it requires a third harmonic of 12.3 per cent,
which is quite feasible.

(b) 20 deg. brush shift (=6 = 20):

o= 1- 053328 (et 0)
3 : ’

COS T
¢ 31
cos (ta+ ™), (31)

COS g

hence,

t0=1—0.877

for 7, = 0, or no flux shift, this gives
£.0°= 0.500,
£, = 0.176. %
cos (t; + )
0S Tq

(32)

Since < 1 for brush shift in the direction of
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armature rotation, it follows that shifting the brushes increases
the third harmonic required to carry out the voltage regulation
without increase of converter heating, and thus is undesirable.

It is seen that the third harmonic, ¢, does not change much
with the flux shift =, but remains approximately constant, and
positive, that is, voltage raising.

It follows herefrom that the most economical arrangement
regarding converter heating is to use in the six-phase converter
a third harmonic of about 17 per cent to 18 per cent for raising
the voltage (that is, a very large pole arc), and then do the regula-
tion by shifting the flux, by the angle z,, without greatly reduc-
ing the third harmonic, that is, keep a wide pole arc excited.

As in a three-phase converter the required third harmonic is
impracticably high, it follows that for variable voltage ratio the
six-phase converter is preferable, because its armature heating
can be maintained nearer the theoretical minimum by propor-
tioning ¢ and 7.

VIIL. Starting.

143. The polyphase converter is self-starting from rest; that
is, when connected across the polyphase circuit it starts, acceler-
ates, and runs up to complete synchronism. The e.m.f. between
the commutator brushes is alternating in starting, with the fre-
quency of slip below synchronism. Thus a direct-current volt-
meter or incandescent lamps connected across the commutator
brushes indicate by their beats the approach of the converter to
synchronism. When starting, the field circuit of the converter
has to be opened or at least greatly weakened. The starting
of the polyphase converter is largely a hysteresis effect and
entirely so in machines with laminated field poles, while in ma-
chines with solid magnet poles or with a short-circuited winding
(squirrel-cage) in the field poles, secondary currents in the latter
contribute to the starting torque, but at the same time reduce
the magnetic starting flux by their demagnetizing effect. The
torque is produced by the attraction between the alternating
currents of the successive phases upon the remanent magnetism
and secondary currents produced by the preceding phase. It
is necessarily comparatively weak, and from full-load to twice
full-load current at from one-third to one-half of full voltage is
required to start from rest without load. For larger converters,
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low-voltage taps on the transformers are used to give the lower
starting voltage.

While an induction motor can never reach exact synchronism,
but must even at no-load slip slightly to produce the friction
torque, the converter or synchronous motor reaches exact syn-
chronism, due to the difference of the magnetic reluctance in the
direction of the field poles and in the direction in electrical
quadrature thereto; that is, the field structure acts like a shuttle
armature and the polar projections catch with the rotating
magnet poles in the armature, in a similar way as an induction
motor armature with a single short-circuited coil (synchronous
induction motor, reaction machine) drops into step. Obviously,
the single-phase converter is not self-starting.

At the moment of starting, the field circuit of the converter is
in the position of a secondary to the armature circuit as primary;
and since in general the number of field turns is very much larger
than the number of armature turns, excessive e.m.fs. may be
generated in the field circuit, reaching frequently 4000 to 6000
volts, which have to be taken care of by some means, as by
breaking the field circuit into sections. As soon as synchronism
is reached, which usually takes from a few seconds to a minute
or more, and is seen by the appearance of continuous voltage at
the commutator brushes, the field circuit is closed and the load
put on the converter. Obviously, while starting, the direct-
current side of the converter must be open-circuited, since the
e.m.f. between commutator brushes is alternating until syn-
chronism is reached.

When starting from the alternating side, the converter can
drop into synchronism at either polarity; but its polarity can be
reversed by strongly exciting the field in the right direction by
some outside source, as another converter, etc., or by momen-
tarily opening the circuit and thereby letting the converter slip
one pole.

Since when starting from the alternating side the converter
requires a very large and, at the same time, lagging current, it
is occasionally preferable to start it from the direct-current side
as direct-current motor. This can be done when connected to
storage battery or direct-current generator. When feeding into
a direct-current system together with other converters or con-
verter stations, all but the first converter can be started from
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the continuous current side by means of rheostats inserted into
the armature circuit.

To avoid the necessity of synchronizing the converter, by phase
lamps, with the alternating system in case of starting by direct
current (which operation may be difficult where the direct
voltage fluctuates, owing to heavy fluctuations of load, as rail-
way systems), it is frequently preferable to run the converter
up to or beyond synchronism by direct current, then cut off
from the direct current, open the field circuit and connect it to
the alternating system, thus bringing it into step by alternating
current.

If starting from the alternating side is to be avoided, and
direct current not always available, as when starting the first
converter, a small induction motor (of less poles than the con-
verter) is used as starting motor.

IX. Inverted Converters.

145. Converters may be used to change either from alter-
nating to direct current or as inverted converters from direct to
alternating current. While the former use is by far the more
frequent, sometimes inverted converters are desirable. Thus in
low-tension direct-current systems an outlying district may be
supplied by converting from direct to alternating, transmitting
as alternating, and then reconverting to direct current. Or in
a station containing direct-current generators for short-distance
supply and alternators for long-distance supply, the converter
may be used as the connecting link to shift the load from the
direct to the alternating generators, or inversely, and thus be
operated either way according to the distribution of load on the
system. Or inverted operation may be used in emergencies to
produce alternating current.

When converting from alternating to direct current, the speed
of the converter is rigidly fixed by the frequency, and cannot be
varied by its field excitation, the variation of the latter merely
changing the phase relation of the alternating current. When
converting, however, from direct to alternating current as the
only source of alternating current, that is, not running in multiple
with engine- or turbine-driven alternating-current generators, the
speed of the converter as direct-current motor depends upon the
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field strength, thus it increases with decreasing and decreases
with increasing field strength. As alternating-current generator,
however, the field strength depends upon the intensity and
phase relation of the alternating current, lagging current reducing
the field strength and thus increasing speed and frequency, and
leading current increasing the field strength and thus decreasing
speed and frequency.

Thus, if a load of lagging current is put onaninverted converter,
as, for instance, by starting an induction motor or another con-
verter thereby from the alternating side, the demagnetizing effect
of the alternating current reduces the field strength and causes
the converter to increase in speed and frequency. An increase
of frequency, however, may increase the lag of the current, and
thus its demagnetizing effect, and thereby still further increase
the speed, so that the acceleration may become so rapid as to be
beyond control by the field rheostat and endanger the machine.
Hence inverted converters have to be carefully watched, especially
when starting other converters from them; and some absolutely
positive device is necessary to cut the inverted converter off the
circuit entirely as soon as its speed exceeds the danger limit. The
relatively safest arrangement is separate excitation of the in-
verted converter by an exciter mechanically driven thereby,
since an increase of speed increases the exciter voltage at a still
higher rate, and thereby the excitation of the converter, and thus
tends to check its speed.

This danger of racing does not exist if the inverted converter
operates in parallel with alternating generators, provided that
the latter and their prime movers are of such size that they
cannot be carried away in speed by the converter. In an in-
verted converter running in parallel with alternators the speed is
not changed by the field excitation, but a change of the latter
merely changes the phase relation of the alternating current
supplied by the converter; that is, the converter receives power
from the direct-current system, and supplies power into the alter-
nating-current system, but at the same time receives wattless
current from the alternating system, lagging at under-excitation,
leading at over-excitation,and can in the same way as an ordinary
converter or synchronous motor be used to compensate for watt-
less currents in other parts of the alternating system, or to regu-
late the voltage by phase control.
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X. Frequency.

146. While converters can be designed for any frequency, the
use of high frequency, as 60 cycles, imposes such severe limita-
tions on the design, especially that of the commutator, as to
make the high-frequency converter inferior to the low-frequency
or 25-cycle converter.

The commutator surface moves the distance from brush to
next brush, or the commutator pitch, during one-half cycle,
that is, 45 second with a 25-cycle, 135 second with a 60-cycle
converter. The peripheral speed of the commutator, however,
is limited by mechanical, electrical, and thermal considera-
tions,— centrifugal forces, loss of power by brush friction, and
heating caused thereby. The limitation of peripheral speed limits
the commutator pitch. Within this pitch must be included as
many commutator segments as necessary to take care of the
voltage from brush to brush, and these segments must have a
width sufficient for mechanical strength. With the smaller pitch
required for high frequency, this may become impossible, and
the limits of conservative design thus may have to be exceeded.

In a converter, due to the absence of armature reaction and
field distortion, a higher voltage per commutator segment can be
allowed than in a direct-current generator. Assuming 15 volts
as limit of conservative design would give for a 600-volt con-
verter 40 segments from brush to brush. Allowing 0.25 inch
for segment and insulation, as minimum conservative value, 40
segments give a pitch of 10 inches. Estimating 4200 feet per
minute as conservative limit of commutator speed gives 70 feet
or 840 inches peripheral speed per second, and with 10 inches
pitch this gives 84 half cycles, or 42 cycles, as limit of the fre-
quency, permitting conservative commutator design.

At 60 cycles higher voltage per segment, narrower segments
and higher commutator speeds thus becorae necessary than
represent best design, and the 60-cycle converter does not
permit as conservative commutator design, especially at higher
voltage, as a low-frequency converter, and a lower self-inductance
of commutation thus must be aimed at than permissible in a
25-cycle converter, the more so as the frequency of commutation
(half the number of commutator segments per pole times fre-
quency of rotation) necessarily is higher in the 60-cycle converter.
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Thus shallower armature slots become necessary at the higher
frequency.

Somewhat similar considerations also apply to the armature
construction: the peripheral speed of the armature,even if chosen
higher for the 60-cycle converter, limits the pitch per pole at the
armature circumference, and thereby the ampere conductors
per pole and thus the armature reaction, the more so as shallower
slots are necessary. The 60-cycle converter cannot be built with
anything like the same armature reaction as is feasible at
lower frequency. On the armature reaction, however, very
largely depends the stability of a synchronous motor or converter,
and machines of low armature reaction tend far more to surging
and pulsation of current and voltage than machines of high
armature reaction.

The 60-cycle converter therefore cannot be made as stable and
capable of taking care of violent fluctuations of load and of ex-
cessive overloads as 25-cycle converters can, and in this respect
must remain inferior to the lower-frequency machine, though
under reasonably favorable conditions regarding variations of
load, variations of supply voltage, and overload they can be
built to give good service.

It is this inherent inferiority of the 60-cycle converter which
has largely been instrumental in introducing 25 cycles as the
frequency of electric power generation and distribution.

XI. Double-Current Generators.

147. Similar in appearance to the converter, which changes
from alternating to direct current, and to the inverted converter,
which changes from direct to alternating current, is the double-
current generator; that is, a machine driven by mechanical power
and producing direct current as well as alternating current from
the same armature, which is connected to commutator and col-
lector rings in the same way as in the converter. Obviously the
use of the double-current generator is limited to those sizes and
speeds at which a good direct-current generator can be built with
the same number of poles as a good alternator; that is, low-fre-
quency machines of large output and relatively high speed ; while
high-frequency low-speed double-current generators are unde-
sirable.

The essential difference between double-current generator and
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converter is, however, that in the former the direct current and
the alternating current are not in opposition as in the latter, but
in the same direction, and the resultant armature polarization
thus the sum of the armature polarization of the direct current
and of the alternating current.

Sinee at the same output and the same field strength the arma-
ture polarization of the direct current and that of the alternating
current are the same, it follows that the resultant armature polari-
zation of the double-current generator is proportional to the load
regardless of the proportion in which this load is distributed
between the alternating- and direct-current sides. The heating of
the armature due to its resistance depends upon the sum of the
two currents, that is, upon the total load on the machine. Hence,
the output of the double-current generator is limited by the
current heating of the armature and by the field distortion due
to the armature reaction, in the same way as in a direct-current
generator or alternator, and is consequently much less than that
of a converter.

In double-current generators, owing to the existence of arma-
ture reaction and consequent field distortion, the commutator
brushes are more or less shifted against the neutral, and the
direction of the continuous-current armature polarization is thus
shifted against the neutral by the same angle as the brushes.
The direction of the alternating-current armature polarization,
however, is shifted against the neutral by the angle of phase
displacement of the alternating current. In consequence thereof,
the reactions upon the field of the two parts of the armature polar-
ization, that due to the continuous current and that due to the
alternating current, are usually different. The reaction on the
field of the direct-current load can be overcome by a series field.
The reaction on the field of the alternating-current load when
feeding converters can be compensated for by a change of phase
relation, by means of a series field on the converter, with self-
inductance in the alternating lines, or reactive coils at the con-
verters.

Thus, a double-current generator feeding on the alternating
side converters can be considered as a direct-current generator in
which a part of the commutator, with a corresponding part of the
series field, is separated from the generator and located at a
distance, connected by alternating leads to the generator. Ob-
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viously, automatic compounding of a double-current generator'is
feasible only if the phase relation of the alternating current
changes from lag at no load to lead at load, in the same way as
produced by a compounded converter. Otherwise, rheostatic
control of the generator is necessary. This is, for instance, the
case if the voltage of the double-current generator has to be varied
to suit the conditions of its direct-current load, and the voltage
of the converter at the end of the alternating lines varied to suit
the conditions of load at the receiving end, independent of the
voltage at the double-current generator, by means of alternating
potential regulators or compensators.

Compared with the direct-current generator, the field of the
double-current generator must be such as to give a much greater
stability of voltage, owing to the strong demagnetizing effect
which may be exerted by lagging currents on the alternating side,
and may cause the machine to lose its excitation altogether.
For this reason it is frequently preferable to excite double-current
generators separately.

XII. Conclusion.

148. Of the types of machines, converter, inverted converter,
and double-current generator, sundry combinations can be devised
with each other and with synchronous motors, alternators, direct-
current motors and generators. Thus, for instance, a converter
can be used to supply a certain amount of mechanical power as
synchronous motor. In this case the alternating current is
increased beyond the value corresponding to the direct current
by the amount of current giving the mechanical power, and the
armature reactions do not neutralize each other, but the reaction
of the alternating current exceeds that of the direct current by
the amount corresponding to the mechanical load. In the same
way the current heating of the armature is increased. An
inverted converter can also be used to supply some mechanical
power. Either arrangement, however, while quite feasible, has
the disad vantage of interfering with automatic control of voltage
by compounding.

Double-current generators can be used to supply more power
into the alternating circuit than is given by their prime mover,
by receiving power from the direct-current side. In this case a
part of the alternating power is generated from mechanical power,
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and the other converted from direct-current power, and the
machine combines the features of an alternator with those of an
inverted converter. Conversely, when supplying direct-current
power and receiving mechanical power from the prime mover and
electric power from the alternating system, the double-current
generator combines the features of a direct-current generator and
a converter. In either case the armature reaction, ete., are the sum
of those corresponding to the two types of machines combined.

149. A combination of the converter with the direct-current
generator is represented by the so-called “ motor converter,” which
consists of the conecatenation of a commutating machine with an
induction machine.

If the secondary of an induction machine is connected to a
second induction or synchronous machine on the same shaft, and
of the same number of poles, the combination runs at half
synchronous speed, and the first induction machine as frequency
converter supplies half of its power as electric power of half
frequency to the second machine, and changes the other half
as motor into mechanical power, driving the second machine as
generator. (Or, if the two machines have different number of
poles, or are connected to run at different speeds, the division of
power is at a different but constant ratio.) Using thus a double-
current generator as second machine, it receives half of its
power mechanically, by the induction machine as motor, and the
other half electrically, by the induction machine as frequency
converter. Such a machine, then, is intermediate between a
converter and a direct-current generator, having an armature
reaction equal to half that of a direct-current generator.

Such motor converters are occasionally used on high-fre-
quency systems, as their commutating component is of half
frequency, and thus affords a better commutator design than a
high-frequency converter. They are necessarily much larger than
standard converters, but are smaller than motor generator sets,
as half the power is converted in either machine. One advantage
of this type of machine for phase control is that it requires
no additional reactive coils, as the induction machine affords
sufficient reactance. The motor converter, however, is a syn-
chronous machine, that is, it cannot replace induction motor
generator sets at the end of very long transmission lines, where
synchronous machines tend to surging.
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The use of the converter to change from alternating to alter-
nating of a different phase, as, for instance, when using a quarter-
phase converter to receive power by one pair of its collector
rings from a single-phase circuit and supplying from its other
pair of collector rings the other phase of a quarter-phase system,
or a three-phase converter on a single-phase system supplying
the third wire of a three-phase system from its third collector
ring, is outside the scope of this treatise, and is, moreover, of
very little importance, since induction or synchronous motors
are superior in this respect.

APPENDIX.
XIII. Direct-Current Converter.

150. If n equidistant pairs of diametrically opposite points of
a commutating machine armature are connected to the ends of
n compensators or auto-transformers, that is, electric circuits
interlinked with a magnetie circuit, and the centers of these com-
pensators connected with each other to a neutral point as shown
diagrammatically in Fig. 194 for » = 3, this neutral is equidis-
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Fig. 194. Diagram of Direct-Current Converter.

tant in potential from the two sets of commutator brushes, and
such a machine can be used as continuous-current converter, to
transform in the ratio of potentials 1:2 or2:1or1:1, in the
latter case transforming power from one side of a three-wire
system to the other side.

Obviously either the n compensators can be stationary and
connected to the armature by 2 n collector rings, or the compen-
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sators rotated with the armature and their common neutral con-
nected to the external circuit by one collector ring.

The distribution of potential and of current in such a direct-
current converter is shown in Fig. 195 for n = 2, that is, two
compensators in quadrature.

With the voltage 2e between the outside conductors of the
system, the voltage between the neutral and outside conductor
is + e, that on each of the 2 n compensator sections is

esin(ﬁ—ﬁo-—%>, k=0,1,2...2n—1.
Neglecting losses in the converter and the compensator, the

currents in the two sets of commutator brushes are equa} and of
the same direction, that is, both outgoing or both incoming, and
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Fig. 195. Distribution of e.m.f. and Current in Direct-Current Converter.

opposite to the current in the neutral; that is, two equal currents ¢
enter the commutator brushes and issue as current 2 from the
neutral, or inversely.

From the law of conservation of energy it follows that the cur-
rent 2% entering from the neutral divides in 2 n equal and constant

. 7 . o
branches of direct current, - in the 27 compensator sections, and

hence enters the armature, to issue as current 7 from each of the
commutator brushes.



SYNCHRONOUS CONVERTERS. 339

In reality the current in each compensator section is
LR RV cos(ﬂ-—(?o—lr]—c + a>,
n n

where 1, is the exciting current of the magnetic circuit of the
compensator, and « the angle of hysteretic advance of phase.
At the commutator the current on the motor side is larger than
the current on the generator side, by the amount required to cover
the losses of power in converter and compensator.

In Fig. 195 the positive side of the system is generator, the
negative side motor. This machine can be considered as receiv-
ing the current 7 at the voltage e from the negative side of the
system, and transforming it into current 7 at voltage ¢ on the
positive side of the system, or it can be considered as receiving
current ¢ at voltage 2 e from the system, and transforming it
into current 27 at the voltage e on the positive side of the system,
or of receiving current 2 ¢ at voltage e from the negative side, and
returning current ¢ at voltage 2e. In either case the direct-
current, converter produces a difference of power of 2 7e between
the two sides of the three-wire system.

The armature reaction of the currents from the generator side
of the converter is equal but opposite to the armature reaction
of the corresponding currents entering the motor side, and the
-motor and generator armature reactions thus neutralize each
other, as in the synchronous converter; that is, the resultant
armature reaction of the continuous-current converter is prac-
tically zero, or the only remaining armature reaction is that
corresponding to the relatively small current required to rotate
the machine, that is, to supply the internal losses in the same.
The armature reaction of the current supplying the electric
power transformed into mechanical power obviously also remains,
if the machine is used simultaneously as motor, as for driving a
booster connected into the system to produce a difference between
the voltages of the two sides, or the armature reaction of the
currents generated from mechanical power if the machine is
driven as generator.

151. While the currents in the armature coils are more or less
sine waves in the alternator, rectangular reversed currents in
the direct-current generator or motor, and distorted triple-fre-
quency currents in the synchronous converter, the currents in the
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armature coils of the direct-current converter are approximately
triangular double-frequency waves.

Let Fig. 196 represent a development of a direct-current con-
verter with brushes B, and B,, and C' one compensator receiving
current 2 7 from the neutral. Consider first an armature coil a,
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Fig. 196. Development of a Direct-Current Converter.

adjacent and behind (in the direction of rotation) a compensator
lead b,. In the moment when compensator leads b, b, coincide
with the brushes B, B, the current ¢ directly enters the brushes
and coil a, is without current. In the next moment (Fig. 1964)
the total current 7 from b, passes coil @, to brush B,, while there
is yet practically no current from b, over coils o’ &/, ete., to brush
B,. But with the forward motion of the armature less and less
of the current from b, passes through a, a,, etc., to brush B, and
more over &’ a”, ete., to brush B, until in the position of a,
midway between &, and b, (Fig. 196B), one-half of the current
from b, passes a, a,, etc., to B,, the other half o’ a”, ete., to B,.
With the further rotation the current in a, grows less and be-
comes zero when b, coincides with B,, or half a cycle after its
coincidence with B,. That is, the current in coil a, approxi-
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mately has the triangular form shown as 7, in Fig. 197, changing
twice per period from 0 to 7. It is shown negative, since it is
against the direction of rotation of the armature. In the same
way we see that the current in the ceil o/, adjacent ahead of the
lead b,, has a shape shown as ¢’ in Fig. 197. The current in coil
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Fig. 197. Current in the Various Coils of a Direct-Current Converter.

a, midway between two commutator leads has the form 7, and in
general the current in any armaturc coil ., distant by angle =
from the midway position a,, has the form 1,, Fig. 197.

All the currents become zero at the moment when the com-
pensator leads b, b, coincide with the brushes B, B,, and change
by 7 at the moment when their respective coils pass a commu-
tator brush. Thus the lines 4 and A’ in Fig. 198 with zero values
at B, B,, the position of brushes, represent the currents in the
individual armattre coils. The current changes from A to A’
at the moment § = ¢ when the respective armature coil passes
the brush, twice per period. Due to the inductance of the
armature coils, which opposes the change of current, the current
waves are not perfectly triangular, but differ somewhat therefrom.

With n compensators, each compensator lead carries the current

;:-, which passes through the armature coils as triangular current,
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Fig. 198. Current in Individual Coils of a Direct-Current Converter
with One Compensator.

Fig. 199. Current in a Single Coil of a Direct-Current Converter
with Three Compensators.
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changing by 7—:: in the moment the armature coil passes a commu-

tator brush. This current passes the zero value in the moment
the compensator lead coincides with a brush. Thus, the different
currents of n compensators which are superposed in an armature
coil a: have the shape shown in Fig. 199 for n = 3. That is, each
compensator gives a set of slanting lines 4,4/, 4,47, A,4;, and
all the branch currents 7, 7,,7,, superposed, give a resultant current
1z, which changes by 7 in the moment the coil passes the brush.

1z varies between the extreme valuesé (2p—1) and 5?' 2p+ 1),
if the armature coil is displaced from the midway position
between two adjacent compensator leads by angle =, and p=7—: .

. 1 1
p varies between — a7 and + o

Thus the current in an armature coil in position p =£ can
be denoted in the range from pto1 + p, or tto = + 7, by
iem (22 — 1)
z 2 )

where

A1

r =

The effective value of this current is
+1
I = \/ f v 2.2dx
p

T -
=3 Vi + 4.
Since in the same machine as direct-current generator at volt-

. e 2 .
age 2 e and current ¢, the current per armature coil is > the ratio

of current is I -
;,- = \/% + 4pz,

2
and thus the relative I’r loss or the heat developed in the armature
coil, 1.2
r = <~> =1 +4p,

v

2
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with a minimum,

p=0, To=%9
and a maximum,
1
p—2n.
1,1 _3+n
=3t T 3w

The mean heating or [’r of the armature is found by integrating
over y from

1
p=“-;)—7?lt0p=+§;b,
as 1
*5n
T'= 1 rdp
2n
L, 1 _ 1+
_3+3ﬁ 3n?

This gives the following table, for the direct-current converter,

of minimum current heating, r,, in the coil midway between

adjacent commutator leads, maximum current heating, 7., in the

coil adjacent to the commutator lead, mean current heating, T,

and rating as based on mean current heating in the armature,
1

VT
DIRECT-CURRENT CONVERTER I RATING
d.c

No. of compensators, n= gen. 1 2 3 4 n )
Minimum current heat-

ing p=0, 7= 1 ) 3 3 % 3 3
Maximum current heat- .

. 1

ing,p=+_, ym=| 1| % | 1 | H H—:—L‘z i

Mean current heating,

I T I O e A
1

Rating, U5 =| 1|1.225 1.549] 1.643 1.681\/ 3n’ 1y 732
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As seen, the output of the direct-current converter is greater
than that of the same machine as generator. Using more than
three compensators offers very little advantage, and the difference
between three and two compensators is comparatively small,
also, but the difference between two and one compensator,
especially regarding the local armature heating, is considerable,
so that for most practical purposes a two-compensator converter
would be preferable.

The number of compensators used in the direct-current con-
verter has a similar effect regarding current distribution, heat-
ing, ete., as the number of phases in the synchronous converter.

Obviously these relative outputs given in above table refer to
the armature heating only. Regarding commutation, the total
current at the brushes is the same in the converter as in the gen-
erator, the only advantage of the former being the better com-
mutation due to the absence of armature reaction.

The limit of output set by armature reaction and corresponding
field excitation in a motor or generator obviously does not exist
at all ih a converter. It follows hercfrom that a direct-current
motor or generator does not give the most advantageous direct-
current converter, but thatin the direct-current converter just as
in the synchronous converter, it is preferable to proportion the
parts differently, in accordance with above discussion, as, for
instance, to useless conductor section, a greater number of con-
ductors in series per pole, ete.

XIV. Three-Wire Generator and Converter,

152. A machine based upon the principle of the direct-current
converter is frequently used to supply a three-wire direct-current
distribution system (Edison system). This machine may be a
single generator or synchronous converter, which is designed for
the voltage between the outside conductors of the circuit (the
positive and the negative conductor), 220 to 280 volts, while
the middle conductor of the system, or neutral conductor, is
connected to the generator by compensator and collector rings,
or, in the case of a synchronous converter, is connected to the
neutral of the step-up transformers, and the latter thus used as

compensators.

A three—w1re generator thus is a combination of a direct-
current generator and a direct-current converter, and a three-



346 ELEMENTS OF ELECTRICAL ENGINEERING.

wire converter is a combination of a synchronous converter and

a direct-current converter. Such a three-wire machine has the

advantage over two separate machines, connected to the two

sides of the three-wire direct-current system, of combining two

smaller machines into one of twice the size, and thus higher
+

NN
-
1
.
°
-
3

N

F e ——

Fig. 201. Three-Wire System with Two Machines.

space- and operation-economy and lower cost, and has the further
advantage that only half as large current is commutated as by
the use of two separate machines; that is, the positive brush
of the machine on the negative and the negative brush of the
machine on the positive side of the system aresaved, as seen by
the diagrammatic sketch of the machine in Fig. 200 and the two
separate two-wire machines in Fig. 201. The use of three-wire
220-volt machines on three-wire direct-current systems thus has
practically displaced that of two separate 110-volt machines.



SYNCHRONOUS CONVERTERS. 347

A. Taree-WIiRE DIrecT-CURRENT GENERATOR.

153. In such machines, either only one compensator or auto-
transformer is used for deriving the neutral, as shown diagram-
matically in Fig. 200, or two compensators in quadrature, as
shown in Fig. 202, but rarely more.

As the efficiency of conversion of a direct-current converter
with two compensators in quadrature (Fig. 202) is higher than
that of a direct-current converter with single compensator (Fig.

S
—
EN

ENE
<=,
S

=i
Fig. 202. Three-Wire Machine with Two Compensators.

200), it is preferable to use two (or even more) compensators
where a large amount of power is to be converted, that is, where
a very great unbalancing between the two sides of the three-
wire system may oceur, or one side may be practically unloaded
while the other is overloaded. Where, however, the load is
fairly distributed between the two sides of the system, that is,
the neutral current (which is the difference between the currents
on the two sides of the system) is small and so only a small part
of the generator power is converted from one side to the other,
and the efficiency of this eonversion thus of negligible influence on
the heating and the output of the machine, a single compensator
is preferable because of its simplicity. In three-wire distribu-
tion systems the latter is practically always the case, that is,
the load fairly balanced and the neutral current small.

The size of the compensators depends upon the amount of un-
balanced power, that is, the maximum difference between the
load on the two sides of the three-wire system, and thus equals
the product of neutral current ¢, and voltage e between neutral
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and outside conductor; that is, in the three-wire system of volt-
age e per circuit, voltage 2 ¢ between the outside conductors,
and maximum current  in the outside conductors, the generator
power rating is p =2l

Let now 4, = maximum unbalanced current in the neutral —
usually not exceeding 10 to 20 per cent of 7 and using a single
compensator, connected diametrically across the armature, Fig.
200, the maximum of the alternating voltage which it receives
is 2e, and its cffective voltage therefore e A/2.  As the neutral
current %, divides when entering the compensator, the current

in the compensating winding is ;4’ (neglecting the small excit-

ing current), and the volt-ampere capacity of the compensator

thus is ;
Do = _6_1_0__’
2
and Py _ 1 4,
P 2421
= 0.35¢ %2
7

Even with the neutral current equal to the current in the out-
side conductor, or the one side of the system fully loaded, the
other not loaded, the compensator thus would have only 35.4
per cent of the volt-ampere capacity of the generator, and as a
compensator of ratio 1 + 1 is half the size of a transformer of
the same volt-ampere capacity, in this case the compensator has,
approximately, the size of a transformer of 17.7 per cent of the
size of the generator.

With the maximum unbalancing of 20 per cent, or %" = 0.2,

the compensator thus has 7 per cent of the volt-ampere capacity
of the generator, or the size of a transformer of only 3.5 per cent
of the generator capacity, that is, is very small, and this method
is therefore the most convenient for deriving the neutral of a
three-wire distribution system.

When using # compensators, obviously each has —11; of the size

which a single compensator would have.
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The disadvantage of the three-wire generator over two sepa-
rate generators is that a three-wire generator can only divide
the voltage in two equal parts, that is, the two sides of the system
have the same voltage at the generator. The use of two separate
generators, however, permits the production of a higher voltage
on one side of the system than on the other, and thus takes care
of the greater line drop on the more evenly loaded side. Even
in the case, however, where a voltage difference between the two
sides of the system is desired for controlling feeder drops, it can
more economically be given by a separate booster in the neu-
tral, as such a booster would require only a capacity equal to
the neutral current times half the desired voltage difference
between the two sides, and with 20 per cent neutral current and
10 per cent voltage difference between the two sides, thus would
have only one per cent of the size of the generator.

B. TarREE-WIRE CONVERTER.

154. In a converter feeding a three-wire direct-current system
the neutral can be derived by connection to the transformer
neutral. Even in this case, however, frequently a separate com-
pensator is used, connected across a pair of collector rings of the
converter, since, as seen above, with the moderate unbalancing
usually existing, such a compensator is very small.

When connecting the direct-current neutral to the transformer
neutral it is necessary to use such a connection that the trans-
former can operate as compensator, that is, that the direct current
in each transformer divides into two branches of equal m.m.f.,
otherwise the direct-current produces a unidirectional magneti-
zation in the transformer, which superimposed upon the magnetic
cycle raises the magnetic induction beyond saturation, and thus
causes excessive exciting current and heating, except when very
small.

For instance, with Y connection of the transformers supplying
a three-phase converter, Fig. 203, each transformer secondary
receives one-third of the neutral current, and if this current is not
very small and comparable with the exciting current of the trans-
former — which can rarely be — the magnetic density in the
transformer rises beyond saturation by this unidirectional
m.m.f. This connection thus is in general not permissible for
deriving the neutral.
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Q
Fig. 203. Neutral of Y-Connected Transformers Connected to Neutral of
Three-Wire System Supplied from a Three-Phase Converter.

Fig. 204. Quarter-Phase Converter with Transformer Neutral Connected to
Direct-Current Neutral.
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Fig. 205. Three-Phase Converter with Neutral of the T-Connected Trans-
formers-as Direct-Current Neutral.

Fig. 206. Three-Phase Converter with Transformer Neutral Connected to
Direct-Current Neutral.
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In a quarter-phase converter, as shown in Fig. 204, the
transformer neutral can be used as direct-current neutral, since
in each transformer the direct current divides into two equal
branches, which magnetize in opposite direction, and so neu-
tralize.

The T connection, Fig. 205, can be used for three-phase con-
verters with the neutral derived from a point at one-third the
height of the teaser transformer, since the m.m.fs. of the direct
current v, balance in the transformers, as seen in Fig. 205.

Delta connection on three-phase and double delta on six-
phase converters cannot be used, as it has no neutral, but in this
case a separate compensator is required.

The diagrammatical connections of transformers can, however,
be used on six-phase converters, and the connection shown in
Fig. 206, which has two coils on each transformer, connected to
different phases, on three-phase converters.



E. INDUCTION MACHINES.

I. General.

155. The direction of rotation of a direct-current motor,
whether shunt- or series-wound, is independent of the direction of
the current supplied thereto; that is, when reversing the current
in a direct-current motor the direction of rotation remains the
same. Thus theoretically any continuous-current motor should
operate also with alternating currents. Obviously in this case
not only the armature but also the magnetic field of the motor
must be thoroughly laminated to exclude eddy currents, and care
taken that the currents in the field and armature circuits reverse
simultaneously. Obviously the simplest way of fulfilling the
latter condition is to connect the field and armature circuits in
series as alternating-current series motor. Such motors are used
to a considerable extent, mainly for railroading. Their disad-
vantage for many purposes is the use of a commutator, and also
that their speed is not constant but depends upon the load.

The shunt motor on an alternating-current circuit has the
objection that in the armature winding the current should be
power current, thus in phase with the e.m.f., while in the field
winding the current is lagging nearly 90 deg., as magnetizing
current. Thus field and armature would be out of phase with
each other. To overcome this objection either there is inserted
in series with the field circuit a condenser of such capacity as to
bring the current back into phase with the voltage (Stanley), or
the field may be excited from a separate e.m.f. differing 90 deg.
in phase from that supplied to the armature. The former ar-
rangement has the disadvantage of requiring almost perfect
constancy of frequency, and therefore is not practicable. In the
latter arrangement the armature winding of the motor is fed by
one, the field winding by the other phase of a quarter-phase
system, and thus the current in the armature brought approxi-
mately into phase with the magnetic flux of the field.

Such an arrangement obviously loads the two phases of the
system unsymmetrically, the one with the armature power

352
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current, the other with the lagging field current. To balance
the system two such motors may be used simultaneously and
combined in one structure, the one receiving power current
from the first, magnetizing current from the second phase, the
second motor receiving magnetizing current from the first and
power current from the second phase.

The objection that the use of the commutator, in an alter-
nating-current motor tends to vicious sparking and therefore
greatly limits the design, can be entirely overcome by utilizing
the alternating feature of the current; that is, instead of leading
the current into the armature by commutator and brushes,
producing it therein by electromagnetic induction, by closing
the armature conductors upon themselves and surrounding.the
armature by a primary coil at right angles to the field exciting
coil.

Such motors have been built, consisting of two structures each
containing a magnetizing circuit acted upon by one phase and a
primary power circuit acting upon a closed-circuit armature as
secondary and excited by the other phase of a quarter-phase
system (Stanley motor). '

Going still a step further, the two structures can be com-
bined into one by having each of the two coils fulfill the double
function of magnetizing the field and producing currents in the
secondary which are acted upon by the magnetization produced
by the other phase.

Obviously, instead of two phases in quadrature any number of
phases can be used.

This leads us by gradual steps of development from the con-
tinuous-current shunt motor to the alternating-current polyphase
induction motor.

In its general behavior the alternating-current induction motor
is therefore analogous to the continuous-current shunt motor.
Like the shunt motor, it operates at approximately constant
magnetic density. It runs at fairly constant speed, slowing
down gradually with increasing load. The main difference is
that in the induction motor the current in the secondary does not
pass through a system of brushes, as in the continuous-current
shunt motor, but is produced in the secondary as the short-
circuited secondary of a transformer; and in consequence thereof
the primary circuit of the induction motor fulfills the double.
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function of an exciting circuit corresponding to the field circuit of
the continuous-current machine and a primary circuit producing
asecondary current in thesecondary by electromagnetic induetion.

156. Since in the secondary of the induction motor the cur-
rents are produced by induction from the primary impressed
currents, the induction motor in its electromagnetic features is
essentially a transformer; that is, it consists of a magnetic cir-
cuit or magnetic circuits interlinked with two electric circuits
or sets of circuits, the primary and the secondary circuits. The
difference between transformer and induction motor is that in
the former the secondary is fixed regarding the primary, and the
electric energy in the secondary is made use of, while in the latter
the secondary is movable regarding the primary, and the me-
chanical force acting between primary and secondary is used.
In consequence thereof the frequency of the currents in the
secondary of the induction motor differs from, and as a rule is
very much lower than, that of the currents impressed upon the
primary, and thus the ratio of e.m.fs. generated in primary and
in secondary is not the ratio of their respective turns, but is the
ratio of the product of turns and frequency.

Taking due consideration of this difference of frequency be-
tween primary and secondary, the theoretical investigation of the
induction motor corresponds to that of the stationary trans-
former. The transformer feature of the induction motor pre-
dominates to such an extent that in theoretical investigation the
induction motor is best treated as a transformer, and the elec-
trical output of the transformer corresponds to the mechanical
output of the induction motor.

The secondary of the motor consists of two or more circuits
displaced in phase from each other so as to offer a closed sec-
ondary to the primary circuits, irrespective of the relative motion.
The primary consists of one or several circuits.

In consequence of the relative motion of the primary and
secondary, the magnetic circuit of the induction motor must be
arranged so that the secondary while revolving does not leave the
magnetic field of force. That means, the magnetic field of force
must be of constant intensity in all directions, or, in other words,
the component of magnetic flux in any direction in space be of
the same or approximately the same intensity but differing in
phase. Such a magnetic field can either be considered as the
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superposition of two magnetic fields of equal intensity in quad-
rature in time and space, or it can be represented theoretically
by a revolving magnetic flux of constant intensity, or rotating
field, or simply treated as alternating magnetic flux of the same
intensity in every direction.

157. The operation of the induction motor thus can also be
considered as due to the action of a rotating magnetic field upon
a system of short-circuited conductors. In the motor field or
primary, usually the stator, by a system of polyphase impressed
e.m.fs. or by the combination of a single-phase impressed e.m.f.
and the reaction of the currents produced in the secondary, a
rotating magnetic field is produced. This rotating field produces
currents in the short-circuited armature or secondary winding,
usually the rotor, and by its action on these currents drags along
the secondary conductors, and thus speeds up the armature and
tends to bring it up to synchronism, that is, to the same speed as
the rotating field, at which speed the secondary currents would
disappear by the armature conductors moving together with the
rotating field, and thus cutting nolines of force. The secondary
therefore slips in speed behind the speed of the rotating field by
as much as is required to produce the secondary currents and
give the torque necessary to carry the load. The slip of the
induction motor thus increases with increase of load, and is
approximately proportional thereto. Inversely, if the secondary
is driven at a higher speed than that of the rotating field, the
field drags the armature conductors back, that is, consumes
mechanical torque, and the machine then acts as a brake or
induction generator.

In the polyphase induction motor this magnetic field is pro-
duced by a number of electric circuits relatively displaced in
space, and excited by currents having the same displacement in
phase as the exciting coils have in space.

In the monocyclic motor one of the two superimposed quad-
rature fields is excited by the primary power circuit, the other
by the magnetizing or teaser circuit.

In the single-phase motor one of the two superimposed mag-
netic quadrature fields is excited by the primary electric circuit,
the other by the secondary currents carried into quadrature
position by the rotation of the secondary. In either case, at
or near synchronism the magnetic fields are practically identical,
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The transformer featurc being predominant, in theoretical
investigations of induction motors it is generally preferable to
start therefrom.

The characteristics of the transformer are independent of the
ratio of transformation, other things being equal; that is, dou-
bling the number of turns for instance, and at the same time
reducing their cross-section to one-half, leaves the efficiency,
regulation, etc., of the transformer unchanged. In the same way,
in the induction motor it is unessential what the ratio of primary
to secondary turns is, or, in other words, the secondary circuit
can be wound for any suitable number of turns, provided the
same total copper cross-section is used. In consequence hereof
the secondary cireuit is mostly wound with one or two bars per
slot, to get maximum amount of copper, that is, minimum resist-
ance of secondary.

The general characteristics of the induction motor being inde-
pendent of the ratio of turns, it is for theoretical considera-
tions simpler to assume the secondary motor circuits reduced
to the same number of turns and phases as the primary, or of
the ratio of transformation 1 to 1, by multiplying all secondary
currents and dividing all secondary e.m.fs. by the ratio of turns,
multiplying all secondary impedances and dividing all secondary
admittances by the square of the ratio of turns, ete.

Thus in the following under secondary current, e.m.f., impe-
dance, etc., shall always be understood their values reduced to
the primary, or corresponding to a ratio of turns 1 to 1, and the
same number of secondary as primary phases, although in prac-
tice a ratio 1 to 1 will hardly ever be used, as not fulfilling the
condition of uniform effective reluctance desirable in the start-
ing of the induction motor.

II. Polyphase Induction Motor.

1. INTRODUCTION.

158. The typical induction motor is the polyphase motor.
By gradual development from the direct-current shunt motor
we arrive at the polyphase induction motor.

The magnetic field of any induction motor, whether supplied
by polyphase, monocyclic, or single-phase e.m.f., is at normal
condition of operation, that is, near synchronism, a polyphase
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field. Thus to a certain extent all induction motors can be
called polyphase machines. When supplied with a polyphase
system of e.m.fs. the internal reactions of the induction motor
are simplest and only those of a transformer with moving second-
ary, while in the single-phase induction motor at the same time
a phase transformation occurs, the second or magnetizing phase
being produced from the impressed phase of e.m.f. by the rota-
tion of the motor, which carries the secondary currents into
quadrature position with the primary current.

The polyphase induction motor of the three-phase or quarter-
phase type is the one most commonly used, while single-phase
motors have found a more limited application only, and especially
for smaller powers.

Thus in the following more particularly the polyphase induc-
tion machine shall be treated, and the single-phase type discussed
only in so far as it differs from the typical polyphase machine.

2. CALCULATION.

159. In the polyphase induction motor,

Let
Y = g + jb = primary exciting admittance, or admit-
tance of the primary circuit with open secondary
circuit;
that is,

ge = magnetic power current,

be = wattless magnetizing current,
where e = counter-generated e.m.f. of the motor; Z,= r,— jz,
= primary self-inductive impedance, and Z, = r, — jz, = sec-
ondary self-inductive impedance, reduced to the primary by the
ratio of turns.*

All these quantities refer to one primary circuit and one corre-
sponding secondary circuit. Thus in a three-phase induction
motor the total power, etc., is three times that of one cireuit, in
the quarter-phase motor with three-phase armature 1% of the
three secondary circuits are to be considered as corresponding
to each of the two primary circuits, etc.

Let e = primary counter-generated e.m.f., or e.m.f. generated
in the primary circuit by the flux interlinked with primary and

* The self-inductive reactance refers to that flux which surrounds one of
the electric circuits only, without being interlinked with the other circuits.
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secondary (mutual induction); s = slip, with the primary fre-
quency as unit; that is, s = 0 denoting synchronous rotation,
s = 1 standstill of the motor.
We then have
1—s = speed of the motor secondary as fraction of syn-
chronous speed,
sf = frequency of the secondary currents,

where f = frequency impressed upon the primary:

hence, se = e.m.f. generated in the secondary.

The actual impedance of the secondary circuit at the frequency

-S'f iS s . .
ZF =1, —18%;
hence, the secondary current is
se se sr . sz .
l=——=——f—=e< L + 1 =e (a,+ 1a
< 1 le 1,,1 _]le T!:" + Slez ? rlz + slez ( 1 7 2)}
where 2
— sr - _ ST .
a, 2 2,27 a, 2 2.2
T+ sz r°+ sz,

the primary exciting current is
Ioo =€Y =e[g + b],
and the total primary current is
fy=cella, + 9) +7i(a,+b)]=e +jb,),
b1=a1+gs b2=a2+b'
The e.m.f. consumed in the primary circuit by the impedance

Z,is ],Z,, the counter-generated e.m.f. is e, hence, the primary
terminal voltage is

E,=e+ ZoZo =e[l + (b1 + ]bz) (To"" jxo)] =e (61 + jcz):
where,

where

¢, =1+rbd +zb,andc, =rd, —zph,.
Eliminating complex quantities, we have
E,=eVec? + ¢,
hence, the counter-generated e.m.f. of motor,
E

e = —=0r—,
\/clz + czz

where E, = impressed e.m.f., absolute value.
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Substituting this value in the equations of [,, 7,, 7, etc.,
gives the complex expressions of currents and e.m.fs., and elim-
inating the imaginary quantities we have the primary current,

I, =evVb?+ b2 ete.

The torque of the polyphase induction motor (or any other
motor or generator) is proportional to the product of the mutual
magnetic flux and the component of ampere-turns of the sec-
ondary, which is in phase with the magnetic flux in time, but in
quadrature therewith in direction or space. Since the generated
e.m.f. is proportional to the mutual magnetic flux and the num-
ber of turns, but in quadrature thereto in time, the torque of the
induction motor is proportional also to the product of the gen-
erated e.m.f. and the component of secondary current in quadra-
ture therewith in time and in space.

Since I, = e (a, + ja,) is the secondary current correspond-
ing to the generated e.m.f. e, the secondary current in the quad-
rature position thereto in space, that is, corresponding to the
e.m.f. je, is il=e(=a, + o),
and a,e is the component of this current in quadrature in time
with the e.m.f. e.

Thus the torque is proportional to e X a,e, or

D = ¢a,
. érs Ers .
= 7"12 n 821712 - (sz + czz) (7.12 + 821:12)

This value D is in its dimension a power, and it is the power
which the torque of the motor would develop at synchronous
speed.

160. In induction motors, and in general motors which have
a definite limiting speed, it is preferable to give the torque in the
form of the power developed at the limiting speed, in this case
synchronism, as ‘“synchronous watts,” since thereby it is made
independent of the individual conditions of the motor, as its
number of poles, frequency, etc., and made comparable with the
power input, ete. It is obvious that when given in synchronous
watts, the maximum possible value of torque which could be
reached, if there were no losses in the motor, equals the power
input. Thus, in an induction motor with 9000 watts power




360 ELEMENTS OF ELECTRICAL ENGINEERING.

input, a torque of 7000 synchronous watts means that § of the
maximum theoretically possible torque is realized, while the
statement, “a torque of 30 lb. at one foot radius,” would be
meaningless without knowing the number of poles and the fre-
quency. Thus, the denotation of the torque in synchronous
watts is the most general, and preferably used in induction
motors.

Since the theoretical maximum possible torque equals the
power input, the ratio

torque in synchronous watts output,
power input

that is,
actual torque

maximum possible torque

is called the torque efficiency of the motor, analogous to the power

efficiency or
power output |

power input ’
that is,
power output .
maximum possible power output

Analogously
torque in synchronous watts

volt-amperes input

is called the apparent torque efficiency.

The definition of these quantities, which are of importance in
judging induction motors, are thus:

The “efficiency’’ or “ power efficiency’ is the ratio of the true
mechanical output of the motor to the output which it would
give at the same power input if there were no internal losses in
the motor.

The “apparent efficiency’ or “ apparent power efficiency’ is the
ratio of the mechanical output of the motor to the output which
it would give at the same volt-ampere input if there were neither
Internal losses nor phase displacement in the motor.

The ““torque efficiency” is the ratio of the torque of the motor
to the torque which it would give at the same power input if
there were no internal losses in the motor.
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The “apparent torque efficiency” is the ratio of the torque of
the motor to the torque which it would give at the same volt-
ampere input if there were neither internal losses nor phase dis-
placement in the motor.

The torque efficiencies are of special interest in starting where
the power efficiencies are necessarily zero, but it nevertheless
is of importance to find how much torque per watt or per volt-
ampere input is given by the motor.

Since D = ¢%a, is the power developed by the motor torque
at synchronism, the power developed at the speed of (1 —s)
X synchronism, or the actual power output of the motor, is

P=(1-sD
=éa, (1—5)
_érs(l—ys)
CorP4 2

The output P includes friction, windage, ete.; thus, the net
mechanical output is P — friction, etc. Since, however, fric-
tion, etc., depend upon the mechanical construction of the
individual motor and its use, it cannot be included in a general
formula. P is thus the mechanical output, and D the torque
developed at the armature conductors.

The primary current

[,=e (b1 + jbz)
has the quadrature components eb, and eb,.

The primary impressed e.m.f.
E,=e (C1 + jcz)
has the quadrature components ec, and ec,.
Since the components eb, and ec,, and eb, and’ec,, respectively,
are in quadrature with each other, and thus represent no power,
the power input of the primary circuit is

eb, X ec, + eb, X ec,,

or P =&, + b))
The volt-amperes or apparent input is obviously,
P a = I OAE0

=e&Vv'(b2 + b2 (¢ + ¢).
161. These equations can be greatly simplified by neglecting
the exciting current of the motors, and approximate values of
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current, torque, power, etec., derived thereby, which are suffi-
ciently accurate for preliminary investigations of the motor at
speeds sufficiently below synchronism to make the total motor
current large compared with the exciting current.

In this case the primary current equals the secondary current,
that is,

]0=11_Z_e =€ <a + ]az):
where s
CLl—‘—m, etc.,
1
and B, = ¢ + Z,1,
1+§_Z__02 e(Z > +sZ,)
Z:® /N
(r +sr,)—7s (x, +x0)
T, — ]8T,

and, in absolute values,
\/(r +sr,) +82 (2, +z,2) .
Vrrtsz} ’

hence,
eNVrl+si

Y (r,+sry)?+8(x,+2,)?
and the lorque, in synchronous watts, is

o=

se’r
D =¢aq,
R S ’
hence, substituting for e,
selr,

» (r +sr0)2+s (x,+x,)*
and the power is
s(1—s)e’r,
T oS A
If the additional resistance r is inserted into the armature
circuit, and the total armature resistance thus becomes r, + r,

instead of r,, substituting (r, + r) in above equations we have
se? (r,+r)
(r +r+sro)2+s (x, +1x,)*
_ s(l—s) e (r,+7)
(r tFrtsr) + 8 (z, +2)?

and
) ete.
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Neglecting also the primary self-inductive impedance, Z, =
T, — JZ,, which sometimes can be done as first approximation,
especially at large values of r, these equations become

__sel (r+r)
(r1+r)2+szx12’

Pos (1—s) e? (r,+7)

(r,+r)+sz?

162. Since the counter-generated e.m.f. ¢ (and thus the im-
pressed e.m.f. E)) enters in the equation of current, magnetism,
etc., as a simple factor, in the equations of torque, power input
and output, and volt-ampere input as square, and cancels in the
equation of efficiency, power-factor, ete., it follows that the
current, magnetic flux, ete., of an induction motor are propor-
tional to the impressed e.m.f.; the torque, power output, power
input, and volt-ampere input are proportional to the square of
the impressed e.m.f., and the torque and power efficiencies and
the power-factor are independent of the impressed voltage.

In reality, however, a slight decrease of efficiency and power-
factor oceurs at higher impressed voltages, due to the increase
of resistance caused by the increasing temperature of the motor
and due to the approach to magnetic saturation, and a slight
decrease of efficiency occurs at lower voltages when including
in the cfficiency the loss of power by friction, since this is inde-
pendent of the output and thus at lower voltage, that is, lesser
output, a larger percentage of the output, so that the efficiencies
and the power-factor can be considered as independent of the
impressed voltage, and the torque and power proportional to the
square thereof only approximately, but sufficiently close for most

purposes.

) ete.

3. Loap anp Spreep CURVES.

163. The calculation of the induction motor characteristics
is most conveniently carried out in tabulated form by means
of above-given equations as follows:

Let Z,=r,—jz,=0.1—-0.3 j=primary self-inductive impe-

dance.
Z,=r —jx,=0.1-0.3 j=secondary self-inductive impe-
dance reduced to primary.
Y =¢+75=0.01+0.1 j=primary exciting admittance.
E,=110 volts=primary impressed e.m.f.
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It is then, per phase,

£S) . . -
% AR 3
R SiL 1S e + ] + o T -
3. é: g;E&&]E;«}_S‘L} g.,:: ’LL g’é; ﬂ,k]" L:‘.‘ i?
Py ¥ e b >
0 0 0100] 0 0 0 01]0.10 |1 031{4+0 007 1 031} 106.6|0 1010{10.8
0 01{0.0100{ 0 100| 0.003{0.11|0.103|1.042|—0.023| 1.042| 105 7|0.1507|15.9
0.02[0 0100/ 0.200{ 0.012/0.21]0.112|1.055/—0.052] 1.056| 104.3]0.238 |24.8
0.05/0 0102| 0.490| 0.073{0.50[0 173|1.102|—0.133| 1.110{ 99 2/0.522 |51.8
010 0109 0.920} 0 276{0.93|0 376/1.206{—0 241| 1.230{ 89.5/1.003 |89 7
0.15(0 0120] 1.25 | 0.563|1.26/0 663|1.325/—0.308| 1.360| 80.9(|1.424 (115
0.2 |0 0136] 1.47 | 0.883|1.48|0.983|1.443|—0.354] 1.485) 74.2|1 777 |132
03[0 0181 1.66 | 1 49 |1.67({1.50 |1.617|—0.351| 1.654] 66 6]2.245 (149
0.5 (0.0325 1.54 | 2.31 |1.55|2.41 |1.878/—0.224| 1.891] 58.2|2 865 |167
1.0 {0.1000{ 1.00 | 3.00 {1.01{3 10 |2.031|+0.007 2.031| 54.1/3.261 {176
_ _ _ p= _ | eff.= | app.eff.= |pow. fac.=
sl e | v lalon| B et a2 |2 |k
: 0% byca. : P, P, P,
0 11,360( 0 0 1.19) 0 011} 0.125| 0 0 10.5
0.01 |11,170] 1.117| 1.106] 1.75] 0.112] 1.249] 88.5 63 2 715
0.02 |10,880| 2 176] 2.133] 2.73] 0.216/ 2.350} 91.0 78.3 86.2
0.05 | 9,840| 4.82 | 4.58 | 5 70| 0.528] 5.20 | 88 3 80 5 91.3
0.1 8,010| 7.38 | 6.64 | 9 87 1.030; 8.25 | 80.7 67.3 83 5
0.15 | 6,540 8 20 | 6.97 | 12 65| 1.466] 9.60 | 72 5 55.0 76 0
0.2 5,510 8.10 | 6 48 | 14.52| 1.782| 9.80 | 66 0 44.6 67.5
0.3 4,440 7.36 | 5.15 | 16 4 | 2.154| 9.55 | 53.8 315 58.3
0.5 | 3,390| 5.23 | 2.61 | 18 4| 2 370{ 8 04 | 32 3 14.2 43.8
1.0 | 2,930| 2.93} 0 19 4| 2.072] 6 08 0 0 31.3

Diagrammatically it is most instructive in judging about an
induction motor to plot from the preceding calculation —

1st. The load curves, that is, with the load or power output as
abscissas, the values of speed (as a fraction of synchronism), of
current input, power-factor, efficiency, apparent efficiency, and
torque.

2d. The speed curves, that is, with the speed, as a fraction of
synchronism, as abscissas, the values of torque, current input,
power-factor, torque efficiency, and apparent torque efficiency.

The load curves are most instructive for the range of speed
near synchronism, that is, the normal operating conditions of
the motor, while the speed curves characterize the behavior of
the motor at any speed.

In Fig. 207 are plotted the load curves, and in Fig. 208 the
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speed curves of a typical polyphase induction motor of moderate
size, having the following constants: e,= 110; ¥'= 0.01 —0.17;
Z,=0.1-037, and Z,= 0.1— 0.3 ].

As sample of a poor motor of high resistance and high admit-
tance or exciting current are plotted in Fig. 209 the load curves
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Fig. 207. Induction Motor Load Curves.

of a motor having the following constants: e, = 110; ¥ = 0.04
+047; Z,=03—-037, and Z,= 0.3— 0.3, showing the
overturn of the power-factor curve frequently met in poor
motors.

164. The shape of the characteristic motor curves depends
entirely on the three complex constants, Y, Z,, and Z,, but is
essentially independent of the impressed voltage.

Thus a change of the admittance Y has no effect on the char-
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acteristic curves, provided that the impedances Z, and Z, are
changed inversely proportional thereto, such a change merely
representing the effect of a change of impressed voltage. A
moderate change of one of the impedances has relatively little
effect on the motor characteristics, provided that the other
impedance changes so that the sum Z, + Z, remains constant,
and thus the motor can be characterized by its total internal
impedance, that is,
Z=Z+7Z;
or
r—jr=0,+r)—7 +2).

Thus the characteristic behavior of the induction motor de-
pends upon two complex imaginary constants, ¥ and Z, or four
real constants, g, b, r, z, the same terms which characterize the
stationary alternating-current transformer on non-inductive load.

Instead of conductance g, susceptance b, resistance r, and reac-
tance z, as characteristic constants may be chosen: the absolute
exciting admittance y = V¢* + b*; the absolute self-inductive
impedance z = V7* + 2?; the power-factor of admittance g =
g/y, and the power-factor of impedance a = r/z.

165. If the admittance y is reduced n-fold and the impedance
2 increased n-fold, with the e.m.f. v'nE, impressed upon the
motor, the speed, torque, power input and output, volt-ampere
input and excitation, power-factor, efficiencies, etec., of the
motor, that is, all its characteristic features, remain the same, as
seen from above given equations, and since a change of impressed
e.m.f. does not change the characteristics, it follows that a change
of admittance and of impedance does not change the character-
istics of the motor provided the product y = yz remains the
same.

Thus the induction motor is characterized by three constants
only:

The product of exciting admittance and self-inductive impe-
dance y = yz, which may be called the characteristic constant
of the motor.

The power-factor of primary admittance 8=

The power-factor of self-inductive impedance a =

R I% @ KQ
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All these three quantities are absolute numbers.

The physical meaning of the characteristic constant or the
product of the exciting admittance and impedance is the fol-
lowing:

If 1, = exciting current and /,, = starting current, we have,
approximately,

_ 1y
y_Eo,

E
z==9

IIO
— vz —Loo.
r=ye=7

10

The characteristic constant of the induction motor y = yz is
the ratio of exciting current to starting current or current at
standstill.

At given impressed e.m.f., the exciting current I, is inversely
proportional to the mutual inductance of primary and secondary
circuit. The starting current I, is inversely proportional to
the sum of the self-inductance of primary and secondary circuit.

Thus the characteristic constant y = yz is approximately
the ratio of total self-inductance to mutual inductance of the
motor circuits; that is, the ratio of the flux interlinked with only
one circuit, primary or secondary, to the flux interlinked with
both circuits, primary and secondary, or the ratio of the waste
or leakage flux to the useful flux. The importance of this
quantity is evident.

4. ErreCT OF ARMATURE RESISTANCE AND STARTING.

166. The secondary or armature resistance r, enters the equa-
tion of secondary current thus:

__se  _ sr, . &z, >= ,
1, r, — jsz, e<rlz % +1 re + &r2 e (a, + ja,),
and the further equations only indirectly in so far as r, is con-
tained in @, and a,. .

Increasing the armature resistance n-fold, to nr,, we get at an
n-fold increased slip ns,

__ me  se |
= = —
nr,— jnsxr, T, — jsr

I
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that is, the same value, and thus the same values for e, 7, D,
P, P, while the power is decreased from P = (1—3s) D to
P = (1—ns) D, and the efficiency and apparent efficiency are
correspondingly reduced. The power-factor is not changed;
hence, an increase of armature resistance r, produces a propor-
tional increase of slip s, and thereby corresponding decrease of
power output, efficiency and apparent efficiency, but does not
change the torque, power input, current, power-factor, and the
torque efficiencies.

Thus the insertion of resistance in the armature or secondary
of the induction motor offers a means of reducing the speed
corresponding to a given torque, and thereby the desired torque
can be produced at any speed below that corresponding to short-
circuited armature or secondary without changing the input or
current.

Hence, given the speed curve of a short-circuited motor, the
speed curve with resistance inserted in the armature can be
derived therefrom directly by increasing the slip in proportion
to the increased resistance.

This is done in Fig. 210, in which are shown the speed curves
of the motor Figs. 207 and 208, between standstill and syn-
chronism, for —

Short-circuited armature, ;= 0.1 (same as Fig. 208).

0.15 ohm additional resistance per circuit inserted in arma-
ture, r, = 0.25, that is, 2.5 times increased slip.

0.5 ohm additional resistance inserted in the armature,
r, = 0.6, that is, 6 times increased slip.

1.5 ohm additional resistance inserted in the armature,
r, = 1.6, that is, 16 times increased slip.

The corresponding current curves are shown on the same sheet.

With short-circuited secondary the maximum torque of 8250
synchronous watts is reached at 16 per cent slip. The starting
torque is 2950 synchronous watts, and the starting current 176
amperes.

With armature resistance r, = 0.25, the same maximum
torque is reached at 40 per cent slip, the starting torque is in-
creased to 6050 synchronous watts, and the starting current
decreased to 160 amperes.

With the secondary resistance r, = 0.6, the maximum torque
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of 8250 synchronous watts approximately takes place in start-
ing, and the starting current is decreased to 124 amperes.

With armature resistance r, = 1.6, the starting torque is
below the maximum, 5620 synchronous watts, and the starting
current is only 64 amperes.
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Fig. 210. Induction Motor Speed, Torque and Current Curves.

In the two latter cases the lower or unstable branch of the
torque curve has altogether disappeared, and the motor speed
is stable over the whole range; the motor starts with the maxi-
mum torque which it can reach, and with increasing speed,
torque and current decrease; that is, the motor has the charac-
teristic of the direct-current series motor, except that its maxi-
mum speed is limited by synchronism.
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167. It follows herefrom that high secondary resistance, while
very objectionable in running near synchronism, is advantageous
in starting or running at very low speed, by reducing the current
input and increasing the torque.

In starting we have =1
Substituting this value in the equations of subsection 2 gives
the starting torque, starting current, ete., of the polyphase in-
duction motor.
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In Fig. 211 are shown for the motor in Figs. 207, 208, and 210
the values of starting torque, current, power-factor, torque
efficiency, and apparent torque efficiency for various values of
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the secondary motor resistance, from r, = 0.1, the internal resist-
ance of the motor, or B = 0 additional resistance to r, = 5.1
or R = 5 ohms additional resistance. The best values of torque
efficiency are found beyond the maximum torque point.

The same Fig.211 also shows the torque with resistance inserted
into the primary circuit.

The insertion of reactance, either in the primary or in the
secondary, is just as unsatisfactory as the insertion of resistance
in the primary circuit.

Capacity inserted in the secondary very greatly increases the
torque within the narrow range of capacity corresponding to
resonance with the internal reactance of the motor, and the
torque which can be produced in this way is far in excess of the
maximum torque of the motor when running or when starting
with resistance in the secondary.

But even at its best value, the torque efficiency available
with capacity in the secondary is far below that available with
resistance.

For further discussion of the polyphase induction motor, see
Transactions American Institute of Electrical Engineers, 1897,
page 175, and ““Theory and Calculation of Alternating-Current
Phenomena,” fourth edition.

III. Single-phase Induction Motor.

1. INTRODUCTION.

168. In the polyphase motor a number of secondary ecoils
displaced in position from each other are acted upon by a num-
ber of primary coils displaced in position and excited by e.m.fs.
displaced in phase from each other by the same angle as the dis-
placement of position of the coils.

In the single-phase induction motor a system of secondary
circuits is acted upon by one primary coil (or system of primary
coils connected in series or in parallel) excited by a single alter-
nating current.

A number of secondary circuits displaced in position must be
used so as to offer to the primary circuit a short-circuited sec-
ondary in any position of the armature. If only one secondary
coil is used, the motor is a synchronous induction motor, and
belongs to the class of reaction machines.
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A single-phase induction motor will not start from rest, but
when started in either direction will accelerate with increasing
torque and approach synchronism.

When running at or very near synchronism, the magnetic field
of the single-phase induction motor is practically identical with
that of a polyphase motor, that is, can be represented by the
theory of the rotating field. Thus, in a turn wound under angle =
to the primary winding of the single-phase induction motor, at
synchronism an e.m.f. is generated equal to that generated in a
turn of the primary winding, but differing therefrom by angle
0 = 7 in time phase.

In a polyphase motor the magnetic flux in any direction is due
to the resultant m.m.f. of primary and of secondary currents, in
the same way as in a transformer. The same is the case in the
direction of the axis of the exciting coil of the single-phase indue-
tion motor. In the direction at right angles to the axis of the
exciting coil, however, the magnetic flux is due to the m.m.f. of
the secondary currents alone, no primary e.m.f. acting in this
direction.

Consequently, in the polyphase motor running synchronously,
that is, doing no work whatever, the secondary becomes current-
less, and the primary current is the exciting current of the motor
only. In the single-phase induction motor, even when running
light, the secondary still carries the exciting current of the mag-
netic flux in quadrature with the axis of the primary exciting
coil. Since this flux has essentially the same intensity as the
flux in the direction of the axis of the primary exciting coil, the
current in the armature of the single-phase induction motor run-
ning light, and therefore also the primary current corresponding
thereto, has the same m.m.f., that is, the same intensity, as
the primary exciting current, and the total primary current of
the single-phase induction motor running light is thus twice the
exciting current, that is, it is the exciting current of the main
magnetic flux plus the current producing in the secondary the
exciting current of the cross magnetic flux. In reality it is
slightly less, especially in small motors, due to the drop of voltage
in the self-inductive impedance and the drop of quadrature mag-
netic flux below the impressed primary magnetic flux caused
thereby. In the secondary at synchronism this secondary
exciting current is a current of twice the primary frequency; at
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any other speed it is of a frequency equal to speed (in cycles) plus
synchronism.

Thus, if in a quarter-phase motor running light one phase is
open-circuited, the current in the other phase doubles. If in the
three-phase motor two phases are open-circuited, the current in
the third phase trebles, since the resultant m.m.f. of a three-
phase machine is 1.5 times that of one phase. In consequence
thereof, the total volt-ampere input of the motor remains the
same and at the same magnetic density, or the same impressed
e.m.f., all induction motors, single-phase as well as polyphase,
consume approximately the same volt-ampere input, and the
same power input for excitation, and give the same distribution
of magnetic flux.

169. Since the maximum output of a single-phase motor at
the same impressed e.m.f. is considerably less than that of a poly-
phase motor, it follows therefrom that the relative exciting cur-
rent in the single-phase motor must be larger.

The cause of this cross magnetization in the single-phase induc-
tion motor near synchronism is that the secondary armature
currents lag 90 deg. behind the magnetism, and are carried by
the synchronous rotation 90 deg. in space before reaching their
maximum, thus giving the same magnetic effect as a quarter-
phase e.m.f. impressed upon the primary system in quadrature
position with the main coil. Hence they can be eliminated by
impressing a magnetizing quadrature e.m.f. upon an auxiliary
motor circuit, as is done in the monocyelic motor.

Below synchronism, the secondary currents are carried less
than 90 deg., and thus the cross magnetization due to them is
correspondingly reduced, and becomes zero at standstill.

The torque is proportional to the power component of the
armature currents times the intensity of magnetic flux in quad-
rature position thereto.

In the single-phase induction motor, the armature power
currents I = ea, can exist only coaxially with the primary
coil, since this is the only position in which corresponding pri-
mary currents can exist. The magnetic flux in quadrature posi-
tion is proportional to the component e carried in quadrature,
or approximately to (1 —s) ¢, and the torque is thus

D=(@1-s)el'=(1-5)a,
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thus decreases much faster with decreasing speed, and becomes
zero at standstill. The power is then
P = (1-=5s) el = (1—s)¢a,.

Since in the single-phase motor only one primary cireuit but
a multiplicity of secondary circuits exist, all secondary circuits
are to be considered as corresponding to the same primary cir-
cuit, and thus the joint impedance of all secondary circuits must
be used as the secondary impedance, at least at or near syn-
chronism. Thus, if the armature has a quarter-phase winding
of impedance Z, per circuit, the resultant secondary impedance is

%‘, if it contains a three-phase winding of impedance Z, per

circuit, the resultant secondary impedance is Z,

3

In consequence hereof the resultant secondary impedance of a
single-phase motor is less in comparison with the primary im-
pedance than in the polyphase motor. Since the drop of speed
under load depends upon the secondary resistance, in the single-
phase induction motor the drop in speed at load is generally less
than in the polyphase motor; that is, the single-phase induction
motor has a greater constancy of speed than the polyphase
induetion motor, but just as the polyphase induction motor, it
can never reach complete synchronism, but slips below synchro-
nism, approximately in proportion to the speed.

The further calculation of the single-phase induction motor
is identical with that of the polyphase induction motor, as given
in the previous chapter.

In general, no special motors are used for single-phase circuits,
but polyphase motors adapted thereto. An induction motor
with only one primary winding could not be started by a phase-
splitting device, and would necessarily be started by external
means. A polyphase motor, as for instance a three-phase motor
operating single-phase, by having two of its terminals connected
to the single-phase mains, is just as satisfactory a single-phase
motor as one built with only one primary winding. The only
difference is that in the latter case a part of the circumference
of the primary structure is left without winding, while in the
polyphase motor this part contains windings also, which, how-
ever, are not used, or are not effective when running as single-
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phase motor, but are necessary when starting by means of
displaced e.m.fs. Thus, in a three-phase motor operating from
single-phase mains, in starting, the third terminal is connected
to a phase-displacing device, giving to the motor the cross mag-
netization in quadrature to the axis of the primary coil, which
at speed is produced by the rotation of the secondary currents,
and which is necessary for producing the torque by its action
upon the secondary power currents.

Thus the investigation of the single-phase induction motor
resolves itself into the investigation of the polyphase motor
operating on single-phase circuits.

2. Loap AND SpEED CURVES.

r70. Comparing thus a three-phase motor of exciting admit-
tance per circuit ¥ =g + jb and self-inductive impedances
Z,=r,— 1z, and Z, =r,—jz, per circuit with the same
motor operating as single-phase motor from one pair of termi-
nals, the single-phase exciting admittance is ¥’ = 3 Y (so as
to give the same volt-amperes excitation 3eY), the prim-
ary self-inductive impedance is the same, Z, = r,— jz,; the
secondary self-inductive impedance single-phase, however, is
only Z/ = %1, since all three secondary circuits correspond to
the same primary circuit, and thus the total impedance single-
phase is 2’ = Z, + —Z—‘, while that of the three-phase motor is

Z=2,+ 2,
Assuming approximately Z, = Z,, we have
, 27

7= =

Thus, in absolute value,
Y =37,
7' =3%Z,and
7 =2r;

that is, the characteristic constant of a motor running single-
phase is twice what it is running three-phase, or polyphase in
general; hence, the ratio of exciting current to current at stand-
still, or of waste flux to useful flux, is doubled by changing from
polyphase to single-phase.
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This explains the inferiority of the single-phase motor com-
pared with the polyphase motor.

As a rule, an average polyphase motor makes a poor single-
phase motor, and a good single-phase motor must be an excellent
polyphase motor. ‘

As instances are shown in Figs. 212 and 213 the load curves
and speed curves of the three-phase motor of which the curves of
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one circuit are given in Figs. 207 and 208, having the following
constants:

THREE PHASE. eq = 110. SINGLE PHASE.
Y =0.01 + 0.1, Y =0.03 + 0.3},
Z, =0.1 —0.3], Z,=01—-03],
=01 -037, Z, = 0.033 — 0.17,
Thus y = 6.36. Thus, y = 12.72.

It is of interest to compare Fig. 212 with Fig. 207 and to note
the lesser drop of speed (due to the relatively lower secondary
resistance) and lower power-factor and efficiencies, especially at
light load. The maximum output is reduced from 3 X 7000 =
21,000 in the three-phase motor to 9100 watts in the single-
phase motor.

Since, however, the internal losses are less in the single-phase
motor, it can be operated at from 25 to 30 per cent higher mag-
netic density than the same motor polyphase, and in this case its
output is from two-thirds to three-quarters that of the poly-
phase motor.

171. The preceding discussion of the single-phase induction
motor is approximate, and correct only at or near synchronism,
where the magnetic field is practically a uniformly rotating field
of constant intensity, that is, the quadrature flux produced by
the armature magnetization equal to the main magnetic flux
produced by the impressed e.m.f.

If an accurate calculation of the motor at intermediate speed
and at standstill is required, the changes of effective exciting
admittance and of secondary impedance, due to the decrease
of the quadrature flux, have to be considered.

At synchronism the total exciting admittance gives the m.m.f.
of main flux and auxiliary flux, while at standstill the quad-
rature flux has disappeared or decreased to that given by the
starting device, and thus the total exciting admittance has de-
creased to one-half of its synchronous value, or one-half plus the
exciting admittance of the starting flux.

The effective secondary impedance at synchronism is the joint
impedance of all secondary circuits; at standstill, however, only
the joint impedance of the projection of the secondary coils on
the direction of the main flux, that is, twice as large as at syn-
chronism. In other words, from standstill to synchronism the
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effective secondary impedance gradually decreases to one-half
its standstill value at synchronism.

For fuller discussion hereof the reader must be referred to my
second paper on the Single-phase Induction Motor, Transactions
A.I. E. E,, 1900, page 37.

The torque in Fig. 213 obviously slopes towards zero at stand-
still. The effect of resistance inserted in the secondary of the
single-phase motor is similar to that in the polyphase motor in
so far as an increase of resistance lowers the speed at which the
maximum torque takes place. While, however, in the poly-
phase motor the maximum torque remains the same, and merely
shifts towards lower speed with the increase of resistance, in the
single-phase motor the maximum torque decreases proportionally
to the speed at which the maximum torque point occurs, due to
the factor (1 — s) entering the equation of the torque,

D = éa, (1—3s).
Thus, in Fig. 214 are given the values of torque of the single-

phase motor for the same conditions and the same motor of
which the speed curves polyphase are given in Fig. 210.
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Fig. 214. Three-Phase Induction Motor on Single-Phase Circuit,
Torque Curves.

The maximum value of torque which can be reached at any
speed lies on the tangent drawn from the origin onto the torque
curve for 7, = 0.1 or short-circuited secondary. At low speeds
the torque of the single-phase motor is greatly increased by the
insertion of secondary resistance, just as in the polyphase motor.
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3. StarTing DEVICES OF SINGLE-PHASE MOTORS.

172. At standstill, the single-phase induction motor has no
starting torque, since the line of polarization due to the second-
ary currents coincides with the axis of magnetic flux impressed
by the primary circuit. Only when revolving is torque pro-
duced, due to the axis of secondary polarization being shifted
by the rotation, against the axis of magnetism, until at or near
synchronism it is in quadrature therewith, and the magnetic
disposition thus identical with that of the polyphase induction
motor.

Leaving out of consideration starting by mechanical means
and starting by converting the motor into a series or shunt
motor, that is, by passing the alternating current by means of
commutator and brushes through both elements of the motor,
the following methods of starting single-phase motors are
left:

1st. Shifting of the axis of armature or secondary polarization
against the axis of generating magnetism.

2d. Shifting the axis of magnetism, that is, producing a mag-
netic flux displaced in position from the flux producing the arma-
ture currents.

The first method requires a secondary system which is unsym-
metrical in regard to the primary, and thus, since the secondary
is movable, requires means of changing the secondary circuit,
such as commutator brushes short-circuiting secondary coils in
the position of effective torque, and open-circuiting them in the
position of opposing torque.

Thus this method leads to the repulsion motor, which is a
commutator motor also.

With the commutatorless induction motor, or motor with
permanently closed armature circuits, all starting devices con-
sist in establishing an auxiliary magnetic flux in phase with the
secondary currents in time, and in quadrature with the line of
secondary polarization in space. They consist in producing a
component of magnetic flux in quadrature in space with the
primary magnetic flux producing the secondary currents, and
in phase with the latter, that is, in time quadrature with the
primary magnetic flux.
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Thus, if
§p= polarization due to the secondary currents,
@, = auxiliary magnetic flux,
6 = phase displacement in time between ®, and ®,,

and = = phase displacement in space between ®, and @,

the torque is
D = §,9,sin z cos 6.

In general the starting torque, apparent torque efficiency,
ete., of the single-phase induction motor with any of these de-
vices are given in per cent of the corresponding values of the
same motor with polyphase magnetic flux, that is, with a mag-
netic system consisting of two equal magnetic fluxes in quad-
rature in time and space.

173. The infinite variety of arrangements proposed for start-
ing single-phase induction motors can be grouped into three
classes.

1. Phase-Splitting Devices. The primary system is composed
of two or more circuits displaced from each other in position, and
combined with impedances of different inductance factors so as
to produce a phase displacement between them.

When using two motor circuits, they can either be connected
in series between the single-phase mains, and shunted with
impedances of different inductance factors, as, for instance, a
condensance and an inductance, or they can be connected in
shunt between the single-phase mains but in series with impe-
dances of different inductance factors. Obviously the impe-
dances used for displacing the phase of the exciting coils can
either be external or internal, as represented by high-resistance
winding in one coil of the motor, etec.

In this class belongs the use of the transformer as a phase-
splitting device by inserting a transformer primary in series
with one motor circuit in the main line and connecting the other
motor circuit to the secondary of the transformer, or by feeding
one of the motor circuits directly from the mains and the other
from the secondary of a transformer connected across the mains
with its primary. In either case it is, respectively, the internal
impedance, or internal admittance, of the transformer.which is
combined with one of the motor circuits for displacing its phase,
and thus this arrangement becomes most effective by using
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transformers of high internal impedance or admittance as con-
stant power transformers or open magnetic circuit transformers.

2. Inductive Devices. The motor is excited by the combina-
tion of two or more circuits which are in inductive relation to
each other. This mutual induction between the motor circuits
can take place either outside of the motor in a separate phase-
splitting device or in the motor proper.

In the first case the simplest form is the divided circuit whose
branches are inductively related to each other by passing around
the same magnetic circuit external to the motor.

In the second case the simplest form is the combination of a
primary exciting coil and a short-circuited secondary coil on
the primary member of the motor, or a secondary coil closed by
an impedance.

In this class belong the shading coil and the accelerating coil.

3. Monocyclic Starting Devices. An essentially wattless e.m.f.
of displaced phase is produced outside of the motor, and used
to energize a cross magnetic circuit of the motor, either directly
by a special teaser coil on the motor, or indirectly by combining
this wattless e.m.f. with the main e.m.f. and thereby deriving a
system of e.m.fs. of approximately three-phase or any other
relation. In this case the primary system of the motor is
supplied essentially by a polyphase system of e.m.fs. with a
single-phase flow of energy, a system which I have called
“monocyelic.”’

The wattless quadrature e.m.f. is generally produced by con-
necting two impedances of different inductance factors in series
between the single-phase mains, and joining the connection
between the two impedances to the third terminal of a three-
phase induction motor, which is connected with its other two
terminals to the single-phase lines, as shown diagrammatically
in Fig. 215, for a conductance a and an inductive susceptance ja.

This starting device, when using an inductance and a conden-
sance of proper size, can be made to give an apparent starting
torque efficiency superior to that of the polyphase induction
motor. Usually a resistance and an inductance are used, which,
though not giving the same starting torque efficiency as avail-
able by the use of a condensance, have the advantage of greater
simplicity and reliability. After starting, the impedances are
disconnected.
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For a complete discussion and theoretical investigation of the
different starting devices, the reader must be referred to the
paper on the single-phase induction motor, “ American Institute
of Electrical Engineers’ Transactions, February, 1898.”

A
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v

Fig. 215. Connections for Starting Single-Phase Motor.

174. The use of the resistance-inductance, or monocyclic,
starting device with three-phase wound induction motor will
be discussed somewhat more explicitly as the only method not
using condensers which has found extensive commercial appli-
cation. It gives relatively the best starting torque and torque
efficiencies.

In Fig. 215, M represents a three-phase induction motor of
which two terminals, 1 and 2, are connected to single-phase
mains, and the terminal 3 to the common connection of a conduc-

tance a (that is, a resistanceé) and an equal susceptance ja

(thus a reactance — —"’> connected in series across the mains.
a

Let Y = g + jb = total admittance of motor between termi-
nals 1 and 2 while at rest. We then have § ¥ = total admit-
tance from terminal 3 to terminals 1 and 2, regardless of whether
the motor is delta- or Y-wound.

If e = e.m.f. in the single-phase mains and Z = difference of
potential across conductance a of the starting device, then we

have the current in @ as 1, = Ea,
and the e.m.f. across ja as e —F;
thus, the current in ja is

Iz = ja’ (6 - E)y

and the current in the cross magnetizing motor cireuit from 3 to
b I,=1,~I,= Ba—ja(e—B).

The e.m.f. B, of the cross magnetizing circuit is, as may be seen
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from the diagram of e.m.fs., which form a triangle with ¢, £ and

e—E as sides,
E,=E —(—E)=2FE—e,

and since
Jo=1% YE,
we have )
Ba—jae—B) =Y QE-e.
This expression solved for E becomes
. 3ja—4Y
b= e3a+3ja,—— 8Y’

which from the foregoing value of E, gives
= 3ea (j—1) |
" 3a+3ja—8Y’

or, substituting .
Y =g+,

expanding, and multiplying both numerator and denominator by
Ba—8g)—7(Ba—8Db),
$g—b) + j(Za—-S—%Lb)>
R e D

and the imaginary component thereof, or e.m.f. in quadrature
to e in timc and in space, is

2a—8(@+b
(@—§97+(—30)y

In the same motor on a three-phase circuit this quadrature
e.m.f. is the altitude of the equilateral triangle with e as sides,

Eoi = —Jea

thus = je %, and since the starting torque of the motor is pro-

portional to this quadrature e.m.f., the relative starting torque
of the monocyeclic starting device, or the ratio of starting torque
of the motor with monocyeclic starting device to that of the
same motor on three-phase circuit, is

proBi __2a_ 2a-8@G-b
;eV3 V3397 + (a—30)
2
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A starting device which has been extensively used is the
condenser in the tertiary circuit. In its usual form it can be
considered as a modification of the monoeyclic starting device,
by using a condensance as the one impedance and making the
other impedance infinite, that is, omitting it. It thus comprises
a three-phase induction motor, in which two terminals are con-
nected to the single-phase supply and the third terminal and
one of the main terminals to a condenser. Usually the con-
denser is left in circuit after starting, and made of such size
that its leading current compensates for the lagging magnetizing-
current of the motor, and the motor thus gives approximately
unity power-factor.

For further discussion of this subject the reader is referred
to the paper on “Single-phase Induction Motors,”” mentioned
above, and to the ‘“Theory and Calculation of Alternating-
Current Phenomena,” fourth edition.

4. ACCELERATION WITH STARTING DEVICE.

175. The torque of the single-phase induetion motor (without
a starting device) is proportional to the product of main flux, or
magnetic flux produced by the primary impressed e.m.f., and
the speed. Thus it is the same as in the polyphase motor at or
very near synchronism, but falls off with decreasing speed and
becomes zero at standstill.

To produce a starting torque, a device has to be used to im-
press an auxiliary magnetic flux upon the motor, in quadrature
with the main flux in time and in space, and the starting torque
is proportional to this auxiliary or quadrature flux. During
acceleration or at intermediate speed the torque of the motor
is the resultant of the main torque, or torque produced by the
primary main flux, and the auxiliary torque produced by the
auxiliary quadrature or starting flux. In general, this result-
ant torque is not the sum of main and auxiliary torque, but
less, due to the interaction between the motor and the starting
device.

All the starting devices depend more or less upon the total
admittance of the motor and its power-factor. With increasing
speed, however, the total admittance of the motor decreases
and its power-factor increases, and an auxiliary torque device
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suited for the admittance of the motor at standstill will not be
suited for the changed admittance at speed.

The currents produced in the secondary by the main or pri-
mary magnetic flux are carried by the rotation of the motor more
or less into quadrature position, and thus produce the quad-
rature flux giving the main torque as discussed before.

This quadrature component of the main flux generates an e.m.f.
in the auxiliary circuit of the starting device, and thus changes
the distribution of currents and e.m.fs. in the starting device.
The eircuits of the starting device then contain, besides the motor
admittance and external admittance, an active counter e.m.f.,
changing with the speed. Inversely, the currents produced by
the counter e.m.f. of the motor in the auxiliary circuit react upon
the counter e.m.f., that is, upon the quadrature component or
main flux, and change it.

Thus during acceleration we have to consider —

1. The effect of the change of total motor admittance and its
power-factor upon the starting device.

9. The effect of the counter e.m.f. of the motor upon the start-
ing device and the effect of the starting device upon the counter
e.m.f. of the motor.

1. The total motor admittance and its power-factor change
very much during acceleration in motors with short-circuited
low-resistance secondary. In such motors the admittance at
rest is very large and its power-factor low, and with increasing
speed the admittance decreases and its power-factor increases
greatly. In motors with short-circuited high-resistance second-
ary the admittance also decreases greatly during acceleration,
but its power-factor changes less, being already high at stand-
still. Thus the starting device will be affected less. Such
motors, however, are inefficient at speed. In motors with varia-
ble secondary resistance the admittance and its power-factor
can be maintained constant during acceleration by decreasing
the resistance of the secondary circuit in correspondence with the
increasing counter e.m.f. Hence, in such motors the starting
device is not thrown out of adjustment by the changing admit-
tance during acceleration.

In the phase-splitting devices, and still more in the inductive
devices, the starting torque depends upon the internal or motor
admittance, and is thus essentially affected by the change of



INDUCTION MACHINES. 387

admittance during acceleration, and by the appearance of a
counter e.m.f. during acceleration, which throws the starting
device out of its proper adjustment, so that frequently while a
considerable torque exists at standstill, this torque becomes zero
and then reverses at some intermediate speed, and the motor,
while starting with fair torque, is not able to run up to speed
with the starting device in circuit. Especially is this the case
where capacity is used in the starting device. With the mono-
cyclic starting device this effect is small in any case and absent
when a condenser is used in the tertiary cireuit, and therefore
the latter may advantageously be left in the circuit at speed.

IV. Regulation and Stability.
1. Loap AND STABILITY.

176. At constant voltage and constant frequency the torque
of the polyphase induction motor is a maximum at some definite
speed and decreases with increase of speed over that correspond-
ing to the maximum torque, to zero at synchronism; it also de-
creases with decrease of speed from that at the maximum
torque point, to a minimum at standstill, the starting torque.
This maximum torque point shifts towards lower speed with
increase of the resistance in the secondary circuit, and the start-
ing torque thereby increases. Without additional resistance
inserted in the secondary circuit the maximum torque point,
however, lies at fairly high speed not very far below synchro-
nism, 10 to 20 per cent below synchronism with smaller motors
of good efficiency. Any value of torque between the starting
torque and the maximum torque is reached at two different
speeds. Thus in a three-phase motor having the following
constants: impressed e.m.f., e, = 110 volts; exciting admittance,
Y =0.01 + 0.1§; primary impedance, Z, = 0.1—0.3 {, and
secondary impedance, Z, = 0.1 —0.3 j, the torque of 5.5
synchronous kilowatts is reached at 54 per cent of synchronism
and also at the speed of 94 per cent of synchronism, as seen in
Fig. 216.

‘When connected to a load requiring a constant torque, irre-
spective of the speed, as when pumping water against a constant
head by reciprocating pumps, the motor thus could carry the
load at two different speeds, the two points of intersection of the
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horizontal line L in Fig. 216, which represents the torque con-
sumed by the load and the motor torque curve D. Of these
two points d and ¢, the lower one, d, represents unstable con-
ditions of operation; that is, the motor cannot operate at this
speed, but either stops or runs up to the higher speed point c,
at which stability is reached. At the lower speed d a momen-
tary decrease of speed, as by a small pulsation of voltage, load,
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Fig. 216. Speed Torque Characteristics of Induction Motor and Load
for Determination of the Stability Point.

ete., decreases the motor torque D below the torque L required
by the load, thus causes the motor to slow down, but in doing
so its torque still further decreases, and it slows down still more,
loses more torque, ete., until it comes to astandstill. Inversely,
a momentary increase of speed increases the motor torque D
beyond the torque L consumed by the load, and thereby causes
an acceleration, that is, an increase of speed. This increase of
speed, however, increases the motor torque and thereby the
speed still further, and so on, and the motor increases in speed
up to the point ¢, where the motor torque D again becomes
equal to the torque consumed by the load. A momentary in-
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crease of speed beyond ¢ decreases the motor torque D, and thus
limits itself, and inversely a momentary decrease of speed below
¢ increases the motor torque D beyond L, thus accelerates and
recovers the speed ; that is, at ¢ the motor speed is stable.

With a load requiring constant torque the induction motor
thus is unstable at speeds below that of the maximum torque
point, but stable above it; that is, the motor curve consists of
two branches, an unstable branch, from standstill ¢ to the max-
imum torque point m, and a stable branch, from the maximum
torque point m to synchronism.

177. It must berealized, however, that this instability of the
lower branch of the induction motor speed curve is a function of
the nature of the load, and as described above applies only to a
load requiring a constant torque L. Such a load the motor
could not start (except by increasing the motor torque at low
speeds by resistance in the secondary), but when brought up to
a speed above d would carry the load at speed ¢ in Fig. 216.

If, however, the load on the motor is such as to require a
torque which increases with the square of the speed, as shown
by curve C in Fig. 216, that is, consists of a constant part p
(friction of bearings, etc.) and a quadratic part, as when driving
a ship’s propeller or driving a centrifugal pump, then the induc-
tion motor is stable over the entire range of speed, from standstill
to synchronism. The motor then starts, with the load repre-
sented by curve C, and runs up to speed ¢. At a higher load,
represented by curve B, the motor runs up to speed b, and with
excessive overload, curve A, the motor would run up to low
speed, point a, only, but no overload of such nature would stop
the motor, but merely reduce its speed, and inversely, it would
always start, but at excessive overloads run at low speed only.
Thus in this case no unstable branch of the motor curve exists,
but it is stable over the entire range.

With a load requiring a torque which increases proportionally
to the speed, as shown by C in Fig. 217, that is, which consists
of a constant part p and a part proportional to the speed, as
when driving a direct-current generator at constant excitation,
connected to a constant resistance as load —as a lighting
system — the motor always starts, regardless of the load, —
provided that the constant part of the torque, p, is less than the
starting torque. With moderate load C' the motor runs up to
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a speed ¢ near synchronism. With very heavy load A the motor
starts, but runs up to a low speed only. Especially interesting is
the case of an intermediary load as represented by line B in Fig.
217. B intersects the motor torque curve D in three points,
b, b,, b,; that is, three speeds exist at which the motor gives the
torque required by the load,— 24 per cent, 60 per cent, and 88 per
cent of synchronism. The speeds b, and b, are stable, the speed
b, unstable. Thus, with this load the motor starts from stand-
still, but does not run up to a speed near synchronism, but accel-
erates only to speed b,, and keeps revolving at this low speed
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Fig. 217. Speed Torque Characteristics of Induction Motor and
Load for Determination of the Stability Point.

(and a correspondingly very large current). If, however, the
load is taken off and the motor allowed to run up to synchronism
or near to it, and the load then put on, the motor slows down
only to speed b,, and carries the load at this high speed; hence,
the motor can revolve continuously at two different speeds,
b, and b,, and either of these speeds is stable; that is, a momen-
tary increase of speed decreases the motor torque below
that required by the load, and thus limits itself, and inversely
a decrease of motor speed increases its torque beyond that
corresponding to the load, and thus restores the speed. At the
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intermediary speed, b,, the conditions are unstable, and a momen-
tary increase of speed causes the motor to accelerate up to speed
b;, a momentary decrease of speed from b, causes the motor to
slow down to speed b,, where it becomes stable again. In the
speed range between b, and b, the motor thus accelerates up
to b, in the speed range between b, and b, it slows down to b,.

For this character of load, the induction motor speed curve
D thus has two stable branches, a lower one, from standstill ¢
to the point n, and an upper one, from point m to synchronism,
where m and n are the points of contact of the tangents from the
required starting torque p on-to the motor curve D; these two
stable branches are separated by the unstable branch, from n to
m, on which the motor cannot operate.

178. The question of stability of motor speed thus is a func-
tion not only of the motor speed curve but also of the character
of the load in its relation to the motor speed curve, and if the
change of motor torque with the change of speed is less than the
change of the torque required by the load, the condition is stable,
otherwise it is unstable; that is, it must be % < g—g to give
stability, where L is the torque required by the load at speed S.

Occasionally on polyphase induction motors on a load as repre-
sented in Fig. 217 this phenomenon is observed in the form
that the motor can start the load but cannot bring it up to
speed. More frequently, however, it is observed on single-phase
induction motors in which the maximum torque is nearer to
synchronism, with some forms of starting devices which de-
crease in their effect with increasing speed and thus give motor
speed characteristics of forms similar to Fig. 218. With a torque
speed curve as shown in Fig. 218, even at a load requiring con-
stant torque, three speed points may exist of which the middle
one is unstable. In polyphase synchronous motors and con-
verters, when starting by alternating current, that is, as induction
machines, the phenomenon is frequently observed that the ma-.
chine starts at moderate voltage, but does not run up to syn-
chronism, but stops at an intermediary speed, in the neighborhood
of half speed, and a considerable increase of voltage, and thereby
of motor torque, is required to bring the machine beyond the
dead point, or rather “dead range,” of speed and make it run up
to synchronism. In this case, however, the phenomenon is
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complicated by the effects due to varying magnetic reluctance
(magnetic locking), inductor machine effect, ete.

Instability of such character as here described occurs in elec-
tric circuits in many instances, of which the most typical is the
electric are in a constant-potential supply. It occurs whenever
the effect produced by any cause increases the cause and there-
by becomes cumulative. When dealing with energy, obviously

1

SPEED
©__ox 02 03 04 g]§ 0.6 07 08 09 1J0

Fig. 218. Speed Torque Characteristic of Single-Phase Induction Motor.

the effect must always be in opposition to the cause (Lenz’s
Law), as result of the law of conservation of energy. When
dealing with other phenomena, however, as the speed-torque
relation or the volt-ampere relation, etc., instability due to the
effect assisting the cause, intensifying it, and thus becoming
cumulative, may exist, and frequently does exist, and causes
either indefinite increase or decrease, or surging or hunting.

2. Vourace REecuraTioN anDp OuTpuT.

179. Load and speed curves of induction motors are usually
calculated and plotted for constant supply voltage at the motor
terminals. In practice, however, this condition usually is only
approximately fulfilled, and due to the drop of voltage in the
step-down transformers feeding the motor, in the secondary
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and the primary supply lines, etc., the voltage at the motor
terminals drops more or less with increase of load. Thus, if the
voltage at the primary terminals of the motor transformer is
cohstant, and such as to give the rated motor voltage at full load,
at no load the voltage at the motor terminals is higher, but at
overload lower by the voltage drop in the internal impedance
of the transformers. If the voltage is kept constant in the center
of distribution, the drop of voltage in the line adds itself to the
impedance drop in the transformers, and the motor supply volt-
age thus varies still more between no load and overload.

With a drop of voltage in the supply circuit between the point
of constant potential and the motor terminals, assuming the cir-
cuit such as to give the rated motor voltage at full load, the
voltage at no load and thus the exciting current is higher, the
voltage at overload and thus the maximum output and maximum
torque of the motor, and also the motor impedance current, that
is, current consumed by the motor at standstill, and thereby the
starting torque of the motor, are lower than on a constant-poten-
tial supply. Hereby then the margin of overload capacity of the
motor is reduced, and the characteristic constant of the motor,
or the ratio of exciting current to short-circuit current, is in-
creased, that is, the motor characteristic made inferior to that
given at constant voltage supply, the more so the higher the
voltage drop in the supply circuit.

Assuming then a three-phase motor having the following
constants: primary exciting admittance, Y = 0.01 —0.1 j;
primary self-inductive impedance, Z, = 0.1 — 0.3 §; secondary
self-inductive impedance, Z, = 0.1 — 0.37; supply voltage,
e, = 110 volts, and rated output, 5000 watts per phase.

Assuming this motor to be operated —

1. By transformers of about 2 per cent resistance and 4 per
cent reactance voltage, that is, transformers of good regulation,
with constant voltage at the transformer terminals.

2. By transformers of about 2 per cent resistance and 15
per cent reactance voltage, that is, very poorly regulating
transformers, at constant supply voltage at the transformer
primaries.

3. With constant voltage at the generator terminals, and
about 8 per cent resistance, 40 per cent reactance voltage in
line and transformers between generator and motor.
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This gives, in complex quantities, the impedance between the

motor terminals and the constant voltage supply:
1. Z = 0.04 —0.087,
2. Z =0.04 —037,
3. Z=20.16 —0.87.

It is assumed that the constant supply voltage is such as to
give 110 volts at the motor terminals at full load.

The load and speed curves of the motor, when operating under
these conditions, that is, with the impedance Z in series between
the motor terminals and the constant voltage supply e,, then can
be calculated from the motor characteristics at constant termi-
nal voltage e, as follows:

_ At slip s and constant terminal voltage e, the current in the
motor is 1,, its power-factor p = cos 8. The effective or equiva-

lent impedance of the motor at this slip then is 2° = %’, and, in
0

complex quantities, Z° = % (cos 0—4 sin 0), and the total

impedance, including that of transformers and line, thus is

Z,=2+7Z= (;"cosﬁ+r>—y( smﬁ—!—x)
0 0
or, in absolute values,

e 2 fe . 2
2 = (fcosﬁ—%r)—l—(;}’smﬂ—}-x),

0 0
and, at the supply voltage e,, the current thus is
. e
%1 = ; )

1
and the voltage at the motor terminals is

If ¢, is the voltage required at the motor terminals at full load,
and 7, the current, 2,° the total impedance at full load, it is

e

P W

7’0 [
2y

hence, the required constant supply voltage is
¢, = 3107:00;
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and the speed and torque curves of the motor under this con-
dition then are derived from those at constant supply voltage e,

’
by multiplying all voltages and currents by the factor %Q—, that
(1]

is, by the ratio of the actual terminal voltage to the full-load
terminal voltage, and the torque and power by multiplying
with the square of this ratio, while the power-factors and the
efficiencies obviously remain unchanged.
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Fig. 219. Induction Motor Load Curves Corresponding to 110 Volts
at Motor Terminals at 5000 Watts Load.

In this manner, in the three cases assumed in the preceding,
the load curves are calculated, and are plotted in Figs. 219, 220,
and 221.

180. It is seen that, even with transformers of good regu-
lation, Fig. 219, the maximum torque and the maximum power
are appreciably reduced. The values corresponding to constant
terminal voltage are shown, for the part of the curves near maxi-
mum torque and maximum power, in Figs. 219, 220, and 221.
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Fig. 223. Induction Motor Speed Torque Characteristics with a Resistance
of 0.15 Ohm in Secondary Cireuit.

In Figs. 222, 223, 224, and 225 are given the speed-torque
curves of the motor, for constant terminal voltage, Z = 0, and
the three cases above discussed; in Fig. 222 for short-circuited
secondaries, or running condition; in Fig. 223 for 0.15 ohm; in
Fig. 224 for 0.5 ohm; and in Fig. 225 for 1.5 ohms additional re-
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sistance inserted in the armature. As seen, the line and trans-
former impedance very appreciably lowers the torque, and
especially the starting torque, which, with short-circuited arma-~
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Fig. 224. Induction Motor Speed Torque Characteristics with a Resistance
of 0.5 Ohm in Secondary Circuit.
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Fig. 225. Induction Motor Speed Current Characteristics with a Resistance
of 1.5 Ohms in Secondary Circuit.

ture, in the case 3 drops to about one-third the value given at
constant supply voltage.

It is interesting to note that in Fig. 224, with a secondary
resistance giving maximum torque in starting, at constant ter-
minal voltage, with high impedance in the supply, the starting
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torque drops so much that the maximum torque 1s shifted to
about half synchronism.

In induction motors, especially at overloads and in starting,
it therefore is important to have as low impedance as pos-
sible between the point of constant voltage and the motor
terminals.

In Table I the numerical values of maximum power, maxi-
mum torque, starting torque, exciting current and starting
current are given for above motor, at constant terminal voltage
and for the three values of impedance in the supply lines, for
such supply voltage as to give the rated motor voltage of 110
volts at full load and for 110 volts supply, voltage. In the first
case, maximum power and torque drop down to their full-load
values with the highest line impedance, and far below full-load
values in the latter case.

3. FrEQUENCY PULSATION.

181. If the frequency of the voltage supply pulsates with
sufficient rapidity that the motor speed cannot appreciably
follow the pulsations of frequency, the motor current and torque
also pulsate; that is, if the frequency pulsates by the fraction
p above and below the normal, at the average slip, s, the
actual slip pulsates between s + p and s — p, and motor
current and torque pulsate between the values corresponding
to the slips s + p and s— p. If then the average slip s < p,
at minimum frequency, the actual slip s— p becomes nega-
tive; that is, the motor momentarily generates and returns
energy.

As instance are shown, in Fig. 226, the values of current and
of torque for maximum and minimum frequency, and for the
average frequency, for p = 0.025, that is, 2.5 per cent pulsation
of frequency from the average. As seen, the pulsation of cur-
rent is moderate until synchronism is approached, but becomes
very large near synchronism, and from slip s = 0.025 up to
synchronism the average current remains practically constant,
thus at synchronism is very much higher than the current at
constant frequency. The average torque also drops somewhat
below the torque corresponding to constant frequency, as shown
in the upper part of Fig. 226.
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4. GENERATOR REGULATION AND STABILITY.

182. If the voltage at the induction motor terminals decreases
with increase of load, the maximum torque and output are de-
creased the more the greater the drop of voltage. But even if
the voltage at the induction motor terminals is maintained con-
stant, the maximum torque and power may be reduced essen-
tially, in a manner depending on the rapidity with which the
voltage regulation at changes of load is effected by the generator
or potential regulator, which maintains constancy of voltage, and
the rapidity with which the motor speed can change, that is,
the mechanical momentum of the motor and its load.

This instability of the motor, produced by the generator
regulation, may be discussed for the case of a load requiring
constant torque at all load, though the corresponding phenom-
enon may exist at all classes of load, as discussed under 1.
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The torque curve of the induction motor at constant terminal
voltage consists of two branches, a stable branch, from the
maximum torque point to synchronism, and an unstable branch,
that is, a branch at which the motor cannot operate on a load
requiring constant torque, from standstill to maximum torque.
With increasing slip s the current ¢ in the motor increases. If

then D = torque of the motor, %%) is positive on the stable,

negative on the unstable branch of the motor curve, and this
rate of change of the torque, with change of current, expressed
as fraction of the current, is

b - LdD.

D di’
it may be called the stability coefficient of the motor.

If ks is positive, an increase of 7, caused by an increase of
slip s, that is, by a decrease of speed, increases the torque D, and
thereby checks the decrease of speed, and inversely, that is, the
motor is stable.

If, however, k is negative, an increase of 7 causes a decrease
of D, thereby a decrease of speed, and thus further increase of 4
and decrease of D; that is, the motor slows down with increas-
ing rapidity, or inversely, with a decrease of 7, accelerates with
increasing rapidity, that is, is unstable.

For the motor used as illustration in the preceding, of the
constants e = 110 volts; ¥ = 0.01 —0.17; Z, = 0.1 —0.37,
Z, = 01-0.37, the stability curve is shown, together with
speed, current, and torque, in Fig. 227, as function of the output.
As seen, the stability coefficient %, is very high for light load,
decreases first rapidly and then slowly, until an output of 7000
watts is approached, and then rapidly drops below zero; that is,
the motor becomes unstable and drops out of step, and speed,
torque, and current change abruptly, as indicated by the arrows
in Fig. 227,

The stability coefficient k, characterizes the behavior of the
motor regarding its load-carrying capacity. Obviously, if the
terminal voltage of the motor is not constant, but drops with
the load, as discussed in 1, a different stability coefficient results;
which intersects the zero line at a different and lower torque.

183. If the induction motor is supplied with constant termi-
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nal voltage from a generator of close inherent voltage regulation
and of a size very large compared with the motor, over a supply
circuit of negligible impedance, so that a sudden change of
motor current cannot produce even a momentary tendency of
change of the terminal voltage of the motor, the stability curve £,
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Fig. 227. Induction Motor Load Curves.

of Fig. 227 gives the performance of the motor. If, however,
at a change of load and thus of motot current the regulation
of the supply voltage to constancy at the motor terminals requires
a finite time, even if this time is very short, the maximum out-
put of the motor is reduced thereby, the more so the more rapidly
the motor speed can change.

Assuming the voltage control at the motor terminals
effected by hand regulation of the generator or the potential
regulator in the circuit supplying the motor, or by any other
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method which is slower than the rate at which the motor speed
can adjust itself to a change of load, then, even if the supply
voltage at the motor terminals is kept constant, for a momen-
tary fluctation of motor speed and current, the supply voltage
momentarily varies, and with regard to its stability the motor
corresponds not to the condition of constant supply voltage but
to a supply voltage which varies with the current, hence the
limit of stability is reached at a lower value of motor torque.

At constant slip s the motor torque D is proportional to the
square of the impressed e.m.f. ¢ If by a variation of slip
caused by a fluctuation of load the motor current 7 varies by ds,
if the terminal voltage e remains constant the motor torque D

varies by the fraction k. = 1 dD , or the stability coefficient of

D i
the motor. If, however, by the variation of current di the
impressed e.m.f. ¢ of the motor varies, the motor torque D,
being proportional to ¢* still further changes, proportional to
the change ¢ that is, by the fraction &= 5; glf = %‘%, and the
total change of motor torque resultant from a change di of the
current 7 thus is ky = ks + k..

Hence, if a momentary fluctuation of current causes a momen-
tary fluctuation of voltage, the stability coefficient of the motor
is changed from ks to k, = ks + k-, and as k. is negative, the
voltage e decreases with increase of current 7, the stability
coefficient of the system is reduced by the effect of voltage regu-
lation of the supply, k-, and % thus can be called the regulation
coeffictent of the system.

= g g—z thus represents the change of torque produced by
the momentary voltage change resulting from a current change
di in the system; hence, is essentially a characteristic of the
supply system and its regulation, but depends upon the motor
only in so far asg—‘:; depends upon the power-factor of the load.

In Fig. 227 is shown the regulation coefficient — k. of the
supply system of the motor, at 110 volts maintained constant
at the motor terminals, and an impedance Z = 0.16—0.8 §
between motor terminals and supply e.m.f. As seen, the regu-
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lation coefficient of the system drops from a maximum of about
0.03, at no load, down to about 0.01, and remains constant at
this latter value, over a very wide range.

The resultant stability coefficient, or stability coefficient of the
system of motor and supply, k, = ks + %, as shown in Fig. 227,
thus drops from very high values at light load down to zero at
the load at which the curves k; and %, in Fig. 227 intersect, or
at 5800 kw., and there become negative; that is, the motor drops
out of step, although still far below its maximum torque point,
as indicated by the arrows in Fig. 227.

Thus, at constant voltage maintained at the motor terminals
by some regulating mechanism which is slower in its action than
the retardation of a motor speed change by its mechanical
momentum, the motor behaves up to 5800 watts output in
exactly the same manner as if its terminals were connected
directly to an unlimited source of constant voltage supply, but
at this point, where the slip is only 7 per cent in the present
instance, the motor suddenly drops out of step without previous
warning, and comes to a standstill, while at inherently constant
terminal voltage the motor would continue to operate up to
7000 watts output, and drop out of step at 8250 synchronous
watts torque at 16 per cent slip.

By this phenomenon the maximum torque of the motor thus
is reduced from 8250 to 6300 synchronous watts, or by nearly
25 per cent.

184. If the voltage regulation of the supply system is more
rapid than the speed change of the motor as retarded by the
momentum of motor and load, the regulation coefficient of the
system as regards to the motor obviously is zero, and the motor
thus gives the normal maximum output and torque. If the
regulation of the supply voltage, that is, the recovery of the
terminal voltage of the motor with a change of current, occurs at
about the same rate as the speed of the motor can change with
a change of load, then the maximum output as limited by the
stability coefficient of the system is intermediate between the
minimum value of 6300 synchronous watts and its normal value
of 8250 synchronous watts. The more rapid the recovery of
the voltage and the larger the momentum of motor and load,
the less is the motor output impaired by this phenomenon of
instability. Thus, the loss of stability is greatest with hand
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regulation, less with automatic control by potential regulator,
the more so the more rapidly the regulator works; it is very little
with compounded alternators, and absent where the motor
terminal voltage remains constant without any control by prac-
tically unlimited generator capacity and absence of voltage drop
between generator and motor.

Comparing the stability coefficient %, of the motor load and
the stability coefficient &, of the entire system under the assumed
conditions of operation of Fig. 227, it is seen that the former
intersects the zero line very steeply, that is, the stability remains
high until very close to the maximum torque point, and the motor
thus can be loaded up close to its maximum torque without
impairment of stability. The curve %,, however, intersects the
zero line under a sharp angle, that is, long before the limit of
stability is reached in this case the stability of the system has
dropped so close to zero that the motor may drop out of step by
some momentary pulsation. Thus, in the case of instability due
to the regulation of the system, the maximum output point, as
found by test, is not definite and sharply defined, but the stabil-
ity gradually decreases to zero, and during this decrease the
motor drops out at some point. Experimentally the difference
between the dropping out by approach to the limits of stability
of the motor proper and that of the system of supply is very
marked by the indefiniteness of the latter.

In testing induction motors it thus is necessary to guard
against this phenomenon by raising the voltage beyond normal
before every increase of load, and then gradually decrease the
voltages again to normal.

A serious reduction of the overload capacity of the motor,
due to the regulation of the system, obviously occurs only at
very high impedance of the supply circuit; with moderate irmpe-
dance the curve k. is much lower, and the intersection between
k- and %, occurs still on the steep part of &, and the output thus
is not materially decreased, but merely the stability somewhat
reduced when approaching maximum output.

This phenomenon of the impairment of stability of the induc-
tion motor by the regulation of the supply voltage is of prac-
tical importance, as similar phenomena occur in many instances.
Thus, with synchronous motors and converters the regulation
of the supply system exerts a similar effect on the overload
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capacity, and reduces the maximum output so that the motor
drops out of step, or starts surging, due to the approach to the
stability limit of the entire system. In this case, with synchro-
nous motors and converters, increase of their field excitation
frequently restores their steadiness by producing leading cur-
rents and thereby increasing the power-carrying capacity of the
supply system, while with surging caused by instability of the
synchronous motor the leading currents produced by increase
of field excitation increase the surging, and lowering the field
excitation tends towards steadiness.

V. Induction Generator.

1. INTRODUCTION.

185. In the range of slip from s = 0 to s = 1, that is, from
synchronism to standstill, torque, power output, and power
input of the induction machine are positive, and the machine
thus acts as a motor, as discussed before.

Substituting, however, in the equations in paragraph 1 for
s values > 1, corresponding to backward rotation of the ma-
chine, the power input remains positive, the torque also remains
positive, that is, in the same direction as for s < 1, but since the
speed (1 —s) becomes negative or in opposite direction, the
power output is negative, that is, the torque in opposite direc-
tion to the speed. In this case the machine consumes electrical
energy in its primary and mechanical energy by a torque oppos-
ing the rotation, thus acting as brake.

The total power, electrical as well as mechanical, is con-
sumed by internal losses of the motor. Since, however, with
large slip in a low-resistance motor, the torque and power are
small, the braking power of the induction machine at backward
rotation is, as a rule, not.considerable, excepting when using
high resistanée in the armature circuit.

Substituting for s negative values, corresponding to a speed
above synchronism, torque and power output and power input
become negative, and a load curve can be plotted for the induc-
tion generator which is very similar, but the negative counter-
part of the induction motor load curve. It is for the machine
shown as motor in Fig. 207, given as Fig. 228, while Fig. 229
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gives the complete speed curve of this machine from s = 1.5 to
s=—1

The generator part of the curve, for s < 0, is of the same char-
acter as the motor part, s > 0, but the maximum torque and
maximum output of the machine as generator are greater than
as motor.

Thus an induction motor when speeded up above synchronism
acts as a powerful brake by returning energy into the lines, and
the maximum braking effort and also the maximum electric
power returned by the machine will be greater than the maxi-
mum motor torque or output.

2. CoNSTANT-SPEED INDUCTION OR ASYNCHRONOUS
GENERATOR.

186. The curves in Fig. 229 are calculated at constant fre-
quency f, and thus to vary the output of the machine as gener-
ator the speed has to be increased. This condition may be
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realized in case of induction generators running in parallel with
synchronous generators under conditions where it is desirable
that the former should take as much load as its driving power
permits; as, for instance, if the induction generator is driven by
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a water power while the synchronous generator is driven by
a steam engine. In this case the control of speed would be
effected on the synchronous generator, and the induction gen-
erator be without speed-controlling devices, running up beyond
synchronous speed as much as required to consume the power
supplied to it.

Conversely, however, if an induction machine is driven a
constant speed and connected to a suitable circuit as load, the
frequency given by the machine will not be synchronous with
the speed, or constant at all loads, but decreases with increasing
load from practically synchronism at no load, and thus for the
induction generator at constant speed a load curve can be con-
structed as shown in Fig. 230, giving the decrease of frequency
with increasing load in the same manner as the speed of the
induction motor at constant frequency decreases with the load.
In the caleulation of these induction generator curves for con-
stant speed the change of frequency with the load has obviously
to be considered, that is, in the equations the reactance z, has
to be replaced by the reactance z, (1 — s), otherwise the equa-
tions remain the same.

3. Power-Factor oF INDUCTION GGENERATOR.

187. The induction generator differs essentially from a syn-
chronous alternator (that is, a machine in which an armature
revolves relatively through a constant or continuous magnetic
field) by having a power-factor requiring leading current; that
is, in the synchronous alternator the phase relation between
current and terminal voltage depends entirely upon the external
circuit, and according to the nature of the circuit connected to
the synchronous alternator the current can lag or lead the ter-
minal voltage or be in phase therewith. In the induction or
asynchronous generator, however, the current must lead the ter-
minal voltage by the angle corresponding to the load and voltage
of the machine, or, in other words, the phase relation between
current and voltage in the external circuit must be such as
required by the induction generator at that particular load.

Induction generators can operate only on circuits with lead-
ing current or circuits of negative effective reactance.

In Fig. 231 are given for the constant-speed induction gen-
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erator in Fig. 230 as function of the impedance of the external

. . € . . .

circuit z = ;,'ﬂ as abscissas (where e, = terminal voltage, 7, =
0

current in external eircuit), the leading power-factor p = cos 4

required in the load, the inductance factor ¢ = sin 6, and the
frequency.

Hence, when connected to a circuit of impedance 2z this indue-
tion generator can operate only if the power-factor of its circuit
is p; and if this is the case the voltage is indefinite, that is, the
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Fig. 231. Three-phase Induction Generator Power Factor and
Inductance Factor of External Circuit.

circuit unstable, even neglecting the impossibility of securing
exact equality of the power-factor of the external circuit with that
of the induction generator.

Two possibilities thus exist with such an induction generator
circuit.

1st. The power-factor of the external circuit is constant and
independent of the voltage, as when the external circuit consists
of resistances, inductances, and capacities.

In this case if the power-factor of the external circuit is higher
than that of the induction generator, that is, the leading current
less, the induction generator fails to excite and generate. If the
power-factor of the external circuit is lower than that of the
induction generator, the latter excites and its voltage rises until
by saturation of its magnetic circuit and the consequent increase
of exciting admittance, that is, decrease of internal power-
factor, its power-factor has fallen to equality with that of the
external circuit
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In this respect the induction generator acts like the direct-
current shunt generator, and gives load characteristics very
similar to those of the direct-current shunt generator as dis-
cussed in B; that is, it becomes stable only at saturation, but
loses its excitation and thus drops its load as soon as the voltage
falls below saturation.

Since, however, the field of the induction generator is alter-
nating, it is usually not feasible to run at saturation, due to
excessive hysteresis losses, except for very low frequencies.

2d. The power-factor of the external circuit depends upon
the voltage impressed upon it.

This, for instance, is the case if the circuit consists of a syn-
chronous motor or contains synchronous motors or synchronous
converters.

In the synchronous motor the current is in phase with the
impressed e.m.f. if the impressed e.m.f. equals the counter e.m.f.
of the motor plus the internal loss of voltage. It is leading if
the impressed e.m.f. is less, and lagging if the impressed e.m.f.
is more. Thus when connecting an induction generator with a
synchronous motor, at constant field excitation of the latter the
voltage of the induction generator rises until it is as much
below the counter c.m.f. of the synchronous motor as required
to give the leading current corresponding to the power-factor
of the generator. Thus a system consisting of a constant-speed
induction generator and a synchronous motor at constant field
excitation is absolutely stable. At constant field excitation of
the synchronous motor, at no load the synchronous motor runs
practically at synchronism with the induction generator, with a
terminal voltage slightly below the counter e.m.f. of the syn-
chronous motor. With increase of load the frequency and thus
the speed of the synchronous motor drops, due to the slip of
frequency in the induction generator, and the voltage drops,
due to the increase of leading current required and the decrease
of counter e.m.f. caused by the decrease of frequency.

By increasing the field excitation of the synchronous motor
with increase of load, obviously the voltage of the generator can
be maintained constant, or even increased with the load.

When running from an induction generator, a synchronous
motor gives a load curve very similar to the load curve of an
induction motor running from a synchronous generator; that is,
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a magnetizing current at no load and a speed gradually decreas-
ing with the increase of load up to a maximum output point, at
which the speed curve bends sharply down, the current eurve
upward, and the motor drops out of step.
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The current, however, in the case of the synchronous motor
operated from an induction generator is leading, while it is lag-
ging in an induction motor operated from a synchronous gener-
ator. - In either case it demagnetizes the synchronous machine
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and magnetizes the induction machine, that is, the synchronous
machine supplies magnetization to the induction machine.

In Fig. 232 is shown the load curve of a synchronous motor
operated from the induction generator in Fig. 230.

In Fig. 233 is shown the load curve of an over-compounded
synchronous converter operated from an induction generator,
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Fig. 233. Induction Generator and Synchronous Converter Phase
Control, no Line Impedance.

the over-compounding being such as to give approximately
constant terminal voltage e.

188. Obviously when operating a self-exciting synchronous
converter from an induction generator the system is unstable
also if both machines are below magnetic saturation, since in
this case in both machines the generated e.m.f. is proportional
to the field excitation and the field excitation proportional to
the voltage; that is, with an unsaturated induction generator the
synchronous converter operated therefrom must have its mag-
netic field excited to a density above the bend of the saturation
curve.

Since the induction generator requires for its operation a eir-
cuit with leading current varying with the load in the manner
determined by the internal constants of the motor, to make an
induction or asynchronous generator suitable for operation on a
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general alternating-current circuit, it is necessary to have a syn-
chronous machine as exciter in the circuit consuming leading
current, that is, supplying the required lagging or magnetizing
current to the induction generator; and in this case the voltage
of the system is controlled by the field excitation of the syn-
chronous machine, that is, its counter e.m.f. Either a syn-
chronous motor of suitable size running light can be used herefor
as exciter of the induction generator, or the exciting current of
the induction generator may be derived from synchronous motors
or converters in the same system, or from synchronous alter-
nating-current generators operated in parallel with the indue-
tion generator, in which latter case, however, these currents
can be said to come from the synchronous alternator as lagging
currents. Electrostatic condensers, as an underground cable
system, may also be used for excitation, but in this case besides
the condensers a synchronous machine is required to secure
stability.

The induction machine may thus be considered as consuming
a lagging reactive magnetizing current at all speeds, and con-
suming a power current below synchronism, as motor, supplying
a power current (that is, consuming a negative power current)
above synchronism, as generator.

Therefore, induction generators are best suited for circuits
which normally carry leading currents, as synchronous motor
and synchronous converter circuits, but less suitable for cir-
cuits with lagging currents, since in the latter case an additional
synchronous machine is required, giving all the lagging currents
of the system plus the induction generator exciting current.

Obviously, when running induction generators in parallel with
a synchronous alternator no synchronizing is required, but the
induction generator takes a load corresponding to the excess of
its speed over synchronism, or conversely, if the driving power
behind the induction generator is limited, no speed regulation
is required, but the induction generator runs at a speed exceed-
ing synchronism by the amount required to consume the driv-
ing power.

The foregoing consideration obviously applies to the polyphase
induction generator as well as to the single-phase induction
generator, the latter, however, requiring a larger exciter in
consequence of its lower power-factor. Therefore, even in
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a single-phase induction generator, preferably polyphase excita-
tion is used, that is, the induction machine and its synch-
ronous exciter wound as polyphase machines, but the load
connected to one phase only of the induction machine. The
curves shown in the preceding apply to the machine as poly-
phase generator.

The effect of resistance in the secondary is essentially the
same in the induction generator as in the induction motor. An
increase of resistance increases the slip, that is, requires an in-
crease of speed at the same torque, current, and output, and thus
correspondingly lowers the efficiency.

Induction generators have been proposed and used to some
extent for high-speed prime movers, as steam turbines, since
their squirrel-cage rotor appears mechanically better suited for
very high speeds than the revolving field of the synchronous
generator.

The foremost use of induction generators will probably be for
collecting small water powers in one large system, due to the far
greater simplicity, reliability, and cheapness of a small induction
generator station feeding into a big system compared with a
small synchronous generator station. The induction generator
station requires only the hydraulic turbine, the induction
machine, and the step-up transformer, but does not even
require a turbine governor, and so needs practically no attention,
as the control of voltage, speed, and frequency takes place
by a synchronous generator or motor main station, which col-
lects the power while the individual induction generator stations
feed into the system as much power as the available water
happens to supply.

The synchronous induction motor, comprising a single-phase
or polyphase primary and a single-phase secondary, tends to
drop into synchronism and then operates essentially as reaction
machine. A number of types of synchronous induction gener-
ators have been devised, either with commutator for excitation
or without commutator and with excitation by low-frequency
synchronous or commutating machine, in the armature, or by
high-frequency excitation. For particulars regarding these very
interesting machines, see “Theory and Calculation of Alternating-
Current Phenomena,” fourth edition.
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VI. Induction Booster.

189. In the induction machine, at a given slip s, current and
terminal voltage are proportional to each other and of constant
phase relation, and their ratio is a constant. Thus when con-
nected in an alternating-current circuit, whether in shunt or in
series, and held at a speed giving a constant and definite slip s,
either positive or negative, the induction machine acts like a
constant impedance.

The apparent impedance and its components, the apparent
resistance and apparent reactance represented by the induction
machine, vary with the slip. At synchronism apparent impe-
dance, resistance, and reactance are a maximum. They decrease
with increasing positive slip. With increasing negative slip the
apparent impedance and reactance decrease also, the apparent
resistance decreases to zero and then increases again in negative
direction as shown in Fig. 234, which gives the apparent impe-
dance, resistance, and reactance of the machine shown in Figs.
207 and 208, ete., with the speed as abscissas.

The cause is that the power current is in opposition to the
terminal voltage above synchronism, and thereby the induction
machine behaves as an impedance of negative resistance, that
is, adding a power e.m.f. into the circuit proportional to the
current.

As may be seen herefrom, the induction machine when inserted
in series in an alternating-current circuit can be used as a booster,
that is, as an apparatus to generate and insert in the circuit an
e.m.f. proportional to the current, and the amount of the boost-
ing effect can be varied by varying the speed, that is, the slip at
which the induction machine is revolving. Above synchronism
the induction machine boosts, that is, raises the voltage; below
synchronism it lowers the voltage; in either case also adding an
out-of-phase e.m.f. due to its reactance. The greater the slip,
either positive or negative, the less is the apparent resistance,
positive or negative, of the induction machine.

The effect of resistance inserted in the secondary of the induc-
tion booster is similar to that in the other applications of the
induction machine; that is, it increases the slip required for a
certain value of apparent resistance, thereby lowering the effi-
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ciency of the apparatus, but at the same time making it less
dependent upon minor variations of speed; that is, requlres a
lesser constancy of slip, and thus of speed and frequency, to give
a steady boosting effect.
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VII. Phase Converter.

190. It may be seen from the preceding that the induction
machine can operate equally well as motor, below synchronlsm
and as generator, above synchronism.

In the single-phase induction machine the motor or generator
action occurs in one primary circuit only, but in the direction in
quadrature to the primary circuit there is a mere magnetizing
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current either in the secondary, in the single-phase motor proper,
or in an auxiliary field-circuit, in the monocyclic motor.

The motor and generator action can occur, however, simul-
taneously in the same machine, some of the primary ecircuits
acting as motor, others as generator circuits. Thus, if one of
the two circuits of a quarter-phase induction machine is con-
nected to a single-phase system, in the second circuit an e.m.f. is
generated in quadrature with and equal to the generated e.m.f.
in the first circuit; and this e.m.f. can thus be utilized to produce
currents which, with currents taken from the primary single-
phase mains, give a quarter-phase system. Or,in a three-phase
motor connected with two of its terminals to a single-phase
system, from the third terminal an e.m.f. can be derived which,
with the single-phase system feeding the induction machine, com-
bines to a three-phase system. The induction machine in this
application represents a phase converter.

The phase converter obviously combines the features of a
single-phase induction motor with those of a double transformer,
transformation occurring from the primary or motor circuit to
the secondary or armature, and from the secondary to the ter-
tiary or generator circuit.

Thus, in a quarter-phase motor connected to single-phase
mains with one of its circuits, if

Y = g + jb = primary polyphase exciting admittance,

Z, = ry— jz, = self-inductiveimpedance per primary or ter-
tiary circuit,

Z, =r, — jz, = resultant single-phase self-inductive impe-
dance of secondary circuits.

Let

e = e.m.f. generated by the mutual flux and
Z = r— jz = impedance of the external circuit supplied by
the phase converter as generator of second phase.

We then have

I= Z—fZ- = current of second phase produced by phase
[]
converter,
E=17= Z___°__ terminal voltage at generator
: Z+Z Z
0 1 + EQ

circuit of phase converter.
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The current in the secondary of the phase converter is then
[,=1+0I'+1"

where
e
= f = ———
I = load curren 7+Z,
I’ = eY = exciting current of quadrature magnetic flux,
r— % __ _ current required to revolve the machine,
r,— 182,
and the primary current is

I,=-1,+ I !
where
[’ = eY = exciting current of main magnetic flux.

From these currents the e.m.fs. are derived in a similar manner
as in the induction motor or generator.

Due to the internal losses in the phase converter, the e.m.fs.
of the two circuits, the motor and generator circuits, are prac-
tically in quadrature with each other and equal only at no load,
but shift out of phase and become more unequal with increase of
load, the unbalancing depending upon the constants of the phase
converter.

It is obvious that the induction machine is used as phase con-
verter only to change single-phase to polyphase, since a change
from one polyphase system to another polyphase system can
be effected by stationary transformers. A change from single-
phase to polyphase, however, requires a storage of energy, since
the power arrives as single-phase pulsating, and leaves as steady
polyphase flow, and the momentum of the revolving phase con-
verter secondary stores and returns the energy.

With increasing load on the generator circuit of the phase
converter its slip increases, but less than with the same load as
mechanical output from the machine as induction motor.

An application of the phase converter is made in single-phase
motors by closing the tertiary or generator circuit by a condenser
of suitable capacity, thereby generating the exciting current of
the motor in the tertiary circuit.

The primary circuit is thereby relieved of the exciting current
of the motor, the efficiency essentially increased, and the power-
factor of the single-phase motor with condenser in tertiary cir-
cuit becomes practically unity over the whole range of load.
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At the same time, since the condenser current is derived by
double transtormation in the multitooth structure of the indue-
tlon machine, which has a practically uniform magnetic field,
irrespective of the shape of the primary impressed e.m.f. wave,
the application of the condenser becomes feasible irrespective of
the wave shape of the generator.

Usually the tertiary circuit in this case is arranged on an angle
of 60 deg. with the primary circuit, and in starting a powerful
torque is thereby developed, with a torque efficiency superior to
any other single-phase motor starting device, and when combined
with inductive reactance in a second tertiary circuit, the appar-
ent starting torque efficiency can be made even to exceed that of
the polyphase induction motor (see page 385).

For further discussion hereof, see A. I. E. E. Transactions,
1500, p. 37.

VIII. Frequency Converter or General Alternating-Current
Transformer.

191. The e.m.fs. generated in the secondary of the induction
machine are of the frequency of slip, that is, synchronism minus
speed, thus of lower frequency than the impressed e.m.f. in the
range from standstill to double synchronism; of higher frequency
outside of this range.

Thus, by opening the secondary circuits of the induction
machine and connecting them to an external or consumer’s
circuit, the induction machine can be used to transform from one
frequency to another, as frequency converter.

It lowers the frequency with the secondary running at a speed
between standstill and double synchronism, and raises the fre-
quency with the secondary either driven backward or above
double synchronism.

Obviously, the frequency converter can at the same time
change the e.m.f. by using a suitable number of primary and
secondary turns, and can change the phases of the system by
having a secondary wound for a different number of phases from
the primary, as, for instance, convert from three-phase 6000-
volts 25-cycles to quarter-phase 2500-volts 62.5-cycles.

Thus, a frequency converter can be called a “general alter-
nating-current transformer.”
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Tor its theoretical discussion and calculation, see “Theory and
Caleulation of Alternating-Current Phenomena.”

The action and the equations of the general alternating-cur-
rent transformer are essentially those of the stationary alter-
nating-current transformer, except that the ratio of secondary
to primary generated e.m.f. is not the ratio of turns but the ratio
of the product of turns and frequency, while the ratio of sec-
ondary current and primary load current (that is, total primary
current minus primary exciting current) is the inverse ratio of
turns.

The ratio of the products of generated e.m.f. and current,
that is, the ratio of electric power generated in the secondary,
to electric power consumed in the primary (less excitation),
is thus not unity but is the ratio of secondary to primary fre-
quency.

Hence, when lowering the frequency with the secondary
revolving at a speed between standstill and synchronism, the
secondary output is less than the primary input, and the differ-
ence is transformed into mechanical work; that is, the machine
acts at the same time as induction motor, and when used in
this manner is usually connected to a synchronous or induction
generator feeding preferably into the secondary ecircuit (to avoid
double transformation of its output) or to a synchronous con-
verter, which transforms the mechanical power of the frequency
converter into electrical power.

When raising the frequency by backward rotation, the sec-
ondary output is greater than the primary input (or rather the
electric power generated in the secondary greater than the
primary power consumed by the generated e.m.f.), and the differ-
ence is to be supplied by mechanical power by driving the fre-
quency changer backward by synchronous or induction motor,
preferably connected to the primary circuit, or by any other
motor device.

Above synchronism the ratio of secondary output to primary
input becomes negative; that is, the induction machine gen-
erates power in the primary as well as in the secondary, the pri-
mary power at the impressed frequency, the secondary power
at the frequency of slip, and thus requires mechanical driving
power.

The secondary power and frequency are less than the primary
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below double synchronism, more above double synchronism,
and are equal at double synchronism, so that at double syn-
chronism the primary and secondary may be connected in multi-
ple or in series and the machine is then a double synchronous
alternator further discussed in the “Thecry and Calculation of
Alternating-Current Phenomena,”” fourth edition.

As far as its transformer action is concerned, the frequency
converter is an open magnetic circuit transformer, that is, a
transformer of relatively high magnetizing current. It com-
bines therewith, however, the action of an induction motor or
generator. Excluding the case of over-synchronous rotation,
it is approximately (that is, neglecting internal losses) electrical
input + electrical output + mechanical output = primary fre-
quency -+ secondary frequency + speed or primary minus sec-
ondary frequency; that is, the mechanical output is negative
when increasing the frequency by backward rotation.

Such frequency converters are to a certain extent in com-
mercial use, and have the advantage over the motor-generator
plant of requiring an amount of apparatus equal only to the out-
put, while the motor-generator set requires machinery equal to
twice the output.

An application of the frequency converter when lowering the
frequency is made in concatenation or tandem control of induc-
tion machines, as described in the next section. In this case
the first motor, or all the motors except the last of the series are
in reality frequency converters.

IX. Concatenation of Induction Motors.

192. In the secondary of the induction motor an e.m.f. is
generated of the frequency of slip. Thus connecting the sec-
ondary circuit of the induction motor to the primary of a second
induction motor, the latter is fed by a frequency equal to the slip
of the first motor, and reaches its synchronism at the frequency
of slip of the first motor, the first motor then acting as fre-
quency converter for the second motor.

If, then, two equal induction motors are rigidly connected
together and thus caused to revolve at the same speed, the speed
of the second motor, which is the slip s of the first motor at no
load, equals the speed of the first motor: s = 1—s, and thus
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s = 0.5. That is, a pair of induction motors connected this
way in tandem or in concatenation, that is, “chain connection,”’
as commonly called, or in cascade, as called abroad, tends to
approach s = 0.5, or half synchronism, at no load, slipping below
this speed under load; that is, concatenation of two motors
reduces their synchronous speed to one-half, and thus offer as
means to operate induction motors at one-half speed.

In general, if a number of induction machines are connected
in tandem, that is, the secondary of each motor feeding the
primary of the next motor, the secondary of this last motor being
short-circuited, the sum of the speeds of all motors tends towards
synchronism, and with all motors connected together so as to

revolve at the same speed the system operates at —;— synchronous

speed, when n = number of motors. If the two induction
motors on the same shaft have a different number of poles, they
synchronize at some other speed below synchronism, or if con-
nected differentially, they synchronize at some speed above syn-
chronism. :

Assuming the ratio of turns of primary and secondary as 1:1,
with two equal induction motors in concatenation at standstill,
the frequency and the e.m.f. impressed upon the second motor,
neglecting the drop of e.m.f. in the internal impedance of the
first motor, equal those of the first motor. With increasing
speed, the frequency and the e.m.f. impressed upon the second
motor decrease proportionally to each other, and thus the mag-
netic flux and the magnetic density in the second motor, and its
exciting current, remain constant and equal to those of the first
motor, neglecting internal losses; that is, when connected in
concatenation the magnetic density, current input, ete., and
thus the torque developed by the second motor, are approxi-
mately equal to those of the first motor, being less because of the
internal losses in the first motor.

Hence, the motors in concatenation share the work in approx-
imately equal portions, and the second motor utilizes the power
which without the use of a second motor at less than one-half
synchronous speed would have to be wasted in the secondary
resistance; that is, theoretically concatenation doubles the tor-
que and output for a given current, or power input into the
motor system. In reality the gain is somewhat less, due to the
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second motor not being quite equal to a non-inductive resistance
for the secondary of the first motor, and due to the drop of volt-
age in the internal impedance of the first motor, ete.

At one-half synchronism, that is, the limiting speed of the con-
catenated couple, the current input in the first motor equals its
exciting current plus the transformed exciting current of the
second motor, that is, equals twice the exciting current.

193. Hence, comparing the concatenated couple with a single
motor, the primary exciting admittance is doubled. The total
impedance, primary plus secondary, is that of both motors,
that is, doubled also, and the characteristic constant of the con-
catenated couple is thus four times that of a single motor, but
the speed reduced to one-half.

Comparing the concatenated couple with a single motor re-
wound for twice the number of poles, that is, one-half speed
also, such rewinding does not change the self-inductive impe-
dance, but quadruples the exciting admittance, since one-half
as many turns per pole have to produce the same flux in one-half
the pole are, that is, with twice the density. Thus the character-
istic constant is increased fourfold also. It follows herefrom
that the characteristic constant of the concatenated couple is
that of one motor rewound for twice the number of poles.

The slip under load, however, is less in the concatenated
couple than in the motor with twice the number of poles, being
due to only one-quarter the internal impedance, the secondary
impedance of the second motor only, and thus the efficiency is
slightly higher.

Two motors coupled in concatenation are in the range from
standstill to one-half synchronism approximately equivalent
to one motor of twice the admittance, three times the primary
impedance, and the same secondary impedance as each of the
two motors, or more nearly 2.8 times the primary and 1.2 times
the secondary impedance of one motor. Such a motor is called
the equivalent motor.

194. The calculation of the characteristic curve of the concat-
enated motor system is similar to, but more complex than, that
of the single motor. Starting from the generated e.m.f. e of the
second motor, reduced to full frequency, we work up to the im-
pressed e.m.f. of the first motor e,, by taking due consideration
of the proper frequencies of the different circuits. Herefor the



426 ELEMENTS OF ELECTRICAL ENGINEERING.

PER
CENT
100

N | 90
7

gFICIENCY | %0 /1 7

Je
&
N \-\g// N/

= 3 4
/ v Py N7
& J el 8l
] K
& & &l 5
S & \ 50 & o peb
) ) <] | RATIO OF POWER
//, 4‘(\ ) / & ’\
yova 7w / ,V
7 & A 1]
l 4 > / /
1.8 c\)‘« 30 :/
1
/’ ,/ L 3 /
/ J/ 20 /
v EQUIVALENT l
/ SINGUE MOTOR 1 |4/ SECOND MOTOR
7

PER
CENT
100

— &E&
) 90
Vv
EFF/o) Ene, 80 ﬂ‘- IENCY]
4 \ / r
J P i N 70

MANL

&Ps‘r'
[ |7 ol \/ =
/-

RATIQ OF POWER __—

50 Syl

\ o
20/ p——r
[/ J T/ LT T
¥ :a/ y 10 _,"3: oS )
< N
/ & R / &g /
‘a ) 30 PR,
/ / 1 / “7
k—"CONCATENATION OF 20 || /v
! INDUCTI OTOR 7y
! '/ uarion ¥ . /I ,/ ARST QTOR
]/ |z,=2,71.0-0.3] Y=o0.01F0.1j w Yy /
17 7
1000 2000 3000 0 1000 2000 3000 4000

Fig. 235. Comparison of Concatenated Motors with a Single Motor
of Double the Number of Poles.

reader must be referred to “Theory and Calculation of Alternat-
ing-Current Phenomena,”” fourth edition.

The load curves of the pair of three-phase motors of the same
constants as the motor in Figs. 207 and 208 are given in Fig. 235,
the complete speed curve in Fig. 236.

Fig. 235 shows the load curve of the total couple, of the two
individual motors, and of the equivalent motor.
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As seen from the speed curve, the torque from standstill to
one-half synchronism has the same shape as the torque curve of
a single motor between standstill and synchronism. At one-half
synchronism the torque reverses and becomes negative. It
reverses again at about two-thirds synchronism, and is positive
between about two-thirds synchronism and synchronism, zero
at synchronism, and negative beyond synchronism.

Thus, with a concatenated couple, two ranges of positive
torque and power as induction motor exist, one from standstill
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to half synchronism, the other from about two-thirds synchro-
nism to synchronism.

In the ranges from one-half synchronism to about two-thirds
synchronism, and beyond synchronism, the torque is negative,
that is, the couple acts as generator.

The insertion of resistance in the secondary of the second
motor has in the range from standstill to half synchronism the
same effect as in a single induction motor, that is, shifts the max-
imum torque point towards lower speed without changing its
value. Beyond half synchronism, however, resistance in the
secondary lengthens the generator part of the curve, and makes
the second motor part of the curve more or less disappear, as
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seen in Fig. 236, which gives the speed curves of the same motor
as Fig. 235, with resistance in circuit in the secondary of the
second motor.

The main advantages of concatenation are obviously the abil-
ity of operating at two different speeds, the increased torque and
power efficiency below half speed, and the generator or braking
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Fig. 237. Concatenation of Induction Motﬂors~ Speed Curve with
Resistance in the Secondary Cireuit.

action between half speed and synchronism, and such concatena-
tion is therefore used to some extent in three-phase railway
motor equipments, while for stationary motors usually a change
of the number of poles by reconnecting the primary winding
through a suitable switch is preferred where several speeds are
desired, as it requires only one motor.

X. Synchronizing Induction Motors.

195. Occasionally two or more induction motors are operated
in parallel on the same load, as for instance in three-phase
railroading, or when securing several speeds by concatenation.
In this case the secondaries of the induction motors may be
connected in multiple and a single rheostat used for starting
and speed control. Thus, when using two motors in con-
catenation for speeds from standstill to half synchronism,
from half synchronism to full speed, the motors may also be
operated on a single rheostat by connecting their secondaries
in parallel. As in parallel connection the frequency of the
secondaries must be the same, and the secondary frequency
equals the slip, it follows that the motors in this case must
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operate at the same slip, that is, at the same frequency of rota~
tion, or in synchronism with each other. If the connection
of the induction motors to the load is such that they cannot
operate in exact step with each other, obviously separate resis-
tances must be used in the motor secondaries, so as to allow
different slips. When rigidly connecting the two motors with
each other, it is essential to take care that the motor second-
aries have exactly the same relative position to their primaries
so as to be in phase with each other, just as would be necessary
when operating two alternators in parallel with each other
when rigidly connected to the same shaft or when driven by
synchronous motors from the same supply. As in the induction
motor secondary an e.m.f. of definite frequency, that of slip, is
generated by its rotation through the revolving motor field, the
induction motor secondary is an alternating-current generator,
which is short-circuited at speed and loaded by the starting
rheostat during acceleration, and the problem of operating two
induction motors with their secondaries connected in parallel
on the same external resistance is thus the same as that of oper-
ating two alternators in parallel. In general, therefore, it is
undesirable to rigidly connect induction motor secondaries me-
chanically if they are electrically connected in parallel, but it is
preferable to have their mechanical connection sufficiently flex-
ible, as by belting etc., so that the motors can drop into exact step
with each other and maintain step by their synchronizing power.

It is of interest, then, to examine the synchronizing power of
two induction motors which are connected in multiple with
their secondaries on the same rheostat and operated from the
same primary impressed e.m.f.

Assume two equal induction motors with their primaries
connected to the same voltage supply and with their second-
aries connected in multiple with each other to a common
resistance r, and neglecting for simplicity the-exciting current
and the voltage drop in the impedance of the motor primaries
as not materially affecting the synchronizing power.

Let Z, = r, —jz, = secondary self-inductive impedance at
full frequency; s = slip of the two motors, as fraction of syn-
chronism; e, = absolute value of impressed e.m.f. and thus,
when neglecting the primary impedance, of the e.m.f. generated
in the primary by the rotating field.
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If then the two motor-secondaries are out of phase with each
other by angle 2 z, and the secondary of the motor 1 is behind in
the direction of rotation and the secondary of the motor 2
ahead of the average position by angle z, then

E, = se, (cos T — j sin ) = secondary generated

e.m.f. of the first motor, 1)
E, = se, (cos = + j sin t) =secondary generated
e.m.f. of the second motor. (2)

And if J, = current coming from the first, J, = current coming
from the second motor secondary, the total current, or current
in the external resistance, r, is

I=1+1; 3)

it is then, In the circuit comprising the first motor secondary
and the rheostat r, ‘
E1—11Z—.IT=0) @)
in the circuit comprising the second motor secondary and the
rheostat r,
Ez—lzz'—lr =0, )
where Z = r, —isz,;
substituting (3) into (4) and (5) and rearranging gives
E—~1,Z+n—Ir=0,
E,—Ir—1,Z+1r)=0.
These two equations added and subtracted give
-.E1 +E2— (]1+ Iz) (Z + 21‘) = 0;
E—E,—(,—1)Z=0;

hence,
_E+tE,
L+ 1 Z+2r
and (6)
.I = I = E'L%—'Ez
Substituting for convenience and abbreviation,
1 .
Z+2r~Y’—g+]b’
1 . ™
:'Z‘ = Y1=g1+.7b11
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into equation (6) and substituting (1) and (2) into (6), gives
I, + I, =2seY cosr,
I, =1, =—2jse,Y, sin 7 ®
hence,
I[,)=se,§Y cos v + {Y, sin 7} )]

is the current in the secondary circuit of the motor, and there-
fore also the primary load current, that is, the primary current
corresponding to the secondary current, and thus, when neg-
lecting the exciting current, also the primary motor current,
where the upper sign corresponds to the first, or lagging, the
lower sign to the second, or leading, motor.

Substituting in (9) for ¥ and Y, gives

I, =se, {(geost 4 b,sint) +7(eostFg,sinz)}, (10)
the primary e.m.f. corresponding hereto is

E,! = e, {cos t F jsin 7}, (11)
where again the upper sign corresponds to the first, the lower to
the second motor.

The power consumed by the current 7,' with the em.f. E,* is
the sum of the products of the horizontal components, and of
the vertical components, that is, of the real components and of the
imaginary components of these two quantities (as a horizontal
component of one does not represent any power with a vertical
component of the other quantity, being in quadrature therewith).

P =|E) I} [:
where the brackets denote that the sum of the product of the
corresponding parts of the two quantities is taken.

As discussed in the preceding, the torque of an induction
motor, in synchronous watts, equals the power consumed by
the primary counter e.m.f.; that is,

D! =P}
and substituting (10) and (11) this gives
D! =sel{cost(gcost+ b,sint) Fsinc(bcost Fgsint)}
= se.? Q‘%-g—g‘gﬁcos2riél—g—z—)sin2r§, (12)

and herefrom follows the motor output or power, by multiplying
with (1 — s).
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The sum of the torques of both motors, or the total torque, is
2D, =D, + D, = s {(g, + 9)— (g.—g) cos 27} (13)
The difference of the torque of both motors, or the synchroniz-
tng torque, is

2D = se} (b,—b)sin 2, (14)
where, by (7),
_n, T2
9. m, g m
b= 5% p =54, (15)
1om, m

m, =71}’ + sz}, m=(r, +2r)" + sz},

In these equations primary exciting current and primary
impedance are negleected. The primary impedance can be intro-
duced in the equations, by substituting (r, + sr,) for r,, and
(x, + z,) for z,, in the expression of m, and m, and in this case
only the exciting current is neglected, and the results are suf-
ficiently accurate for most purposes, except for values of speed
very close to synchronism, where the motor current is appreci-
ably increased by the exciting current. It is then

m, = (r; + 1‘80)2 + & (2, + %)% 16
m=(r1+sro+2r)2+sz(xl+xo)z;z (16)
all the other equations remain the same.
From (15) and (16) follows
b—b_2srz (r,+ s+ 'I‘)l an

2 mm,

hence, is always positive.

196. (b, —b) is always positive, that is, the synchronizing
torque is positive in the first or lagging motor, and negative in
the second or loading motor; that is, the motor which lags in
position behind gives more power and thus accelerates, while the
motor which is ahead in position gives less power and thus
drops back. Hence, the two motor armatures pull each other into
step, if thrown together out of phase, just like two alternators.

The synchronizing torque (14) is zero if = = 0, as obvious,
as for = = 0 both motors are in step with each other. The syn-
chronizing torque also is zero if r = 90 deg., that is, the two
motor armatures are in opposition. The position of opposition
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is unstable, however, and the motors cannot operate in opposition,
that is, for = = 90 deg., or with the one motor secondary short-
circuiting the other; in this position, any decrease of ¢ below
90 deg. produces a synchronizing torque which pulls the motors
together, to = = 0, or in step. Just as with alternators, there
thus exist two positions of zero synchronizing power,—with the
motors in step, that is, their secondaries in parallel and in phase,
and with the motors in opposition, that is, their secondaries in
opposition,—and the former position is stable, the latter unstable,
and the motors thus drop into and retain the former position,
that is, operate in step with each other, within the limits of their
synchronizing power.

If the starting rheostat is short-circuited, or r = 0, it is, by
(15), b, = b, and the synchronizing power vanishes, as is obvious,
since in this case the motor secondaries are short-circuited and
thus independent of each other in their frequency and speed.

With parallel connection of induction motor armatures a syn-
chronizing power thus is exerted between the motors as long
as any appreciable resistance exists in the external circuit, and
the motors thus tend to keep in step until the common starting
resistance is short-circuited and the motors thereby become inde-
pendent, the synchronizing torque vanishes, and the motors can
slip against each other without interference by cross currents.

Since the term 124219 contains the slip, s, as factor, the syn-

chronizing torque decreases with increasing approach to syn-

chronous speed.
For = = 0, or with the motors in step with each other, it is, by

(12), (15), and (16),

sel (ry + 27r) . a18)
(r, + sro + 27)° + 8 (z, + z,)*

that is, the same value as found for a single motor in paragraph
161. (As the resistance r is common to both motors, for each

motor it enters as 2 r.) .
For = = 90 deg., or the unstable positions of the motors, it is

1 ep 2y = se,’T . 19
D} = selg, AN ek 19)

that is, the same value as the motor would give with short-

1 _ 27 —
Dz = 86,9 =
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circuited armature. This is to be expected, as the two motor
armatures short-circuit each other.
The synchronizing torque is a maximum for ¢ = 45 deg., and

is, by (14), (15), and (16),
b,—b

D, = se) —-‘—2——- (20)

As instances are shown, in Fig. 238, the motor torque, from
equation (18), and the maximum synchronizing torque, from
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Fig. 238. Synchronizing Induction Motor, Motor Torque and
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equation (20), for a motor of 5 per cent drop of speed at full
load and very high overload capacity (a maximum power nearly
2.5 times and a maximum torque somewhat over three times;
the rated value), that is, of low reactance, as can be produzed
at low frequency, and is desirable for intermittent service,
hence of the constants

Z y =2Zy=1—17,

Y = 0.005 + 0.02 7,

e, = 1000 volts,

for the values of additional resistance inserted into the armatures,
r=0; 0.75; 2; 4.5,
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giving the values

_ 1 _1+2r
91 m11 g = m ’
bl‘_'z_s) b=§£1:
m, m
m,= (145345, m=1+s+2r?+4s

As seen, in this instance the synchronizing torque is higher
than the motor torque up to half speed, slightly below the motor
torque between half speed and three-quarters speed, but above
three-quarters speed rapidly drops, due to the approach to syn-
chronism, and becomes zero when the last starting resistance
is cut out.

XI. Self-Exciting Induction Machines.

197. In addition to the short-circuited secondary winding, in
which by the rotating primary magnet field the secondary cur-
rents of the frequency of slip are produced, which do the work
of the induction machine, the secondary member may be supplied
with a closed coil winding connected to a commutator and
brushes in the same manner as in continuous-current or commu-
tating machines, except that with the three-phase system three
sets of brushes displaced from each other by 120° deg., in a
quarter-phase system four sets of brushes displaced by 90 deg.
in position, are used.

Supplying these brushes with currents of the impressed fre-
quency, either directly from the primary impressed e.m.f. or
by step-down transformer or compensator, these full-frequency
currents are commutated so as to give in the motor armature a
resultant polarization of the frequency of slip, that is, of constant
relative position to the system of revolving primary magnet
poles. The intensity of this secondary polarization depends
upon the voltage impressed upon the commutator, its relative
position with the primary magnet field upon the position of the
brushes. Setting the brushes so that the secondary polarization
is in line with the primary magnet field it supplies excitation for
the latter so that the primary magnetizing current is decreased,
and by increasing the commutated current can be made to dis-
appear or even to reverse, that is, the primary current of the
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induction machine becomes leading. Hence, by varying the
impressed e.m.f. at the commutator, the primary current can be
changed from lag to lead, and gives a V-shaped characteristic
curve similar to that of the synchronous motor in Fig. 66, with
exciting e.m.f. as abscissas and primary current as ordinates.

By shifting the brushes from the position of coincidence of
secondary polarization with the primary magnet field, the sec-
ondary polarization can be resolved into two components, one in
phase with the primary field giving the excitation of the machine,
and one in quadrature therewith, which produces or consumes
power in the machine in the same manner as in any commutat-
ing machine, and thereby is of no further interest.

Instead of using two secondary windings, one winding can be
used connected to a commutator and shunted by resistance con-
nected between the commutator segments. In this case, which,
however, has the disadvantage over the double winding that
the commutated circuit is. of very low voltage, one and the
same winding fulfills the function of exciting winding by carrying
the impressed commutated exciting current and of energy wind-
ing by carrying the secondary current corresponding to the work
of the machine.

The advantage of this method of excitation by commutator
on the secondary is that the exciting current of the induction
machine is in & circuit coincident with the short-circuited second-
ary, and its self-inductance is thereby reduced from the open-
circuit impedance of the machine 1?> to the short-circuited
impedance (Z,), and the volt-amperes excitation reduced in the
same proportion, and the power-factor correspondingly improved,
and by over-excitation leading currents can be produced. The
disadvantage, however, is the addition of commutator and
brushes, and thereby the loss of the main advantage offered by
the induction machine over other forms of machines.

While the currents supplied by the commutator to the excit-
ing winding give the same resultant m.m.f. as currents of the
frequency of slip, they are not low-frequency currents, but have
a shape of the character shown in Fig. 239, which represents the
(commutated) exciting current of a three-phase motor at five
per cent slip. The self-inductance of these exciting currents,
therefore, is not the self-inductance corresponding to the low
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frequency of slip, but that of full frequency; that is, the self-
inductance is the same whether the current is supplied directly
by permanent connections or through a commutator.

The advantage resulting from such an excitation of the sec-
ondary member by commutator is not due to the lowering of the
self-inductance of excitation to the frequency of slip, but due
to the lowering of the self-inductance by mutual inductance,
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Fig. 239. Self-Excited Induction Machine, Current Supplied by
Commutator to the Exciting Winding.

resulting from the coincidence of the exciting winding with the
short-circuited winding, and the existence of a short-circuited
secondary winding or its equivalent is therefore essential. With-
out it the machine is a mere alternating commutator machine.

Regarding the theoretical investigation of the self-excitation
of induction machines, see “Theory and Calculation of Alter-
nating-Current Phenomena,” fourth edition.
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